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Abstract

We consider the two-dimensional nonlinear Schrödinger equation

iut −�u+ |u|2pu+H(x,u, ū)= 0, t ∈R, x ∈T2

with periodic boundary conditions, where the nonlinearity H(x, u, ū) =∑∞
m=1 αm(x)|u|2p+2mu is a real 

analytic function in a neighborhood of the origin. We obtain, through a KAM algorithm, a Whitney smooth 
family of small–amplitude quasi–periodic solutions.
© 2023 Elsevier Inc. All rights reserved.
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1. Introduction and main result

Many PDEs arising in physics can be seen as infinite dimensional Hamiltonian systems. The 
dynamics of linear Hamiltonian PDEs is quite clear. A natural question is to know what hap-
pens of these solutions of linear Hamiltonian PDEs under the effect of the nonlinearity. There 
have been many remarkable results which reflected some of the main ideas involved in KAM 
(Kolmogorov–Arnold–Moser) theory on the persistence of quasi-periodic motions under pertur-
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bations. It is a full fledged theory and it provides a systematic tool for the analysis of many 
dynamical systems and it also has relations with other areas of analysis.

The central question of KAM theory is: do “most” of the solutions of an integrable PDE 
persist, just slightly deformed, under the effect of a perturbation? The main source of difficulties 
is the fact that one has to deal with the resonances and small divisors.

There are two main approaches to difficulties. On the one hand, the approach, based on a 
combination of a Nash-Moser implicit function iterative scheme and a Lyapunov-Schmidt bi-
furcation, was greatly developed by Craig, Wayne, Bourgain [11–17,20,40]. The scheme of 
Craig-Wayne-Bourgain (CWB for brevity) was used originally as a substitute of the usual KAM-
scheme in situations involving multiplicities or near-multiplicities of normal frequencies. These 
papers renounce to use the cumbersome second Melnikov conditions by solving angle depen-
dent homological equations. The advantage is less Hamiltonian and more flexible than the KAM 
scheme to deal with resonant cases. This approach is particularly inspiring for PDEs in higher 
space dimension but to a high cost: the approximate linear equations are variable (quasi-periodic 
in time) coefficients. Moreover, it only establishes persistence of the Invariant tori but no re-
ducibility and no information on linear stability. On the other hand, the use of a combination 
of KAM algorithm and Birkhoff normal form [4,19,21–23,25–39,41–43,46,47]. KAM machin-
ery is built up with infinite many KAM iteration steps. Roughly speaking, each KAM step is a 
change of variables which transforms the Hamiltonian into a nice normal form plus a smaller 
perturbation. For this purpose we have to solve some homological equations which forces us to 
assume that the tangential frequencies and normal frequencies (infinitely many) together satisfy 
some non-resonant relations. Therefore, KAM theory is a collection of ideas of how to approach 
certain problems in perturbation theory connected with small divisors. In order to satisfy this 
condition, one must discard some parameters. In general, KAM machinery includes two parts: 
analytic part which deals with the iteration and proves convergence under some small divisor 
conditions, and geometric part which proves that the parameter set left after infinitely many 
times iteration has positive Lebesgue measure. The advantage of the method from the finite di-
mensional KAM theory is the construction of a local normal form in a neighborhood of the 
obtained solutions in addition to the existence of quasi-periodic solutions. The Birkhoff normal 
form analysis implies that the frequencies of the expected quasi-periodic solutions vary with 
their “amplitudes”, allowing to prove that the Melnikov non-resonance conditions are satisfied 
for most amplitudes. The nice normal form is not only an important outcome of the KAM the-
ory, but also a very important ingredient in the proof. The normal form is helpful to understand 
the dynamics of the corresponding equations. For example, one sees the linear stability and zero 
Lyapunov exponents. Both approaches are Newton’s quadratic iteration schemes. By now, KAM
theory for 1-dimensional PDEs has reached a satisfactory level while KAM theory for multidi-
mensional PDEs still contains few results, more precisely, when considering PDEs especially in 
space dimension larger than one, normal frequencies appear in huge clusters of increasing size. 
A satisfactory future is under construction.

There have been many remarkable works which reflected some of the main ideas involved in 
KAM theory and usually studied parameter families of PDEs. The first breakthrough result in this 
direction is made by Bourgain [11,14]. Bourgain’s technique is a multiscale inductive analysis 
based on the repeated use of the resolvent identity. Another stream of results for multidimensional 
PDEs is made by Eliasson–Kuksin [22]. The authors have developed a tactic to construct quasi-
periodic solutions for a higher dimensional Schrödinger equation with a convolution potential 
on T d , which proved linear stability. Eliasson–Kuksin require a subtle analysis and the intro-
duction of the concept of “Töplitz-Lipschitz matrices” in order to extract asymptotic information 
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on the eigenvalues, which is important to verify the second Melnikov non-resonance conditions. 
An essential ingredient in [22] is that finitely many Lipschitz domains cover a neighborhood of 
∞. Geng–You [27,28,30] proved that the higher dimensional nonlinear beam equations with a 
constant mass potential, nonlocal Schrödinger equations and nonlinear Schrödinger equations 
with the multiplier Mξ admit small-amplitude linearly stable quasi-periodic solutions. Chen–
Geng [18] proved that the higher dimensional nonlocal wave equations with the multiplier Mξ

admit small-amplitude linearly stable quasi-periodic solutions. Pöschel [37] described the con-
struction of almost-periodic solutions for a particular Schrödinger equation on a finite x-interval, 
depending on some potential V .

All the above results are, for nonresonant, typically using the convolution operator V (x) or the 
multiplier Mξ as external parameters in some way as to avoid resonances. Despite under these 
simplifying conditions the problems are in general complicated. When the equations have no 
external parameters, one must deal with the resonances. Bourgain proposed the idea of choosing 
an appropriate set of tangential sites S wisely, such that the Birkhoff normal form Hamilto-
nian admits quasi-periodic solutions which excite only the Fourier indexes of the tangential 
sites. A similar strategy was used by Geng–Xu–You [25] to prove that two dimensional cu-
bic Schrödinger equation with periodic boundary conditions admits a family of small-amplitude 
quasi-periodic solutions. The authors carefully choose the tangential sites {i1, · · · , ib} ⊂ Z2 in 
order to make the normal form as sparse as possible so that the homological equations in KAM 
iteration are easy to be solved. Wang [40], extending the strategy, proves that the energy super-
critical nonlinear Schrödinger equations on T d admit small–amplitude quasi–periodic solutions. 
The proof used a bifurcation analysis to prove the invertibility of appropriate linearized operators. 
The author requires a subtle analysis and the introduction of the concept of “genericity condition” 
in order to restrict the sizes of these block diagonal matrix with finite types of blocks. We also 
mention the existence results of large families of stable and unstable quasi-periodic solutions of 
Procesi and Procesi in [38,39] to arbitrary dimensions for the translational invariant cubic NLS 
(H has no explicit x-dependence). The authors give the concept of generic on the tangential sites. 
The concept of generic in [38,39] seems to bear a certain resemblance to the conditions in [40]. 
The proof of these above conditions is rather complex and takes finer combinatorial analysis. In 
[25], the existence of admissible set S is proved for p = 1 by a very direct and lengthy computa-
tion. The present paper (where we consider a larger class of NLS with nonlinearity |u|2pu) need 
a more conceptual proof based on estimates of integral points on algebraic curves, valid for all 
p. We essentially use the concept of generic in [38,39]. Thus the existence proof of admissible 
set S in our case refers to [38].

The present paper, we consider NLS,

iut −�u+ |u|2pu+H(x,u, ū)= 0, t ∈R, x ∈T 2 (1.1)

with periodic boundary conditions, where the nonlinearity H(x, u, ū) =∑∞
m=1 αm(x)|u|2p+2mu

is a real analytic function in a neighborhood of the origin.
When the Hamiltonian nonlinearity does not depend on the space variable x, the equation is 

translation invariant. Note that the results by Geng–Xu–You [25] on the translational invariant 
cubic NLS imply existence of quasi-periodic solutions. Geng–Xu–You [25] were able to exploit 
the corresponding “Special form” conservation, which is preserved along the KAM iteration, to 
fulfill the nonresonance conditions. A essential ingredient is that such symmetry enables to prove 
that many monomials are never present along the KAM iteration. In the case of Eq. (1.1), this is 
a much more difficult situation than the Eq. in [25] because Eq. (1.1) is explicit dependent on the 
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spatial variable and the eigenvalues appear in clusters of unbounded size. In [22] the convolu-
tion potential plays the role of “external parameters”, while in the case of parameter independent 
Eq. (1.1) we must use a systematic study of the Birkhoff normal form. We also mention the 
existence results of large families of stable and unstable quasi-periodic solutions of Procesi and 
Procesi in [38,39] to arbitrary dimensions for the translationally invariant cubic NLS with no 
explicit x-dependence. Note that the results by Wang in [40] construct time quasi-periodic solu-
tions to the energy supercritical NLS with explicit dependence on the spatial variable on the torus 
in arbitrary dimensions. Wang’s technique is a bifurcation analysis, by the Nash-Moser method, 
and does not prove the reducibility.

In this paper we need to address and analyze three issues:

• Choosing an appropriate set of tangential sites S = {i1, · · · , ib} ⊂ Z2 in order to make the 
normal form as simple as possible, we need to combine the concept of “Admissible Set” 
of [25] with the concept of generic of [38,39]. As in [25] the homological equations can 
be decomposed into a set of linear equations of dimension at most four. As a result, the
homological equations are easier to solve in each KAM iteration steps.

• Eq. (1.1) is explicit dependent on the spatial variable and the eigenvalues appear in clusters 
of unbounded size. We deduce from the results of “Block Decomposition” of [22]. Essential 
ingredients for Block Decomposition are that the normal frequency clusters are separated 
into small clusters (of cardinality ≤ 2) which are sufficiently distant from one another and 

the total number of small clusters is at most e
log�

log log� ��ε . It should be pointed out that the 
second property is of course special for the case x ∈ T 2. We have to modify that strategy in 
various non-trivial ways, which will become apparent later on in the section 4, 5, 6.

• The “Töplitz-Lipschitz” property of the perturbation. An key step in [22] is that finitely many 
Lipschitz domains cover a neighborhood of ∞. The goal is to extract asymptotic information 
on the eigenvalues, so verify the assumption of the second Melnikov non-resonance condi-
tions are objective. In this paper, we use the elementary repeated limit to substitute Lipschitz 
domain by Eliasson–Kuksin [22], thus our measure estimates are easier and the whole proof 
is more KAM–like.

The core of the problem consists in our proof is that the equations have no external parameters 
and the nonlinearities explicit depend on the spatial variable. In order to avoid the difficulty posed 
by the violating of the external parameters, we shall use Birkhoff normal form techniques to 
verify nonresonance conditions. For multidimensional PDEs, it is a challenge due to complicated 
resonance phenomena. When the nonlinearities depend on the spatial variables, a subtle problem 
is that there exist normal frequency clusters of unbounded size. A essential ingredient is that 
the normal frequency clusters are separated into clusters which are sufficiently distant from one 
another. In all steps we need to combine the concept of “Admissible Set” S of [25] with the 
structure of “Block Decomposition” of [22]. This is the source of most of the specific problems 
and complexity for the NLS. Very recently, M. Berti et al. [10] used “clusterization properties” 
of the eigenvalues and suitable separation properties of the singular sites to prove long time 
dynamics of Schrödinger and wave equations on flat tori, which extend [5,9] abstract Nash–
Moser theorem to construct quasi-periodic solutions (see also [7,8] for growth of Sobolev norms 
for quasi-periodic solutions on T d and [6] on compact Lie groups and homogeneous spaces; see 
[1–3] for quasi–linear equations).

More concretely, the operator A = −� with periodic boundary conditions has eigenvalues 
{λn} satisfying
4
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λn = |n|2 = |n1|2 + |n2|2, n= (n1, n2) ∈Z2

and the corresponding eigenfunctions φn(x) = 1
2π

ei〈n,x〉 form a basis in the domain of the oper-
ator.

It is convenient to define two linear maps:

π :Zb → Span(S),π(ej )= ij ;η :Zb →Z, η(ej )= 1,

where the space Span(S) has a basis over Z given by the elements {i1, · · · , ib} ⊂ Z2 and 
e1, · · · , eb are the elements of the standard basis of the lattice Zb.

For the definition below, it is again more convenient to define S:

Definition 1.1. Consider the elements

Xp := {l :=
2p∑
k=1

±ejk
=

b∑
j=1

lj ej , l �= 0,−2ej∀j, η(l) ∈ {0,−2}}.

Notice the constraint η(l) =∑b
j=1 lj ∈ {0, −2}, we denote all these elements by X0

p, X−2
p re-

spectively.

The purpose of symbols, such as Xp, X0
p and X−2

p , is to impose a list of linear and quadratic 
constraints on the choice of Admissible Set. These constraints make the normal form as simple 
as possible.

Definition 1.2. A finite set S = {i1, · · · , ib} ⊂Z2, b > 2 is called admissible if
1. For any choice of 2q + 1 vectors ij ∈ S the following holds: If there exists a further vector 
w ∈Z2 such that {

i1 − i2 + i3 − i4 + · · · + i2q+1 −w = 0,

|i1|2 − |i2|2 + |i3|2 − |i4|2 + · · · + |i2q+1|2 − |w|2 = 0,

then w ∈ S.
2. For all nj ∈ Z, 

∑b
j=1 nj = 0, 2 ≤∑b

j=1 |nj | ≤ 2q + 2,

b∑
j=1

nj ij �= 0.

3. For any n ∈ Z2 \ S, there exists at most a point {l, m} ∈ Zb+2 with l =∑b
j=1 lj ej ∈ Xp , 

m ∈Z2 \ S such that{
n−m+∑b

j=1 lj ij = 0

|n|2 − |m|2 +∑b
j=1 lj |ij |2 = 0

, l =
b∑

j=1

lj ej ∈X0
p;

or
5
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{
n+m+∑b

j=1 lj ij = 0

|n|2 + |m|2 +∑b
j=1 lj |ij |2 = 0

, l =
b∑

j=1

lj ej ∈X−2
p .

We say respectively that n, m are resonant of the first type (In symbols, n, m ∈ L1), η(l) = 0 and 
the second type (In symbols, n, m ∈ L2) η(l) = −2. By definition, n, m are mutually uniquely 
determined. Moreover, for all l =∑b

j=1 lj ej ∈X−2
p ,

2
b∑

j=1

lj |ij |2 + |
b∑

j=1

lj ij |2 �= 0.

4. Any n ∈ Z2 \ S is not resonant of both the first type and the second type, i.e., there exist no 
l =∑b

j=1 lj ej ∈X0
p, l′ =∑b

j=1 l′j ej ∈X−2
p and m, m′ ∈Z2 \ S, such that

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
n−m+∑b

j=1 lj ij = 0

|n|2 − |m|2 +∑b
j=1 lj |ij |2 = 0

n+m′ +∑b
j=1 l′j ij = 0

|n|2 + |m′|2 +∑b
j=1 l′j |ij |2 = 0.

Remark. In Appendix A of [25], a concrete way of constructing the admissible set is given. It is 
plausible that any randomly chosen set S is almost surely admissible. The proof of the existence 
of S of the above Definition which is parallel to special case in [38]. In Proposition 14 of [38], 
Procesi-Procesi prove that for d = 2 and every b there exists infinitely many choices of generic 
tangential sites S = {i1, · · · , ib} ⊂Z2.

For given b vectors in Z2, say {i1, · · · , ib}, we denote Z2
1 =Z2 \ {i1, · · · , ib}. In order to have 

a compact formulation when solving homological equations, we need to decompose Z2
1\L2.

Decomposition of Z2
1\L2: For a nonnegative integer � we define an equivalence relation on 

Z2
1\L2 generated by the pre-equivalence relation

a ∼ b⇐⇒{|a|2 = |b|2, |a − b| ≤�}.

Let [a]� denote the equivalence class (block) and let (Z2
1\L2)� be the set of equivalence classes. 

It is trivial that each block [a]� is finite (we will write [·] for [·]�).

• Case 1: |a| ≤�, we know 
{b : |a| = |b|, b ∈Z2} ≤ e
log�

log log� ��ε;
• Case 2: |a| > �, we have 
{b : |a| = |b|, |a − b| ≤�

1
3 , b ∈Z2} ≤ 2.

Now we state the main theorem as follows.

Theorem 1. Let S = {i1, · · · , ib} ⊂Z2, (b > 2), be an admissible set. There exists a Cantor set C
of positive–measure such that for any ξ = (ξ1, · · · , ξb) ∈ C, the nonlinear Schrödinger equation 
(1.1) admits a small–amplitude, quasi–periodic solution of the form
6
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u(t, x)=
b∑

j=1

√
ξj e

iωj tφij +O(|ξ | 3
2 ),ωj = ε−3p|ij |2 +O(|ξ |p).

This paper is organized as follows: In section 2 we give an infinite dimensional KAM theorem; 
in section 3, we give its application to two-dimensional Schrödinger equations. The proof of the 
KAM theorem is given in section 4, 5, 6.

2. An infinite dimensional KAM theorem for Hamiltonian partial differential equations

In this section, we will formulate an infinite dimensional KAM theorem that can be applied 
to two-dimensional Schrödinger equations under periodic boundary conditions.

We start by introducing some notations. For given b vectors in Z2, say {i1, · · · , ib}, we 
denote Z2

1 = Z2 \ {i1, · · · , ib}. Let w = (· · · , wn, · · · )n∈Z2
1
, and its complex conjugate w̄ =

(· · · , w̄n, · · · )n∈Z2
1
. We introduce the weighted norm

‖w‖ρ =
∑
n∈Z2

1

|wn|e|n|ρ,

where |n| =
√

n2
1 + n2

2, n = (n1, n2) ∈ Z2 and ρ > 0. Denote a neighborhood of T b × {I =
0} × {w = 0} × {w̄ = 0} by

Dρ(r, s)= {(θ, I,w, w̄) : |Imθ |< r, |I |< s2,‖w‖ρ < s,‖w̄‖ρ < s},

where | · | denotes the sup-norm of complex vectors. Moreover, we denote by O a positive–
measure parameter set in Rb.

Let α ≡ (· · · , αn, · · · )n∈Z2
1
, β ≡ (· · · , βn, · · · )n∈Z2

1
, αn and βn ∈ N with finitely many non-

zero components of positive integers. The product wαw̄β denotes 
∏

n w
αn
n w̄

βn
n . For any given 

function

F(θ, I,w, w̄)=
∑
α,β

Fαβ(θ, I )wαw̄β, (2.1)

where Fαβ =
∑

k∈Zb,l∈Nb

Fklαβ(ξ)I lei〈k,θ〉 is C4p
W function in parameter ξ in the sense of Whitney, 

we denote

‖F‖O =
∑

α,β,k,l

|Fklαβ |O |I l |e|k||Imθ | |wα||w̄β | (2.2)

where |Fklαβ |O is short for

|Fklαβ |O ≡ sup
ξ∈O

∑
|∂d

ξ Fklαβ |.

0≤d≤4p
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(the derivatives with respect to ξ are in the sense of Whitney). We define the weighted norm of 
F by

‖F‖Dρ(r,s),O ≡ sup
Dρ(r,s)

‖F‖O. (2.3)

To a function F , we associate a Hamiltonian vector field defined by

XF = (FI ,−Fθ , {iFwn}n∈Z2
1
, {−iFw̄n}n∈Z2

1
).

Its weighted norm is defined by1

‖XF ‖Dρ(r,s),O ≡ ‖FI‖Dρ(r,s),O + 1

s2 ‖Fθ‖Dρ(r,s),O

+ sup
Dρ(r,s)

[1
s

∑
n∈Z2

1

‖Fwn‖Oe|n|ρ + 1

s

∑
n∈Z2

1

‖Fw̄n‖Oe|n|ρ] (2.4)

Suppose that S is an admissible set.
We now describe a family of Hamiltonians studied in this paper. Let

H0 =N +B+ B̄,

N = 〈ω(ξ), I 〉 +
∑

n∈Z2
1\L2

�n(ξ)znz̄n +
∑
n∈L2

[(�n + 〈l+,ω〉)znz̄n + (�m − 〈l−,ω〉)zmz̄m],

B =
∑

l=l+−l−∈X−2
p

α∈Nb,|l++α|1=p−1

p

(2π)2p

(
p− 1
l+ + α

)(
p+ 1
l− + α

) ∑
n∈L2

ξ
l
2+αznzm,

B̄ =
∑

l=l+−l−∈X−2
p

α∈Nb,|l++α|1=p−1

p

(2π)2p

(
p− 1
l+ + α

)(
p+ 1
l− + α

) ∑
n∈L2

ξ
l
2+αz̄nz̄m,

where ξ ∈O is a parameter, the phase space is endowed with the symplectic structure dI ∧ dθ +
i 
∑
n∈Z2

1

dzn ∧ dz̄n.

For each ξ ∈O, the Hamiltonian equation for H0 admits special solutions (θ, 0, 0, 0) → (θ +
ωt, 0, 0, 0) that corresponds to an invariant torus on the phase space.

Consider now the perturbed Hamiltonian

H =H0 + P =N +B+ B̄+ P(θ, I, z, z̄, ξ). (2.5)

1 The norm ‖ · ‖Dρ(r,s),O for scalar functions is defined in (2.3). The vector function G : Dρ(r, s) × O→ Cm , 
(m <∞) is similarly defined as ‖G‖D (r,s),O =∑m ‖Gi‖D (r,s),O .
ρ i=1 ρ

8
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Our goal is to prove that, for most values of parameter ξ ∈ O (in Lebesgue measure sense), 
the Hamiltonians H = N + B + B̄ + P still admit invariant tori provided that ‖XP‖Dρ(r,s),O is 
sufficiently small.

In order to have a compact formulation when solving homological equations, we rewrite H
into matrix form. Let z[n] = (zi)i∈[n], z̄[n] = (z̄i )i∈[n].

H = 〈ω, I 〉+
∑
[n]
〈A[n]z[n], z̄[n]〉+

∑
n∈L2

[(�n+〈l+,ω〉)znz̄n+ (�m−〈l−,ω〉)zmz̄m]+B+ B̄+P

where A[n] is 
[n] × 
[n] matrix.
We consider Hamiltonian H satisfying the following hypotheses:

(A1) Nondegeneracy: Suppose for ∀ξ ∈O,⎧⎨⎩ rank( ∂ω1
∂ξ

, · · · , ∂ωb

∂ξ
)= κ,

rank( ∂ |β|ω
∂ξβ |∀β,1≤ |β| ≤ b− κ + 1)= b,

(2.6)

where κ is a given integer with 1 ≤ κ ≤ b, ∂ω1
∂ξ

, · · · , ∂ωb

∂ξ
are vectors of all 1–order partial deriva-

tives in ξ , and for a fixed β , ∂
|β|ω
∂ξβ = ( ∂ |β|ω1

∂ξβ , · · · , ∂ |β|ωb

∂ξβ ).

(A2) Asymptotics of normal frequencies:

�n = ε−a|n|2 + �̃n, a ≥ 0, n ∈Z2
1\L2, (2.7)

where �̃n’s are C4p
W (O) functions of ξ with C4p

W (O)-norm bounded by some positive constant 
L.

(A3) Melnikov’s non–resonance conditions: For n ∈Z2
1\L2, let

A[n] =�[n] + (P 011
ij )i∈[n],j∈[n] = (�ij + P 011

ij )i∈[n],j∈[n],

where if i �= j , �ij = 0; if i = j , �ij =�i . When |i − j | > K , P 011
ij = 0, where A[n]′s are C4p

W

functions of ξ with C4p
W -norm bounded by some positive constant L, that is to say

sup
ξ∈O

max
0<d≤4p

‖∂d
ξ A[n]‖ ≤ L.

We assume that ω(ξ), A[n](ξ) ∈ C
4p
W (O) and there exist γ, τ > 0 such that, for |k| ≤K ,

|〈k,ω〉| ≥ γ

Kτ
, k �= 0,

|〈k,ω〉 ± λ̃j | ≥ γ

Kτ
, j ∈ [n],

|〈k,ω〉 ± λ̃i ± λ̃j | ≥ γ
, i ∈ [m], j ∈ [n],
Kτ

9
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where ̃λi, ̃λj are A[n] and A[m]’s eigenvalues respectively.
Let

An =
(

�n + 〈l+,ω〉 −C(l,α)ξ
l
2+α

C(l, α)ξ
l
2+α −(�m − 〈l−,ω〉)

)
, n ∈ L2,

where C(l, α) =∑
l=l+−l−∈X−2

p

α∈Nb,|l++α|1=p−1

p

(2π)2p

(
p− 1
l+ + α

)(
p+ 1
l− + α

)
.

We assume that ω(ξ), An(ξ) ∈ C
4p
W (O) and there exist γ, τ > 0 such that2 (here I2 is 2 × 2

identity matrix)

|〈k,ω〉 ± λ̃i ±μj | ≥ γ

Kτ
, k �= 0, i ∈ [n], j ∈ {1,2},

|〈k,ω〉 ±μj | ≥ γ

Kτ
, k �= 0, j ∈ {1,2},

where ̃λi is A[n] eigenvalue and μ1, μ2 are An′ eigenvalues.

|det (〈k,ω〉I ±An ⊗ I2 ± I2 ⊗An′)| ≥ γ

Kτ
, k �= 0, n,n′ ∈ L2.

(A4) Regularity of B+ B̄+P : B+ B̄+P is real analytic in I, θ, w, w̄ and C4p
W Whitney smooth 

in ξ ; in addition

‖XB‖Dρ(r,s),O < 1,‖XP ‖Dρ(r,s),O < ε

(A5) Töplitz-Lipschitz property: For any fixed n, m ∈Z2, c ∈Z2 \ {0}, the limits

lim
t→∞

∂2(B+ P)

∂wn+tc∂wm−tc

, lim
t→∞

∂2(
∑

n∈Z2
1
�̃nwnw̄n + P)

∂wn+tc∂w̄m+tc

, lim
t→∞

∂2(B̄+ P)

∂w̄n+tc∂w̄m−tc

exist. Moreover, there exists K > 0, such that when |t | > K , N +B+ B̄+ P satisfies

‖ ∂2(B+ P)

∂wn+tc∂wm−tc

− lim
t→∞

∂2(B+ P)

∂wn+tc∂wm−tc

‖
Dρ(r,s),O ≤

ε

|t |e
−|n+m|ρ,

‖
∂2(

∑
n∈Z2

1
�̃nwnw̄n + P)

∂wn+tc∂w̄m+tc

− lim
t→∞

∂2(
∑

n∈Z2
1
�̃nwnw̄n + P)

∂wn+tc∂w̄m+tc

‖
Dρ(r,s),O ≤

ε

|t |e
−|n−m|ρ,

2 The tensor product (or direct product) of two m × n, k× l matrices A = (aij ), B is a (mk) × (nl) matrix defined by

A⊗B = (aij B)=
⎛⎝ a11B · · · a1nB

· · · · · · · · ·
am1B · · · amnB

⎞⎠ · · ·
‖ · ‖ for matrix denotes the operator norm, i.e., ‖M‖ = sup|y|=1 |My|. Recall that ω and An, A′n depend on ξ .
10
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‖ ∂2(B̄+ P)

∂w̄n+tc∂w̄m−tc

− lim
t→∞

∂2(B̄+ P)

∂w̄n+tc∂w̄m−tc

‖
Dρ(r,s),O ≤

ε

|t |e
−|n+m|ρ.

Now we are ready to state an infinite dimensional KAM Theorem.

Theorem 2. Assume that the Hamiltonian H0 + P in (2.5) satisfies (A1)–(A5). Let γ >

0 be small enough, there exists a positive constant ε = ε(b, K, τ, γ, r, s, ρ). Such that if 
‖XP ‖Dρ(r,s),O < ε, then the following holds true: There exist a Cantor set Oγ ⊂ O with 

meas(O \Oγ ) =O(γ
1

4p ) and two maps (analytic in θ and C4p
W in ξ )

� :T b ×Oγ →Dρ(r, s), ω̃ :Oγ →Rb,

where � is ε
γ 4p -close to the trivial embedding �0 : T b ×O→ T b ×{0, 0, 0} and ω̃ is ε-close to 

the unperturbed frequency ω. Then for any ξ ∈Oγ and θ ∈ T b , the curve t →�(θ + ω̃(ξ)t, ξ)

is a quasi-periodic solution of the Hamiltonian equations governed by H =H0 + P .

Remark. As far as we know Theorem 2 seems to bear a certain similarity to the abstract 
KAM theorems existing in the literature. Some of the key ideas follow closely to the ones of 
[22,24,25,38]. However, in order to prove the Theorem 2 which we can apply to study small-
amplitude quasi-periodic solutions of the (1.1), we need to remove all the terms of degree 2p+ 1
that do not commute with the linear part. We have underlined that in (1.1) there is no external 
parameters to modulate in order to fulfill non-degeneracy and nonlinear Schrödinger equations 
explicit depend on the spatial variable. This requires a subtle analysis and the introduction of the 
results of “Block Decomposition”. Mention that the dimension of tori is two is essential to our 
analysis for nonlinear Schrödinger equations. We have to modify that strategy in various non-
trivial ways, which will become apparent later on in the section 4, 5, 6. This is the source of the 
specific problems and complexity for the NLS (1.1).

3. Application to the two-dimensional Schrödinger equations

We consider the two–dimensional nonlinear Schrödinger equations

iut −�u+ |u|2pu+H(x,u, ū)= 0, t ∈R, x ∈T 2 (3.1)

with periodic boundary conditions

u(t, x1 + 2π,x2)= u(t, x1, x2 + 2π)= u(t, x1, x2),

where H(x, u, ū) =∑∞
m=1 αm(x)|u|2p+2mu is a real analytic function in a neighborhood of the 

origin.
The operator A =−� with periodic boundary conditions has eigenvalues {λn} satisfying

λn = |n|2 = |n1|2 + |n2|2, n= (n1, n2) ∈Z2

and the corresponding eigenfunctions φn(x) = 1
2π

ei〈n,x〉 form a basis in the domain of the oper-
ator.
11



S. Xue Journal of Differential Equations 364 (2023) 1–52
Equation (3.1) can be rewritten as a Hamiltonian equation

ut = i
∂H

∂ū
(3.2)

and the corresponding Hamiltonian is

H = 〈Au,u〉 + 1

p+ 1

∫
T 2

|u|2p+2 dx +
∞∑

m=1

1

p+ 1+m

∫
T 2

αm(x)|u|2p+2+2m dx, (3.3)

where 〈·, ·〉 denotes the inner product in L2.
Let

u(x)=
∑
n∈Z2

qnφn(x).

System (3.2) is then equivalent to the lattice Hamiltonian equations

q̇n = i(λnqn + ∂G

∂q̄n

),

G≡ 1

(p+ 1)(2π)2p

∑
k1−k2+k3−k4+···+k2p+1−k2p+2=0

qk1 q̄k2qk3 q̄k4 · · ·qk2p+1 q̄k2p+2

+
∞∑

m=1

1

p+ 1+m

∫
T 2

αm(x)|
∑
n∈Z2

qnφn(x)|2p+2+2m dx, (3.4)

with corresponding Hamiltonian function

H =
∑
n∈Z2

λnqnq̄n + 1

(p+ 1)(2π)2p

∑
k1−k2+k3−k4+···+k2p+1−k2p+2=0

qk1 q̄k2qk3 q̄k4 · · ·qk2p+1 q̄k2p+2

+
∞∑

m=1

1

p+ 1+m

∫
T 2

αm(x)|
∑
n∈Z2

qnφn(x)|2p+2+2m dx

=
∑
n∈Z2

λn|qn|2 +G (3.5)

As in [34,35,26], the perturbation G in (3.4) has the following regularity property.

Lemma 3.1. For any fixed ρ > 0, the gradient Gq̄ is real analytic as a map in a neighborhood 
of the origin with

‖Gq̄‖ρ ≤ c‖q‖2p+1
ρ . (3.6)
12
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Proof.

‖Gq̄‖ρ =
∑
n∈Z2

|Gq̄n |e|n|ρ

≤ c
∑

n,α,β−en,|α|+|β−en|=2p+1

|qαq̄β−en |e|n|ρ

≤ c
∑

α,β−en,|α|+|β−en|=2p+1

|qαq̄β−en |e|α|ρe|β−en|ρ

≤ c‖q‖2p+1
ρ .

The proof is completed. �
For an admissible set of tangential site S = {i1, · · · , ib} ⊂Z2, we have a nice normal form for 

H .

Proposition 1. Let S be admissible. For Hamiltonian function (3.5), there is a symplectic trans-
formation �, such that

H ◦�= 〈ω, I 〉 + 〈�w,w〉 +A+B+ B̄+ P, (3.7)

with ⎧⎪⎪⎨⎪⎪⎩
ωi(ξ)= ε−3p|i|2 + 1

(p+ 1)(2π)2p
∂ξi

Ap+1(ξ)

�n = ε−3p|n|2 + p+ 1

(2π)2p
Ap(ξ),

A=
∑

l=l+−l−∈X0
p

α∈Nb,|l++α|1=p

p+ 1

(2π)2p

(
p

l+ + α

)(
p

l− + α

) ∑
n∈L1

ξ
l
2+αei〈l,θ〉wnw̄m,

B =
∑

l=l+−l−∈X−2
p

α∈Nb,|l++α|1=p−1

p

(2π)2p

(
p− 1
l+ + α

)(
p+ 1
l− + α

) ∑
n∈L2

ξ
l
2+αei〈l,θ〉wnwm,

B̄ =
∑

l=l+−l−∈X−2
p

α∈Nb,|l++α|1=p−1

p

(2π)2p

(
p− 1
l+ + α

)(
p+ 1
l− + α

) ∑
n∈L2

ξ
l
2+αe−i〈l,θ〉w̄nw̄m,

|P | = O(ε|ξ |p− 1
2 ‖w‖3

ρ + ε2|ξ |p−1‖w‖4
ρ + · · · + ε2p‖w‖2p+2

ρ + ε3p−2|ξ |2p+1

+ ε3p−1|ξ |2p+ 1
2 ‖w‖ρ + ε3p|ξ |2p‖w‖2

ρ + · · · + ε5p−1|ξ |p+ 1
2 ‖w‖2p+1

ρ (3.8)

+ ε2|ξ |p−1|I |2 + · · · + ε2p|I |p+1 + ε2|ξ |p−1|I |‖w‖2
ρ + · · · + ε2p|I |p‖w‖2

ρ).
13
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Proof. The proof consists of several symplectic change of variables. Firstly, let

F =
∑

α,β∈(Z2)N :|α|=|β|=p+1∑
k∈Z2 (αk−βk)k=0,

∑
k∈Z2 (αk−βk)|k|2 �=0


S∩{ π(αk)

η(αk)
,
π(βk)

η(βk)
}
k∈Z2≥2p

i

(p+ 1)(2π)2p(
∑

k∈Z2(αk − βk)|k|2)q
αq̄β, (3.9)

and X1
F be the time one map of the flow of the associated Hamiltonian systems. For the definition 

below, it is again more convenient to define H ◦X1
F : we define

Ar(ξ1, · · · , ξb)=
∑

∑
j kj=r

(
r

k1, · · · , kb

)2 ∏
j

ξ
kj

j .

The change of variables X1
F sends H to

H ◦X1
F =H + {H,F } +

1∫
0

(1− t){{H,F },F } ◦ φt
F dt

=
∑
i∈S

λi |qi |2 +
∑
n∈Z2

1

λi |wn|2 + 1

(p+ 1)(2π)2p
Ap+1(|qi1 |2, · · · , |qib |2)

+
∑
n∈Z2

1

p+ 1

(2π)2p
Ap(|qi1 |2, · · · , |qib |2)|wn|2

+
∑

l=l+−l−∈X0
p

α∈Nb,|l++α|1=p

p+ 1

(2π)2p

(
p

l+ + α

)(
p

l− + α

) ∑
n∈L1

ql+ q̄ l−qαq̄αwnw̄m +

∑
l=l+−l−∈X−2

p

α∈Nb,|l++α|1=p−1

p

(2π)2p

(
p− 1
l+ + α

)(
p+ 1
l− + α

) ∑
n∈L2

(ql+ q̄ l−qαq̄αw̄nw̄m + q̄ l+ql−qαq̄αwnwm)

(3.10)
+O(|q|2p−1‖w‖3

ρ + |q|2p−2‖w‖4
ρ + · · · + ‖w‖2p+2

ρ + |q|4p+2

+ |q|4p+1‖w‖ρ + |q|4p‖w‖2
ρ + · · · + |q|2p+1‖w‖2p+1

ρ ).

We remind that (n, m) are resonant pairs and l = l+− l− ∈Xp, α ∈Nb are determined by (n, m).
Next we introduce standard action-angle variables in the tangential space

qj =
√

Ij + ξj e
iθj , q̄j =

√
Ij + ξj e

−iθj , j ∈ S,

and

qn =wn, q̄n = w̄n, n ∈Z2,
1

14
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we have

H ◦X1
F =H + {H,F } +

1∫
0

(1− t){{H,F },F } ◦ φt
F dt

=
∑
i∈S

λi(Ii + ξi)+
∑
n∈Z2

1

λi |wn|2 + 1

(p+ 1)(2π)2p
Ap+1(I1 + ξ1, · · · , Ib + ξb)

+
∑
n∈Z2

1

p+ 1

(2π)2p
Ap(I1 + ξ1, · · · , Ib + ξb)|wn|2

+
∑

l=l+−l−∈X0
p

α∈Nb,|l++α|1=p

p+ 1

(2π)2p

(
p

l+ + α

)(
p

l− + α

) ∑
n∈L1

(I + ξ)
l
2+αei〈l,θ〉wnw̄m +

∑
l=l+−l−∈X

−2
p

α∈Nb,|l++α|1=p−1

p

(2π)2p

(
p− 1
l+ + α

)(
p+ 1
l− + α

) ∑
n∈L2

(I + ξ)
l
2+α(e−i〈l,θ〉w̄nw̄m + ei〈l,θ〉wnwm)

+O(|ξ |p− 1
2 ‖w‖3

ρ + |ξ |p−1‖w‖4
ρ + · · · + ‖w‖2p+2

ρ + |ξ |2p+1 + |ξ |2p+ 1
2 ‖w‖ρ

+ |ξ |2p‖w‖2
ρ + · · · + |ξ |p+

1
2 ‖w‖2p+1

ρ )

=
∑
i∈S

λiIi +
∑
n∈Z2

1

λi |wn|2 + 1

(p+ 1)(2π)2p
〈∇ξAp+1(ξ), I 〉

+
∑
n∈Z2

1

p+ 1

(2π)2p
Ap(ξ)|wn|2

+
∑

l=l+−l−∈X0
p

α∈Nb,|l++α|1=p

p+ 1

(2π)2p

(
p

l+ + α

)(
p

l− + α

) ∑
n∈L1

ξ
l
2+αei〈l,θ〉wnw̄m +

∑
l=l+−l−∈X−2

p

α∈Nb,|l++α|1=p−1

p

(2π)2p

(
p− 1
l+ + α

)(
p+ 1
l− + α

) ∑
n∈L2

ξ
l
2+α(e−i〈l,θ〉w̄nw̄m + ei〈l,θ〉wnwm)

+O(|ξ |p− 1
2 ‖w‖3

ρ + |ξ |p−1‖w‖4
ρ + · · · + ‖w‖2p+2

ρ + |ξ |2p+1 + |ξ |2p+ 1
2 ‖w‖ρ

+ |ξ |2p‖w‖2
ρ + · · · + |ξ |p+

1
2 ‖w‖2p+1

ρ + |ξ |p−1|I |2 + · · · + |I |p+1

+ |ξ |p−1|I |‖w‖2
ρ + · · · + |I |p‖w‖2

ρ).

By the scaling in time

ξ → ε3ξ, I → ε5I, θ → θ,w→ ε
5
2 w, w̄→ ε

5
2 w̄,

we finally arrive at the rescaled Hamiltonian
15
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H = ε−(3p+5)H(ε3ξ, ε5I, θ, ε
5
2 w,ε

5
2 w̄)

=N +A+B+ B̄+ P = 〈ω, I 〉 + 〈�w,w〉 +A+B+ B̄+ P,

where

N =
∑
i∈S

ε−3pλiIi +
∑
n∈Z2

1

ε−3pλi |wn|2 + 1

(p+ 1)(2π)2p
〈∇ξAp+1(ξ), I 〉

+
∑
n∈Z2

1

p+ 1

(2π)2p
Ap(ξ)|wn|2,

⎧⎪⎪⎨⎪⎪⎩
ωi(ξ)= ε−3p|i|2 + 1

(p+ 1)(2π)2p
∂ξi

Ap+1(ξ)

�n = ε−3p|n|2 + p+ 1

(2π)2p
Ap(ξ),

A=
∑

l=l+−l−∈X0
p

α∈Nb,|l++α|1=p

p+ 1

(2π)2p

(
p

l+ + α

)(
p

l− + α

) ∑
n∈L1

ξ
l
2+αei〈l,θ〉wnw̄m,

B =
∑

l=l+−l−∈X
−2
p

α∈Nb,|l++α|1=p−1

p

(2π)2p

(
p− 1
l+ + α

)(
p+ 1
l− + α

) ∑
n∈L2

ξ
l
2+αei〈l,θ〉wnwm,

B̄ =
∑

l=l+−l−∈X
−2
p

α∈Nb,|l++α|1=p−1

p

(2π)2p

(
p− 1
l+ + α

)(
p+ 1
l− + α

) ∑
n∈L2

ξ
l
2+αe−i〈l,θ〉w̄nw̄m,

|P | = O(ε|ξ |p− 1
2 ‖w‖3

ρ + ε2|ξ |p−1‖w‖4
ρ + · · · + ε2p‖w‖2p+2

ρ + ε3p−2|ξ |2p+1

+ ε3p−1|ξ |2p+ 1
2 ‖w‖ρ + ε3p|ξ |2p‖w‖2

ρ + · · · + ε5p−1|ξ |p+ 1
2 ‖w‖2p+1

ρ (3.11)

+ ε2|ξ |p−1|I |2 + · · · + ε2p|I |p+1 + ε2|ξ |p−1|I |‖w‖2
ρ + · · · + ε2p|I |p‖w‖2

ρ). �
We will show that, by a nonlinear symplectic coordinates transformation, the normal form 

in Proposition 1 can be transformed into the more elegant form. For this purpose, we need the 
following lemma from [44].

Lemma 3.2. For any k1, k2, · · · , km ∈ Zb , non-singular m × m matrix S1 with ST
1 S̄1 = I , the 

map �0 : (θ, I, w, w) → (θ+, I+, z, z) defined by⎧⎪⎪⎨⎪⎪⎩
θ+ = θ

I+ = I −∑m
j=1 wjw̄j kj

z= S1Ew

z̄= S̄1Ēw̄

is symplectic with diagonal matrix
16
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E =E(k1, k2, · · · , km)= diag(ei〈k1,θ〉, ei〈k2,θ〉, · · · , ei〈km,θ〉).

The proof of the above lemma refers to [44]. Although the proof is trivial, the consequences 
of this result are of importance.

A nonlinear symplectic coordinates transformation �:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

θ+ = θ

I+ = I −
∑
n∈L1

(wnw̄nl
+ +wmw̄ml−)−

∑
n′∈L2

(wn′w̄n′ l
+ −wm′w̄m′ l

−)

(
zn

zm

)
= S1

(
ei〈l+,θ〉 0

0 ei〈l−,θ〉

)(
wn

wm

)
,

(
z̄n

z̄m

)
= S̄1

(
e−i〈l+,θ〉 0

0 e−i〈l−,θ〉

)(
w̄n

w̄m

)
, n ∈ L1(

zn

zm

)
=

(
ei〈l+,θ〉 0

0 e−i〈l−,θ〉

)(
wn

wm

)
,

(
z̄n

z̄m

)
=

(
e−i〈l+,θ〉 0

0 ei〈l−,θ〉

)(
w̄n

w̄m

)
, n ∈ L2,

zn =wn, z̄n = w̄n, n ∈Z2
1 \ (L1 ∪L2).

It is again more convenient to define H ◦� ◦�: we define ι = ε−3p(|i1|2, |i2|2, · · · , |ib|2), ξ =
(ξi1, ξi2, · · · , ξib ), |l| = l+ + l−,

G= 〈l,∇ξAp+1(ξ)〉2 + 4
∑

l=l+−l−∈X0
p

α∈Nb,|l++α|1=p

(p+ 1)4
[(

p

l+ + α

)(
p

l− + α

)]2

ξ l+2α.

We get Hamiltonian systems with the Hamiltonian

H ◦� ◦�= 〈ω(ξ), I+〉 +
∑

n∈Z2
1\(L1∪L2)

�n(ξ)znz̄n

+
∑
n∈L1

[(
ε−3p|n|2 + 〈l+, ι〉 + p+ 1

(2π)2p
Ap(ξ)

+ 1

2(p+ 1)(2π)2p
〈|l|,∇ξAp+1(ξ)〉 + 1

2(p+ 1)(2π)2p

√
G
)
znz̄n

+
(
ε−3p|m|2 + 〈l−, ι〉 + p+ 1

(2π)2p
Ap(ξ)+ 1

2(p+ 1)(2π)2p
〈|l|,∇ξAp+1(ξ)〉

− 1

2(p+ 1)(2π)2p

√
G
)
zmz̄m

]
+

∑
n∈L2

[(�n + 〈l+,ω〉)znz̄n + (�m − 〈l−,ω〉)zmz̄m] +

∑
l=l+−l−∈X

−2
p

α∈Nb,|l++α|1=p−1

p

(2π)2p

(
p− 1
l+ + α

)(
p+ 1
l− + α

) ∑
n∈L2

ξ
l
2+α(z̄nz̄m + znzm)

+ P(θ+, I+, z, z̄, ξ)
17



S. Xue Journal of Differential Equations 364 (2023) 1–52
= N +B+ B̄+ P (3.12)

where

N = 〈ω(ξ), I+〉 +
∑

n∈Z2
1\L2

�n(ξ)znz̄n +
∑
n∈L2

[(�n + 〈l+,ω〉)znz̄n + (�m − 〈l−,ω〉)zmz̄m]

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ωi(ξ)= ε−3p|i|2 + 1

(p+ 1)(2π)2p
∂ξi

Ap+1(ξ)

�n = ε−3p|n|2 + p+ 1

(2π)2p
Ap(ξ), n ∈Z2

1 \L1

�n = ε−3p|n|2 + 〈l+, ι〉 + p+1
(2π)2p Ap(ξ)+ 1

2(p+1)(2π)2p 〈|l|,∇ξAp+1(ξ)〉
+ 1

2(p+1)(2π)2p

√
G,n ∈ L1

�m = ε−3p|m|2 + 〈l−, ι〉 + p+1
(2π)2p Ap(ξ)+ 1

2(p+1)(2π)2p 〈|l|,∇ξAp+1(ξ)〉
− 1

2(p+1)(2π)2p

√
G,n ∈ L1

B =
∑

l=l+−l−∈X
−2
p

α∈Nb,|l++α|1=p−1

p

(2π)2p

(
p− 1
l+ + α

)(
p+ 1
l− + α

) ∑
n∈L2

ξ
l
2+αznzm,

B̄ =
∑

l=l+−l−∈X
−2
p

α∈Nb,|l++α|1=p−1

p

(2π)2p

(
p− 1
l+ + α

)(
p+ 1
l− + α

) ∑
n∈L2

ξ
l
2+αz̄nz̄m.

For the notational simplicity, I, θ, H refer to I+, θ+, H ◦� ◦�. Where P is just G with the 
(qi1, · · · , qib , q̄i1, · · · , q̄ib , qn, q̄n)-variables expressed in terms of the (θ, I, zn, ̄zn) variables.

H = 〈ω, I 〉 +
∑
[n]
〈A[n]z[n], z̄[n]〉 +

∑
n∈L2

[(�n + 〈l+,ω〉)znz̄n + (�m − 〈l−,ω〉)zmz̄m]

+B+ B̄+ P(θ, I, z, z̄, ξ) (3.13)

=N +B+ B̄+ P

Note that A[n] is 
[n] × 
[n] matrix in (3.13) and

A[n] =�[n] + (P 011
ij )i∈[n],j∈[n] = (�ij + P 011

ij )i∈[n],j∈[n],

where if i �= j , �ij = 0; if i = j , �ij =�i . When |i − j | > K , P 011
ij = 0.

Next let us verify that H =N +B+ B̄+ P satisfies the assumptions (A1)–(A5).
Verification of (A1): The Jacobian of ω is a matrix. The entries in the matrix are polynomials in 
ξ of degree p− 1 with integer coefficients. The coefficients of ∂ωi

∂ξj
are

p

2p

(
p− 1

k , · · · , k − 1 , · · · , k − 1, · · · , k

)(
p+ 1

k , · · · , k

)

(2π) 1 i j b 1 b

18
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while the coefficients of ∂ωi

∂ξi
are

p

(2π)2p

(
p− 1

k1 , · · · , ki − 2 , · · · , kj , · · · , kb

)(
p+ 1

k1 , · · · , kb

)
.

It is convenient to define a prime r dividing p+ 1, that is p+ 1 = rt s, where r does not divide s

and 
(

p+ 1
k1 , · · · , kb

)
. At first we divide the Jacobian of ω by p, then modulo by r . The matrix 

is diagonal matrix with non-zero terms by a direct computation. Therefore, it is easy to check 
that det ∂ω

∂ξ
�= 0. Thus (A1) is verified.

Verification of (A2): Take a = 3p, the proof is obvious.
Verification of (A3): This part is the same as [25], for the sake of completeness, we rewrite it as 
follows: In the following, we only give the proof for the most complicated case. Let

An =
(

�n + 〈l+,ω〉 −C(l,α)ξ
l
2+α

C(l, α)ξ
l
2+α −(�m − 〈l−,ω〉)

)
, n ∈ L2.

We only verify (A3) for det (〈k, ω〉I ±An ⊗ I2 ± I2 ⊗An′) which is the most complicated. Let 
A, B be 2 × 2 matrices, we know that λI +A ⊗ I − I ⊗B = (λI +A) ⊗ I − I ⊗B . Moreover, 
we have

Lemma 3.3.

|A⊗ I ± I ⊗B| = (|A| − |B|)2 + |A|(tr(B))2 + |B|(tr(A))2 ± (|A| + |B|)tr(A)tr(B)

where | · | denotes the determinant of the corresponding matrices.

The proof of this lemma may be found in standard matrix theory textbooks.

Case 1. n, n′ ∈ L1.

〈k,ω〉 ±�n ±�n′

Set ι = ε−3p(|i1|2, |i2|2, · · · , |ib|2), ξ = (ξi1, ξi2, · · · , ξib ), |l| = l+ + l−, and notice that{
n−m+∑b

j=1 lj ij = 0

|n|2 − |m|2 +∑b
j=1 lj |ij |2 = 0

, l = l+ − l− =
b∑

j=1

lj ej ∈X0
p.

Its eigenvalues are

〈k, ι〉 ±
(

ε−3p|n|2 + 〈l+, ι〉 + p+ 1

(2π)2p
Ap(ξ)

)
+ 1

2(p+ 1)(2π)2p
〈2k± |l|,∇ξAp+1(ξ)〉

±
(

ε−3p|n′|2 + 〈l′+, ι〉 + p+ 1

(2π)2p
Ap(ξ)+ 1

2(p+ 1)(2π)2p
〈|l′|,∇ξAp+1(ξ)〉

)
± 1

2p
(
√

G±√G′).

2(p+ 1)(2π)
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• If l+ �= l′+, all the eigenvalues are not identically zero due to the presence of the square root 
terms.

• l+ = l′+, consequently l− = l′−, hence
1. if the eigenvalue is

〈k, ι〉 +
(
ε−3p|n|2 + 〈l+, ι〉 + p+ 1

(2π)2p
Ap(ξ)

)
+ 1

2(p+ 1)(2π)2p
〈2k+ |l|,∇ξAp+1(ξ)〉

−
(

ε−3p|n′|2 + 〈l+, ι〉 + p+ 1

(2π)2p
Ap(ξ)+ 1

2(p+ 1)(2π)2p
〈|l|,∇ξAp+1(ξ)〉

)
+ 1

2(p+ 1)(2π)2p
(
√

G−√G)

= 〈k, ι〉 + ε−3p(|n|2 − |n′|2)+ 1

p(p+ 1)(2π)2p
〈H(Ap+1(ξ))k, ξ 〉,

where H(Ap+1(ξ)) is Hessian matrix of Ap+1(ξ). We modulo Hessian matrix by the 
prime r . The matrix is diagonal matrix with non-zero terms by a direct computation. 
Therefore, the Hessian matrix is a non-degenerate matrix and it is easy to check that 
H(Ap+1(ξ))k �= 0 for k �= 0;

2. if the eigenvalue is

〈k, ι〉 +
(
ε−3p|n|2 + 〈l+, ι〉 + p+ 1

(2π)2p
Ap(ξ)

)
+ 1

2(p+ 1)(2π)2p
〈2k+ |l|,∇ξAp+1(ξ)〉

+
(

ε−3p|n′|2 + 〈l+, ι〉 + p+ 1

(2π)2p
Ap(ξ)+ 1

2(p+ 1)(2π)2p
〈|l|,∇ξAp+1(ξ)〉

)
+ 1

2(p+ 1)(2π)2p
(
√

G−√G)

= 〈k, ι〉 + ε−3p(|n|2 + |n′|2)+ 2〈l+, ι〉 + 1

p(p+ 1)(2π)2p
〈H(Ap+1(ξ))(k + |l|)

+2(p+ 1)2∇ξAp(ξ), ξ 〉,

when H(Ap+1(ξ))(k + |l|) + 2(p+ 1)2∇ξAp(ξ) = 0, it is easy to check that(
p+ 1

p+ 1 , · · · , 0

)
(k + |l|)1 +

(
p+ 1

p ,1, · · ·
)

(k + |l|)2 + · · · +(
p+ 1

p , · · · , 1

)
(k + |l|)b =−2(p+ 1)

(
p

p , · · · , 0

)
,(

p+ 1
1 ,p, · · ·

)
(k + |l|)1 +

(
p+ 1

0 ,p+ 1, · · ·
)

(k + |l|)2 + · · · +(
p+ 1

0,p , · · · , 1

)
(k + |l|)b =−2(p+ 1)

(
p

0,p , · · · , 0

)
,

...
...

...
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(
p+ 1

1 , · · · , p

)
(k + |l|)1 +

(
p+ 1

0,1 , · · · , p

)
(k + |l|)2 + · · · +(

p+ 1
0 , · · · , p+ 1

)
(k + |l|)b =−2(p+ 1)

(
p

0 , · · · , p

)
.

Thus, all components of k+|l| are equal and [1 + (p+1)(b−1)](k+|l|)1 =−2(p+1). 
This equation has no integer solutions.

Thus all eigenvalues are not identically zero.

Case 2. n ∈ L1, n′ ∈ L2. Set

M =
(
〈l,∇ξAp+1(ξ)〉 + 2(p+ 1)Ap(ξ)

)2

+ 4
∑

l=l+−l−∈X−2
p

α∈Nb,|l++α|1=p−1

p2(p+ 1)2
[(

p− 1
l+ + α

)(
p+ 1
l− + α

)]2

ξ l+2α

In this case, the eigenvalues are

〈k, ι〉 ±
(

ε−3p|n|2 + 〈l+, ι〉 + p+ 1

(2π)2p
Ap(ξ)

)
+ 1

2(p+ 1)(2π)2p
〈2k± |l|,∇ξAp+1(ξ)〉

±
(

ε−3p|n′|2 + 〈l′+, ι〉 + 1

2(p+ 1)(2π)2p
〈|l′|,∇ξAp+1(ξ)〉

)
± 1

2(p+ 1)(2π)2p
(
√

G±√M ′).

• If the presence of the square root terms, all the eigenvalues are not identically zero.
• If the square root terms non-existent, hence if the eigenvalue is

〈k, ι〉 +
(

ε−3p(|n|2 ± |n′|2)+ 〈l+ ± l′+, ι〉
)

+ 1

2p(p+ 1)(2π)2p
〈H(Ap+1(ξ))(2k + |l| ± |l′|)+ 2(p+ 1)2∇ξAp(ξ), ξ 〉

when H(Ap+1(ξ))(2k + |l| ± |l′|) + 2(p + 1)2∇ξAp(ξ) = 0, we also have a fact that all 
components of 2k+|l| ±|l′| are equal and [1 + (p+1)(b−1)](2k+|l| ±|l′|)1 =−2(p+1). 
This equation has no integer solutions.

Thus all eigenvalues are not identically zero.

Case 3. n, n′ ∈ L2. In this case, the eigenvalues of 〈k, ω〉I ±An ⊗ I2 ± I2 ⊗An′ are

〈k, ι〉 ±
(

ε−3p|n|2 + 〈l+, ι〉 + 1
2p
〈2k± |l|,∇ξAp+1(ξ)〉

)

2(p+ 1)(2π)
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±
(

ε−3p|n′|2 + 〈l′+, ι〉 + 1

2(p+ 1)(2π)2p
〈|l′|,∇ξAp+1(ξ)〉

)
± 1

2(p+ 1)(2π)2p
(
√

M ±√M ′).

• If l+ �= l′+, all the eigenvalues are not identically zero due to the presence of the square root 
terms.

• If l+ = l′+, consequently l− = l′−, hence
1. if the eigenvalue is

〈k, ι〉 +
(

ε−3p|n|2 + 〈l+, ι〉 + 1

2(p+ 1)(2π)2p
〈2k+ |l|,∇ξAp+1(ξ)〉

)
−

(
ε−3p|n′|2 + 〈l+, ι〉 + 1

2(p+ 1)(2π)2p
〈|l|,∇ξAp+1(ξ)〉

)
+ 1

2(p+ 1)(2π)2p
(
√

M −√M)

= 〈k, ι〉 + ε−3p(|n|2 − |n′|2)+ 1

p(p+ 1)(2π)2p
〈H(Ap+1(ξ))k, ξ 〉,

where H(Ap+1(ξ)) is Hessian matrix of Ap+1(ξ). At first we modulo Hessian matrix by 
the prime r . Then the matrix is diagonal matrix with non-zero terms by a direct computa-
tion. Therefore, the Hessian matrix is a non-degenerate matrix and it is easy to check that 
H(Ap+1(ξ))k �= 0 for k �= 0;

2. if the eigenvalue is

〈k, ι〉 +
(

ε−3p|n|2 + 〈l+, ι〉 + 1

2(p+ 1)(2π)2p
〈2k + |l|,∇ξAp+1(ξ)〉

)
+

(
ε−3p|n′|2 + 〈l+, ι〉 + 1

2(p+ 1)(2π)2p
〈|l|,∇ξAp+1(ξ)〉

)
+ 1

2(p+ 1)(2π)2p
(
√

M −√M)

= 〈k, ι〉 + ε−3p(|n|2 + |n′|2)+ 2〈l+, ι〉 + 1

p(p+ 1)(2π)2p
〈H(Ap+1(ξ))(k + |l|), ξ 〉,

when H(Ap+1(ξ))(k + |l|) = 0, then k =−|l| are total possible solutions for that sort of 
equation. While at this time, when |n| �= |m′|,

〈k, ι〉 + ε−3p(|n|2 + |n′|2)+ 2〈l+, ι〉 = ε−3p

(
|n|2 − |m′|2

)
�= 0. (3.14)

Thus all eigenvalues are not identically zero. In other cases, the proof is similar, so we omit it. 
Due to Lemma 3.3, det (〈k, ω〉I ±An ⊗ I2 ± I2 ⊗An′) is polynomial function in ξ of order at 
most 4p. Thus
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|∂4p
ξ (det (〈k,ω〉I ±An ⊗ I2 ± I2 ⊗An′))| ≥ 1

2(p+ 1)(2π)2p
|k| �= 0.

By excluding some parameter set with measure O(γ
1

4p ), we have

|det (〈k,ω〉I ±An ⊗ I2 ± I2 ⊗An′)| ≥ γ

Kτ
, k �= 0, n,n′ ∈ L2.

Thus (A3) is verified.

Verification of (A4): For a given 0 < r < 1 and s = ε
1

2p , according to Lemma 3.1, ‖Gq̄‖ρ ≤
c‖q‖2p+1

ρ , then

∑
n∈Z2

1

‖Pwn‖Oe|n|ρ+
∑
n∈Z2

1

‖Pw̄n‖Oe|n|ρ = ‖Pw‖ρ+‖Pw̄‖ρ ≤ c‖q‖2p+1
ρ ≤ c(|I |p+ 1

2 +‖w‖2p+1
ρ ).

In addition,

sup
‖q‖ρ<2s

‖G‖O ≤ c sup
‖q‖ρ<2s

‖q‖2p+2
ρ ≤ cs2p+2,

thus

‖P ‖Dρ(2r,2s),O = sup
Dρ(2r,2s)

‖P ‖O ≤ cs2p+2.

According to Cauchy estimates,

‖PI‖Dρ(r,s),O ≤ cs2p,‖Pθ‖Dρ(r,s),O ≤ cs2p+2.

Hence

‖XP ‖Dρ(r,s),O = ‖PI‖Dρ(r,s),O + 1

s2 ‖Pθ‖Dρ(r,s),O

+ sup
Dρ(r,s)

[1
s

∑
n∈Z2

1

‖Pwn‖Oe|n|ρ + 1

s

∑
n∈Z2

1

‖Pw̄n‖Oe|n|ρ]

≤ cs2p + cs2p+2

s2 + c sup
Dρ(r,s)

1

s
(|I |p+ 1

2 + ‖z‖2p+1
ρ )

≤ cs2p ≤ cε.

Thus (A4) is verified.

Verification of (A5): We only need to check P satisfies (A5). Recall (3.9). F is given as
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F =
∑

α,β∈(Z2)N :|α|=|β|=p+1∑
k∈Z2 (αk−βk)k=0,

∑
k∈Z2 (αk−βk)|k|2 �=0


S∩{ π(αk)

η(αk)
,
π(βk)

η(βk)
}
k∈Z2≥2p

i

(p+ 1)(2π)2p(
∑

k∈Z2(αk − βk)|k|2)q
αq̄β .

Then for t large enough and ∀c ∈Z2 \ {0}, we have

∑
l=l+−l−∈X0

p

α∈Nb,|l++α|1=p

i

(p+ 1)(2π)2p(
∑b

j=1 lj |ij |2 + λn+tc − λm+tc)
ql+ q̄ l−qαq̄αwn+tcw̄m+tc

=
∑

l=l+−l−∈X0
p

α∈Nb,|l++α|1=p

i

(p+ 1)(2π)2p(
∑b

j=1 lj |ij |2 + |n|2 − |m|2 + 2t〈n−m,c〉)

× ql+ q̄ l−qαq̄αwn+tcw̄m+tc.

Hence, when 〈n −m, c〉 = 0,

∂2F

∂wn+tc∂w̄m+tc

= ∂2F

∂wn∂w̄m

;

when 〈n −m, c〉 �= 0,

‖ ∂2F

∂wn+tc∂w̄m+tc

− 0‖ ≤ ε

|t |e
−|n−m|ρ.

Similarly,

‖ ∂2F

∂wn+tc∂wm−tc

− lim
t→∞

∂2F

∂wn+tc∂wm−tc

‖,

‖ ∂2F

∂w̄n+tc∂w̄m−tc

− lim
t→∞

∂2F

∂w̄n+tc∂w̄m−tc

‖ ≤ ε

|t |e
−|n+m|ρ.

That is to say, F satisfies Töplitz-Lipschitz property. Recalling the construction of Hamiltonian 
(3.5), we only need to check that {G, F } also satisfies the Töplitz-Lipschitz property. Lemma 4.9
in the next section shows that Poisson bracket preserves Töplitz-Lipschitz property. Thus N +
B+ B̄+ P satisfies (A5). Thus (A5) is verified.
So we have verified all the assumptions of Theorem 2 for (3.12). By applying Theorem 2, we get 
Theorem 1.

4. KAM step

Theorem 2 will be proved by a KAM iteration which involves an infinite sequence of change 
of variables. Each step of KAM iteration makes the perturbation smaller than that of the previous 
step at the cost of excluding a small set of parameters and contraction of weight. We have to 
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prove the convergence of the iteration and estimate the measure of the excluded set after infinite 
KAM steps.

At the ν–step of the KAM iteration, we consider Hamiltonian function

Hν =Nν +Bν + B̄ν + Pν,

where Nν is an “integrable normal form”, Bν + B̄ν + Pν defined in Dρν (rν, sν) ×Oν with satis-
fying (A1)–(A5).

Our goal is to construct a map

�v :Dρν (rν+1, sν+1)×Oν →Dρν (rν, sν)×Oν

and

Hν+1 =Hν ◦�ν =Nν+1 +Bν+1 + B̄ν+1 + Pν+1 (4.1)

satisfies all the above iterative assumptions (A1) − (A5) on Dρν+1(rν+1, sν+1) ×Oν . Moreover,

‖XPν+1‖Dρν+1 (rν+1,sν+1),Oν
= ‖XHν◦�ν −XNν+1+Bν+1+B̄ν+1

‖Dρν+1 (rν+1,sν+1),Oν
≤ εν+1

To simplify notations, in what follows, the quantities without subscripts and superscripts refer 
to quantities at the νth step, while the quantities with subscript + or superscript + denote the 
corresponding quantities at the (ν + 1)th step. Let us then consider the Hamiltonian

H = N +B+ B̄+ P

= 〈ω, I 〉 +
∑
[n]
〈A[n]z[n], z̄[n]〉 (4.2)

+
∑
n∈L2

[(�n + 〈l+,ω〉)znz̄n + (�m − 〈l−,ω〉)zmz̄m] +

∑
l=l+−l−∈X

−2
p

α∈Nb,|l++α|1=p−1

p

(2π)2p

(
p− 1
l+ + α

)(
p+ 1
l− + α

) ∑
n∈L2

ξ
l
2+α(z̄nz̄m + znzm)

+ P(θ, I, z, z̄, ξ)

defined in Dρ(r, s) ×O. We assume that |k| ≤K ,

|〈k,ω〉| ≥ γ

Kτ
, k �= 0

|〈k,ω〉 + λ̃j | ≥ γ

Kτ
, j ∈ [n]

|〈k,ω〉 ± λ̃i ± λ̃j | ≥ γ

Kτ
, i ∈ [m], j ∈ [n]

where ̃λi, ̃λj are eigenvalues.
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|〈k,ω〉 ± λ̃i ±μj | ≥ γ

Kτ
, k �= 0, i ∈ [n], j ∈ {1,2}

|〈k,ω〉 ±μj | ≥ γ

Kτ
, k �= 0, j ∈ {1,2}

|det (〈k,ω〉I ±An ⊗ I2 ± I2 ⊗An′)| ≥ γ

Kτ
, k �= 0, n,n′ ∈ L2,

where

An =
(

�n + 〈l+,ω〉 −C(l,α)ξ
l
2+α

C(l, α)ξ
l
2+α −(�m − 〈l−,ω〉)

)
, n ∈ L2.

Moreover, N +B+ B̄+ P satisfies (A4), (A5).

Remark. The assumption (A5) makes the measure estimate available at each KAM step.
We now let 0 < r+ < r and define

s+ = 1

4
sε

1
3 , ε+ = cγ−(4p+1)K(4p+1)(τ+1)(r − r+)−cε

4
3 . (4.3)

Here and later, the letter c denotes suitable (possibly different) constants that do not depend on 
the iteration steps.

We now describe how to construct a set O+ ⊂O and a change of variables � :D+ ×O+ =
Dρ(r+, s+) × O+ → Dρ(r, s) × O such that the transformed Hamiltonian H+ = N+ + B+ +
B̄+ + P+ ≡H ◦� satisfies all the above iterative assumptions with new parameters s+, ε+, r+
and with ξ ∈O+.

4.1. Solving the linearized equations

Expand P into the Fourier-Taylor series

P =
∑

k,l,α,β

Pklαβei〈k,θ〉 I lwαw̄β

where k ∈ Zb, l ∈Nb and the multi–indices α and β run over the set of all infinite dimensional 
vectors α ≡ (· · · , αn, · · · )n∈Z2

1
, β ≡ (· · · , βn, · · · )n∈Z2

1
with finitely many nonzero components 

of positive integers.
Let R be the truncation of P given by

R(θ, I, z, z̄)=R0 +R1 +R2

where

R0 =
∑

Pkl00e
i〈k,θ〉 I l
|k|≤K,|l|≤1
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R1 =
∑

|k|≤K,n∈L2

(P k10
n zn + P k10

m zm + P k01
n z̄n + P k01

m z̄m)ei〈k,θ〉

+
∑

|k|≤K,[n]
(〈Rk10[n] , z[n]〉 + 〈Rk01[n] , z̄[n]〉)ei〈k,θ〉

R2 =
∑

|k|≤K,n∈L2,n
′∈L2

(P k11
nn′ znz̄n′ + P k11

mn′ zmz̄n′ + P k11
nm′ znz̄m′ + P k11

mm′zmz̄m′

+P k11
n′n zn′ z̄n + P k11

m′nzm′ z̄n + P k11
n′mzn′ z̄m + P k11

m′mzm′ z̄m)ei〈k,θ〉

+
∑

|k|≤K,n∈L2,n
′∈L2

(P k20
nn′ znzn′ + P k20

mn′ zmzn′ + P k20
nm′ znzm′ + P k20

mm′zmzm′)e
i〈k,θ〉

+
∑

|k|≤K,n∈L2,n
′∈L2

(P k02
nn′ z̄nz̄n′ + P k02

mn′ z̄mz̄n′ + P k02
nm′ z̄nz̄m′ + P k02

mm′ z̄mz̄m′)e
i〈k,θ〉

+
∑

|k|≤K,[n],[m]
(〈Rk20[m][n]z[n], z[m]〉 + 〈Rk02[m][n]z̄[n], z̄[m]〉)ei〈k,θ〉

+
∑

|k|≤K,[n],[m]
〈Rk11[m][n]z[n], z̄[m]〉ei〈k,θ〉

+
∑

|k|≤K,n∈Z2
1\L2,n

′∈L2

(P k20
nn′ znzn′ + P k20

nm′ znzm′)e
i〈k,θ〉

+
∑

|k|≤K,n∈Z2
1\L2,n

′∈L2

(P k02
nn′ z̄nz̄n′ + P k02

nm′ z̄nz̄m′)e
i〈k,θ〉

+
∑

|k|≤K,n∈Z2
1\L2,n

′∈L2

(P k11
nn′ znz̄n′ + P k11

nm′ znz̄m′ + P k11
n′n zn′ z̄n + P k11

m′nzm′ z̄n)e
i〈k,θ〉

where P k10
n = Pklαβ with α = en, β = 0, here en denotes the vector with the nth component being 

1 and the other components being zero; P k01
n = Pklαβ with α = 0, β = en; P k20

nm = Pklαβ with 
α = en + em, β = 0; P k11

nm = Pklαβ with α = en, β = em; P k02
nm = Pklαβ with α = 0, β = en + em.

Note that, Rk10[n] , Rk01[n] , Rk20[m][n], Rk02[m][n] and Rk11[m][n] are, respectively, 
[n] × 1, 
[n] × 1, 
[m] ×

[n], 
[m] × 
[n], 
[m] × 
[n] matrices

Rk10[n] = (P k10
i )i∈[n],Rk01[n] = (P k01

i )i∈[n], |[n]| ≤K,

Rk20[m][n] = (Rk20
ij )i∈[m],j∈[n],

if |i + j | ≤K , Rk20
ij = P k20

ij ; if |i + j | > K , Rk20
ij = 0,

Rk02[m][n] = (Rk02
ij )i∈[m],j∈[n],

if |i + j | ≤K , Rk02
ij = P k02

ij ; if |i + j | > K , Rk02
ij = 0,

Rk11 = (Rk11)i∈[m],j∈[n],
[m][n] ij
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if |i − j | ≤K , Rk11
ij = P k11

ij ; if |i − j | > K , Rk11
ij = 0.

Rewrite H as H =N +B+ B̄+R+ (P −R). By the choice of s+ in (4.3) and the definition 
of the norms, it follows immediately that

‖XR‖Dρ(r,s),O ≤ ‖XP ‖Dρ(r,s),O ≤ ε, (4.4)

for any r0
2 < ρ ≤ r . In the next, we prove that for r0

2 < ρ ≤ r+

‖H(P−R)‖Dρ(r+,s),O < cε+.

In fact, P −R = P ∗ + h.o.t., where

P ∗ =
∑
|n|>K

[P k10
n (θ)wn + P k01

n (θ)w̄n]

+
∑

|n+m|>K

[P k20
nm (θ)wnwm + P k02

nm (θ)w̄nw̄m] +
∑

|n−m|>K

P k11
nm (θ)wnw̄m

be the linear and quadratic terms in the perturbation. By virtue of (4.3), the decay property of P , 
‖XP ‖Dρ(r,s),O ≤ ε, and Cauchy estimates, one has that for ρ ≤ r+

‖XP∗‖Dρ(r+,s),O

≤ (r − r+)−1(
∑
|n|>K

εe−|n|re|n|ρ +
∑

|n+m|>K

εe−|n+m|r |w̄m|e|n+m|ρ

+
∑

|n−m|>K

εe−|n−m|r |wm|e|n−m|ρ)

≤ (r − r+)−1(
∑
|n|>K

εe−|n|re|n|ρ +
∑

|n|>K,m

εe−|n|r |wm|e|n|ρemρ)

≤ (r − r+)−1
∑
|n|>K

εe−|n|(r−ρ)

≤ (r − r+)−1εe−K(r−ρ)

≤ ε+

Moreover, we take s+ � s such that in a domain Dρ(r, s+),

‖X(P−R)‖Dρ(r,s+) < c ε+. (4.5)

In the following, we will look for an F , defined in a domain D+ = Dρ(r+, s+), such that 
the time one map φ1

F of the Hamiltonian vector field XF defines a map from D+ → D and 
transforms H into H+. More precisely, by second order Taylor formula, we have
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H ◦ φ1
F = (N +B+ B̄+R) ◦ φ1

F + (P −R) ◦ φ1
F

=N +B+ B̄+ {N +B+ B̄,F } +R

+
1∫

0

(1− t){{N +B+ B̄,F },F } ◦ φt
F dt

+
1∫

0

{R,F } ◦ φt
F dt + (P −R) ◦ φ1

F (4.6)

=N+ +B+ + B̄+ + P+ + {N +B+ B̄,F } +R

− P0000 − 〈ω̂, I 〉 −
∑
[n]
〈P 011[n][n]z[n], z̄[n]〉 −

∑
n∈L2

(P 011
nn znz̄n + P 011

mm zmz̄m)− B̂− ˆ̄B,

where

ω̂=
∫

∂P

∂I
dθ |z=z̄=0,I=0,

B̂ =
∑
n∈L2

P 020
nm znzm

ˆ̄B =
∑
n∈L2

P 002
nm z̄nz̄m

N+ =N + P0000 + 〈ω̂, I 〉 +
∑
[n]
〈P 011[n][n]z[n], z̄[n]〉 +

∑
n∈L2

(P 011
nn znz̄n + P 011

mm zmz̄m), (4.7)

B+ = B+ B̂, (4.8)

B̄+ = B̄+ ˆ̄B = B̄+ ¯̂B, (4.9)

P+ =
1∫

0

(1− t){{N +B+ B̄,F },F } ◦ φt
F dt +

1∫
0

{R,F } ◦ φt
F dt + (P −R) ◦ φ1

F . (4.10)

We shall find a function F :

F(θ, I, z, z̄)= F0 + F1 + F2

where

F0 =
∑

0<|k|≤K,|l|≤1

Fkl00e
i〈k,θ〉 I l

F1 =
∑

|k|≤K,n∈L2

(F k10
n zn + Fk10

m zm + Fk01
n z̄n + Fk01

m z̄m)ei〈k,θ〉

+
∑

(〈Fk10[n] , z[n]〉 + 〈Fk01[n] , z̄[n]〉)ei〈k,θ〉

|k|≤K,[n]
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F2 =
∑

|k|≤K,n∈L2,n
′∈L2,|k|+|n−n′|�=0

(F k11
n′n zn′ z̄n + Fk11

nn′ znz̄n′)e
i〈k,θ〉

+
∑

|k|≤K,n∈L2,n
′∈L2,|k|+|n−m′|�=0

(F k11
m′nzm′ z̄n + Fk11

nm′ znz̄m′)e
i〈k,θ〉

+
∑

|k|≤K,n∈L2,n
′∈L2,|k|+|m−n′|�=0

(F k11
n′mzn′ z̄m + Fk11

mn′ zmz̄n′)e
i〈k,θ〉

+
∑

|k|≤K,n∈L2,n
′∈L2,|k|+|m−m′|�=0

(F k11
m′mzm′ z̄m + Fk11

mm′zmz̄m′)e
i〈k,θ〉

+
∑

|k|≤K,n∈L2,n
′∈L2,|k|+|n−m′|�=0(or)|k|+|n′−m|�=0

(F k20
n′n zn′zn + Fk02

n′n z̄n′ z̄n)e
i〈k,θ〉

+
∑

|k|≤K,n∈L2,n
′∈L2,|k|+|m−m′|�=0(or)|k|+|n′−n|�=0

(F k20
m′nzm′zn + Fk02

m′n z̄m′ z̄n)e
i〈k,θ〉

+
∑

|k|≤K,n∈L2,n
′∈L2,|k|+|m−m′|�=0(or)|k|+|n′−n|�=0

(F k20
n′mzn′zm + Fk02

n′mz̄n′ z̄m)ei〈k,θ〉

+
∑

|k|≤K,n∈L2,n
′∈L2,|k|+|n−m′|�=0(or)|k|+|n′−m|�=0

(F k20
m′mzm′zm + Fk02

m′mz̄m′ z̄m)ei〈k,θ〉

+
∑

|k|≤K,[n],[m]
(〈Fk20[m][n]z[n], z[m]〉 + 〈Fk02[m][n]z̄[n], z̄[m]〉)ei〈k,θ〉

+
∑

|k|≤K,[n],[m],|k|+||n|−|m||�=0

〈Fk11[m][n]z[n], z̄[m]〉ei〈k,θ〉

+
∑

|k|≤K,n∈Z2
1\L2,n

′∈L2

(F k20
nn′ znzn′ + Fk20

nm′ znzm′)e
i〈k,θ〉

+
∑

|k|≤K,n∈Z2
1\L2,n

′∈L2

(F k02
nn′ z̄nz̄n′ + Fk02

nm′ z̄nz̄m′)e
i〈k,θ〉

+
∑

|k|≤K,n∈Z2
1\L2,n

′∈L2

(F k11
nn′ znz̄n′ + Fk11

nm′ znz̄m′ + Fk11
n′n zn′ z̄n + Fk11

m′nzm′ z̄n)e
i〈k,θ〉

where Fk10[n] , Fk01[n] , Fk20[m][n], Fk02[m][n] and Fk11[m][n] are, respectively, 
[n] × 1, 
[n] × 1, 
[m] ×

[n], 
[m] × 
[n], 
[m] × 
[n] matrices

Fk10[n] = (F k10
i )i∈[n],F k01[n] = (F k01

i )i∈[n], |[n]| ≤K,

Fk20[m][n] = (f k20
ij )i∈[m],j∈[n],

if |i + j | ≤K , f k20
ij = Fk20

ij ; if |i + j | > K , f k20
ij = 0,

Fk02 = (f k02)i∈[m],j∈[n],
[m][n] ij

30



S. Xue Journal of Differential Equations 364 (2023) 1–52
if |i + j | ≤K , f k02
ij = Fk02

ij ; if |i + j | > K , f k02
ij = 0,

Fk11[m][n] = (f k11
ij )i∈[m],j∈[n],

if |i − j | ≤K , f k11
ij = Fk11

ij ; if |i − j | > K , f k11
ij = 0, satisfying the equation

{N +B+ B̄,F } +R − P0000 − 〈ω̂, I 〉 −
∑
[n]
〈P 011[n][n]z[n], z̄[n]〉 − B̂− ˆ̄B

−
∑
n∈L2

(P 011
nn znz̄n + P 011

mm zmz̄m)= 0.
(4.11)

To find the function F , we need several lemmas.

Lemma 4.1. F satisfies (4.11) if the Fourier coefficients of F0, F1 are defined by the following 
equations

(〈k,ω〉)Fkl00 = iPkl00, |l| ≤ 1,0 < |k| ≤K,

(〈k,ω〉I −A[n])F k10[n] = iP k10[n] , |k| ≤K,n ∈Z2
1 \L2,

(〈k,ω〉I +A[n])F k01[n] = iRk01[n] , |k| ≤K,n ∈Z2
1 \L2,

(〈k,ω〉I −An)(F
k10
n ,F k01

m )T = i(P k10
n ,P k01

m )T , |k| ≤K,n ∈ L2,

(〈k,ω〉I +An)(F
k01
n ,F k10

m )T = i(P k01
n ,P k10

m )T , |k| ≤K,n ∈ L2.

(4.12)

The Fourier coefficients of F2 are defined by the following Lemmas
Case 1: n, m ∈Z2

1 \L2

Lemma 4.2. F satisfies (4.11) if the Fourier coefficients of F2 are defined by the following equa-
tions

(〈k,ω〉I −A[m])F k20[m][n] − Fk20[m][n]A[n] = iRk20[m][n],
(〈k,ω〉I −A[m])F k11[m][n] + Fk11[m][n]A[n] = iRk11[m][n], |k| + ||n| − |m|| �= 0,

(〈k,ω〉I +A[m])F k02[m][n] + Fk02[m][n]A[n] = iRk02[m][n].

(4.13)

Case 2: n ∈Z2
1 \L2, n′ ∈ L2

Lemma 4.3. F satisfies (4.11) if the Fourier coefficients of F2 are defined by the following equa-
tions

{I2 ⊗ [〈k,ω〉I −A[n]] −An′ ⊗ I }(F k20
[n]n′ ,F

k11
[n]m′)

T = i(P k20
[n]n′ ,P

k11
[n]m′)

T ,

{I2 ⊗ [〈k,ω〉I +A[n]] +An′ ⊗ I }(F k02
[n]n′ ,F

k11
m′[n])

T = i(P k02
[n]n′ ,P

k11
m′[n])

T ,

{I2 ⊗ [〈k,ω〉I −A[n]] +An′ ⊗ I }(F k11
[n]n′ ,F

k20
[n]m′)

T = i(P k11
[n]n′ ,P

k20
[n]m′)

T ,

{I2 ⊗ [〈k,ω〉I +A[n]] −An′ ⊗ I }(F k11′ ,F k02′ )T = i(P k11′ ,P k02′ )T ,

(4.14)
n [n] m [n] n [n] m [n]
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where I is 
[n] × 
[n] identity matrix.

Case 3: n, n′ ∈ L2

Lemma 4.4. F satisfies (4.11) if the Fourier coefficients of F2 are defined by the following equa-
tions

(〈k,ω〉I −An ⊗ I + I ⊗An′)(F k11
nn′ ,F

k20
nm′ ,F

k02
mn′ ,F

k11
m′m)T = i(P k11

nn′ ,P
k20
nm′ ,P

k02
mn′ ,P

k11
m′m)T ,

(〈k,ω〉I +An ⊗ I − I ⊗An′)(F k11
n′n ,F k02

m′n ,F k20
n′m,F k11

mm′)
T = i(P k11

n′n ,P k02
m′n ,P k20

n′m,P k11
mm′)

T ,

(〈k,ω〉I −An ⊗ I − I ⊗An′)(F k20
nn′ ,F

k11
nm′ ,F

k11
n′m,F k02

mm′)
T = i(P k20

nn′ ,P
k11
nm′ ,P

k11
n′m,P k02

mm′)
T ,

(〈k,ω〉I +An ⊗ I + I ⊗An′)(F k02
nn′ ,F

k11
m′n ,F k11

mn′ ,F
k20
m′m)T = i(P k02

nn′ ,P
k11
m′n ,P k11

mn′ ,P
k20
m′m)T .

An =
(

�n + 〈l+,ω〉 −C(l,α)ξ
l
2+α

C(l, α)ξ
l
2+α −(�m − 〈l−,ω〉)

)
, n ∈ L2.

In the following, we only give the proof for the most complicated case.

Proof. Inserting F into (4.11). By comparing the Fourier coefficients, more precisely, if (n, m)

is a resonant pair in L2, we have∑
|k|≤K,n∈L2

[〈k,ω〉 − (�n + 〈l+,ω〉)]Fk10
n zne

i〈k,θ〉 +C(l,α)ξ
l
2+αF k01

m zne
i〈k,θ〉

= i
∑

|k|≤K,n∈L2

P k10
n zne

i〈k,θ〉 ,

∑
|k|≤K,n∈L2

[〈k,ω〉 + (�m − 〈l−,ω〉)]Fk01
m zmei〈k,θ〉 −C(l,α)ξ

l
2+αF k10

n zmei〈k,θ〉

= i
∑

|k|≤K,n∈L2

P k01
m zmei〈k,θ〉 .

We rewrite in matrix form

(〈k,ω〉I −An)(F
k10
n ,F k01

m )T = i(P k10
n ,P k01

m )T , |k| ≤K,n ∈ L2,

similarly, form

(〈k,ω〉I +An)(F
k01
n ,F k10

m )T = i(P k01
n ,P k10

m )T , |k| ≤K,n ∈ L2.

If (n, m) and (n′, m′) are resonant pairs in L2, comparing the Fourier coefficients, we have that 
(F k11

nn′ , F
k20
nm′ , F

k02
mn′ , F

k11
m′m)T satisfy

[〈k,ω〉 − (�n + 〈l+,ω〉)+ (�n′ + 〈l′+,ω〉)]Fk11
nn′ e

i〈k,θ〉 −C(l′, α)ξ
l′
2+αF k20

nm′ e
i〈k,θ〉

+C(l,α)ξ
l
2+αF k02′ ei〈k,θ〉 = iP k11′ ei〈k,θ〉 ,
mn nn
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similarly,

[〈k,ω〉 − (�n + 〈l+,ω〉)− (�m′ − 〈l′−,ω〉)]Fk20
nm′ e

i〈k,θ〉 +C(l′, α)ξ
l′
2+αF k11

nn′ e
i〈k,θ〉

+C(l,α)ξ
l
2+αF k11

m′mei〈k,θ〉 = iP k20
nm′ e

i〈k,θ〉 ,

[〈k,ω〉 + (�m − 〈l−,ω〉)+ (�n′ + 〈l′+,ω〉)]Fk02
mn′ e

i〈k,θ〉 −C(l′, α)ξ
l′
2+αF k11

m′mei〈k,θ〉

−C(l,α)ξ
l
2+αF k11

nn′ e
i〈k,θ〉 = iP k02

mn′ e
i〈k,θ〉 ,

[〈k,ω〉 + (�m − 〈l−,ω〉)− (�m′ − 〈l′−,ω〉)]Fk11
m′mei〈k,θ〉 +C(l′, α)ξ

l′
2+αF k02

mn′ e
i〈k,θ〉

−C(l,α)ξ
l
2+αF k20

nm′ e
i〈k,θ〉 = iP k11

m′mei〈k,θ〉 .

We rewrite them into matrix form

(〈k,ω〉I −An ⊗ I + I ⊗An′)(F
k11
nn′ ,F

k20
nm′ ,F

k02
mn′ ,F

k11
m′m)T = i(P k11

nn′ ,P
k20
nm′ ,P

k02
mn′ ,P

k11
m′m)T ,

|k| ≤K,n,n′ ∈ L2,

similarly, form

(〈k,ω〉I +An ⊗ I − I ⊗An′)(F
k11
n′n ,F k02

m′n ,F k20
n′m,F k11

mm′)
T = i(P k11

n′n ,P k02
m′n ,P k20

n′m,P k11
mm′)

T ,

|k| ≤K,n,n′ ∈ L2,

(〈k,ω〉I −An ⊗ I − I ⊗An′)(F
k20
nn′ ,F

k11
nm′ ,F

k11
n′m,F k02

mm′)
T = i(P k20

nn′ ,P
k11
nm′ ,P

k11
n′m,P k02

mm′)
T ,

|k| ≤K,n,n′ ∈ L2,

(〈k,ω〉I +An ⊗ I + I ⊗An′)(F
k02
nn′ ,F

k11
m′n ,F k11

mn′ ,F
k20
m′m)T = i(P k02

nn′ ,P
k11
m′n ,P k11

mn′ ,P
k20
m′m)T ,

|k| ≤K,n,n′ ∈ L2.

In other cases, the proof is similar, so we omit it. Thus these Lemmas are obtained. �
Remark. In the case that (n, m) and (n′, m′) are resonant pairs in L2, we have that k, (n, m), 
(n′, m′) satisfy ∑

|k|≤K,n∈L2,n
′∈L2,|k|+|n−n′|�=0

(F k11
n′n zn′ z̄n + Fk11

nn′ znz̄n′)e
i〈k,θ〉

+
∑

|k|≤K,n∈L2,n
′∈L2,|k|+|n−m′|�=0(or)|k|+|n′−m|�=0

(F k20
n′n zn′zn + Fk02

n′m′ z̄n′ z̄n)e
i〈k,θ〉

+ · · · · · ·

Consider the equations

QT[n](〈k,ω〉I −A[n])F k10[n] = iQT[n]Rk10[n] , |k| ≤K,

matrix Q[n] is the A[n]’s orthogonal matrix,
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(〈k,ω〉I −QT[n]A[n]Q[n])QT[n]Fk10[n] = iQT[n]Rk10[n] , |k| ≤K,

that is,

(〈k,ω〉I −�[n])F̂ k10[n] = iR̂k10[n] , |k| ≤K.

Similarly, form

(〈k,ω〉I +�[n])F̂ k01[n] = iR̂k01[n] , |k| ≤K,

(〈k,ω〉I −�[m])F̂ k20[m][n] − F̂ k20[m][n]�[n] = iR̂k20[m][n], |k| ≤K,

(〈k,ω〉I −�[m])F̂ k11[m][n] + F̂ k11[m][n]�[n] = iR̂k11[m][n], |k| ≤K, |k| + ||n| − |m|| �= 0,

(〈k,ω〉I +�[m])F̂ k02[m][n] + F̂ k02[m][n]�[n] = iR̂k02[m][n], |k| ≤K.

Instead, where A[n] can be diagonalized by orthogonal matrix Q[n], that is �[n] =QT[n]A[n]Q[n].

R̂kx[n] =QT[n]Rkx[n], x = 10,01,

R̂kx[m][n] =QT[m]Rkx[m][n]Q[n], x = 20,11,02.

F̂ kx[n] =QT[n]Fkx[n], x = 10,01,

F̂ kx[m][n] =QT[m]Fkx[m][n]Q[n], x = 20,11,02.

Now we focus on the following equations:

(〈k,ω〉 − λ̃j )F̂
k10
[n],j = iR̂k10

[n],j , |k| ≤K,j ∈ [n],
(〈k,ω〉 + λ̃j )F̂

k01
[n],j = iR̂k01

[n],j , |k| ≤K,j ∈ [n],
(〈k,ω〉 − λ̃i − λ̃j )F̂

k20
[m][n],ij = iR̂k20

[m][n],ij , |k| ≤K, i ∈ [m], j ∈ [n],
(〈k,ω〉 − λ̃i + λ̃j )F̂

k11
[m][n],ij = iR̂k11

[m][n],ij , |k| ≤K, |k| + ||n| − |m|| �= 0, i ∈ [m], j ∈ [n],
(〈k,ω〉 + λ̃i + λ̃j )F̂

k02
[m][n],ij = iR̂k02

[m][n],ij , |k| ≤K, i ∈ [m], j ∈ [n].

Consider the equations

(I2 ⊗Q[n])T {I2 ⊗ [〈k,ω〉I −A[n]] −An′ ⊗ I }(I2 ⊗Q[n])

(I2 ⊗Q[n])T (F k20
[n]n′ ,F

k11
[n]m′)

T = i(I2 ⊗Q[n])T (P k20
[n]n′ ,P

k11
[n]m′)

T , |k| ≤K,

matrix Q[n] is the A[n]’s orthogonal matrix,

{I2 ⊗ [〈k,ω〉I −QT[n]A[n]Q[n]] −An′ ⊗ I }
(I2 ⊗Q[n])T (F k20

[n]n′ ,F
k11
[n]m′)

T = i(I2 ⊗Q[n])T (P k20
[n]n′ ,P

k11
[n]m′)

T , |k| ≤K,

that is
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{I2 ⊗ [〈k,ω〉I −�[n]] −An′ ⊗ I }(F̂ k20
[n]n′ , F̂

k11
[n]m′)

T = i(P̂ k20
[n]n′ , P̂

k11
[n]m′)

T , |k| ≤K.

Where A[n] can be diagonalized by orthogonal matrix Q[n], that is �[n] =QT[n]A[n]Q[n].

(F̂ k20
[n]n′ , F̂

k11
[n]m′)

T = (I2 ⊗Q[n])T (F k20
[n]n′ ,F

k11
[n]m′)

T ,

(P̂ k20
[n]n′ , P̂

k11
[n]m′)

T = (I2 ⊗Q[n])T (P k20
[n]n′ ,P

k11
[n]m′)

T .

Consider the equations

(Qn′ ⊗ I )−1{I2 ⊗ [〈k,ω〉I −�[n]] −An′ ⊗ I }(Qn′ ⊗ I )

(Qn′ ⊗ I )−1(F̂ k20
[n]n′ , F̂

k11
[n]m′)

T = i(Qn′ ⊗ I )−1(P̂ k20
[n]n′ , P̂

k11
[n]m′)

T , |k| ≤K.

There exists a invertible matrix Qn′ such that Q−1
n′ An′Qn′ = Jn′ is a Jordan normal form, that is

{I2 ⊗ [〈k,ω〉I −�[n]] − Jn′ ⊗ I }(F̃ k20
[n]n′ , F̃

k11
[n]m′)

T = i(P̃ k20
[n]n′ , P̃

k11
[n]m′)

T , |k| ≤K.

We define

(F̃ k20
[n]n′ , F̃

k11
[n]m′)

T = (Qn′ ⊗ I )−1(F̂ k20
[n]n′ , F̂

k11
[n]m′)

T ,

(P̃ k20
[n]n′ , P̃

k11
[n]m′)

T = (Qn′ ⊗ I )−1(P̂ k20
[n]n′ , P̂

k11
[n]m′)

T .

Similarly, form

{I2 ⊗ [〈k,ω〉I +�[n]] + Jn′ ⊗ I }(F̃ k02
[n]n′ , F̃

k11
m′[n])

T = i(P̃ k02
[n]n′ , P̃

k11
m′[n])

T ,

{I2 ⊗ [〈k,ω〉I −�[n]] + Jn′ ⊗ I }(F̃ k11
[n]n′ , F̃

k20
[n]m′)

T = i(P̃ k11
[n]n′ , P̃

k20
[n]m′)

T ,

{I2 ⊗ [〈k,ω〉I +�[n]] − Jn′ ⊗ I }(F̃ k11
n′[n], F̃

k02
m′[n])

T = i(P̃ k11
n′[n], P̃

k02
m′[n])

T ,

where

(F̃ k02
[n]n′ , F̃

k11
m′[n])

T = (Q−1
n′ ⊗QT[n])(F k02

[n]n′ ,F
k11
m′[n])

T ,

(P̃ k02
[n]n′ , P̃

k11
m′[n])

T = (Q−1
n′ ⊗QT[n])(P k02

[n]n′ ,P
k11
m′[n])

T ,

(F̃ k11
[n]n′ , F̃

k20
[n]m′)

T = (Q−1
n′ ⊗QT[n])(F k11

[n]n′ ,F
k20
[n]m′)

T ,

(P̃ k11
[n]n′ , P̃

k20
[n]m′)

T = (Q−1
n′ ⊗QT[n])(P k11

[n]n′ ,P
k20
[n]m′)

T ,

(F̃ k11
n′[n], F̃

k02
m′[n])

T = (Q−1
n′ ⊗QT[n])(F k11

n′[n],F
k02
m′[n])

T ,

(P̃ k11
n′[n], P̃

k02
m′[n])

T = (Q−1
n′ ⊗QT[n])(P k11

n′[n],P
k02
m′[n])

T .

Case 1. When Jordan normal form

Jn′ =
(

μ1 0
0 μ

)
, n′ ∈ L2.
2
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Now we focus on the following equations

(〈k,ω〉 − λ̃j −μ1)(F̃
k20
[n]n′)j = i(P̃ k20

[n]n′)j ,

(〈k,ω〉 − λ̃j −μ2)(F̃
k11
[n]m′)j = i(P̃ k11

[n]m′)j .

Case 2. When Jordan normal form

Jn′ =
(

μ 1
0 μ

)
, n′ ∈ L2.

We focus on the following equations

( 〈k,ω〉 − λ̃j −μ −1
0 〈k,ω〉 − λ̃j −μ

)(
(F̃ k20
[n]n′)j

(F̃ k11
[n]m′)j

)
= i

(
(P̃ k20
[n]n′)j

(P̃ k11
[n]m′)j

)
.

In the other cases, the proof is similar, so we omit it. In order to solve the last three equations, 
we need the following elementary algebraic result from matrix theory.

Lemma 4.5. Let A, B, C be, respectively, n × n, m ×m, n ×m matrices, and let X be an n ×m

unknown matrix. The matrix equation

AX−XB = C,

is solvable if and only if Im⊗A −B ⊗ In is nonsingular.

For a detailed proof, we refer the reader to the Appendix in [45].

Remark. Taking the transpose of the fourth equation in Lemma 4.2, one sees that (F k20[m][n])T

satisfies the same equation as (F k20[n][m]). Then (by the uniqueness of the solution) it follows that 

(F k02[n][m]) = (F k02[m][n])T , (F−k11
[n][m]) = (F k11[m][n])T

4.2. Estimate for coefficients of F

Let us consider Fk20[m][n] and (F k20
[n]n′ , F

k11
[n]m′)

T for instance, and the other terms can be treated in 
an analogous way. By the construction above, one sees that

Fk20
[m][n],ij = i

∑
m1,n1

Q[m],im1R̂
k20[m][n],m1,n1

QT[n],n1j

〈k,ω〉 − λ̃i − λ̃j

.

(
Fk20
[n]n′

Fk11
[n]m′

)
= i

∑
0<j≤2
[n]

(Qn′ ⊗Q[n])j

(
P̃ k20
[n]n′

P̃ k11
[n]m′

)
1

〈k,ω〉 − λ̃j −μ

+i
∑

(Qn′ ⊗Q[n])j+


(
P̃ k20
[n]n′

P̃ k11
[n]m′

)
1

〈k,ω〉 − λ̃j −μ
.

0<j≤
[n]
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Then

|Fk20[m][n],ij | ≤ cε
Kτ

γ
eK1+3ερe−ρ|i+j |e−|k|r ,

|
(

Fk20
[n]n′

Fk11
[n]m′

)
j

| ≤ cε
Kτ

γ
eK1+3ερe−ρ|j−m′|e−|k|r , 
[n]< j ≤ 2
[n],

|
(

Fk20
[n]n′

Fk11
[n]m′

)
j

| ≤ cε
K2τ

γ 2 eK1+3ερe−ρ|j+n′|e−|k|r ,0 < j ≤ 
[n],

where we used the factor eK1+3ερ to recover the exponential decay under the assumption

K1+3ερ = 1.

And

‖Fk20[m][n]‖ ≤ cK3ε
ν εν+1

K
(4p+1)(τ+1)
ν

γ 4p+1 K3ε
ν ≤ ε

1
3
ν+1,

‖
(

Fk20
[n]n′

Fk11
[n]m′

)
‖ ≤ cK3ε

ν εν+1
K

(4p+1)(τ+1)
ν

γ 4p+1 ≤ ε
1
3
ν+1,

under the assumption

εν+1 = cγ−(4p+1)(rν − rν+1)
−cK(4p+1)(τ+1)

ν ε
4
3
ν .

4.3. Estimate on the coordinate transformation

We proceed to estimate XF and φ1
F . We start with the following

Lemma 4.6. Let Di =D(r+ + i
4 (r − r+), i4 s), 0 < i ≤ 4. Then

‖XF ‖D3,O ≤ cγ−(4p+1)K(4p+1)(τ+1)(r − r+)−cε. (4.15)

In the next lemma, we give some estimates for φt
F . The formula (4.16) will be used to prove 

our coordinate transformation is well defined. Inequality (4.17) will be used to check the conver-
gence of the iteration.

Lemma 4.7. Let η = ε
1
3 , Diη = D(r+ + i

4 (r − r+), i4ηs), 0 < i ≤ 4. If ε � 1
2γ

3(4p+1)
2 ×

K− 3(4p+1)(τ+1)
2 (r − r+)c , we then have

φt
F :D2η →D3η, −1≤ t ≤ 1. (4.16)

Moreover,
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‖Dφt
F − Id‖D1η

< cγ−(4p+1)K(4p+1)(τ+1)(r − r+)−cε. (4.17)

Proof. Let

‖DmF‖D,O =max{‖ ∂ |i|+|l|+|α|+|β|

∂θi∂I l∂zα∂z̄β
F‖D,O, |i| + |l| + |α| + |β| =m≥ 2}.

Notice that F is a polynomial of degree 1 in I and degree 2 in z, z̄. From (2.4), (4.15) and the 
Cauchy inequality, it follows that

‖DmF‖D2,O < cγ−(4p+1)K(4p+1)(τ+1)(r − r+)−cε, (4.18)

for any m ≥ 2.
To get the estimates for φt

F , we start from the integral equation,

φt
F = id +

t∫
0

XF ◦ φs
F ds

so that φt
F :D2η →D3η, −1 ≤ t ≤ 1, which follows directly from (4.18). Since

Dφt
F = Id +

t∫
0

(DXF )Dφs
F ds = Id +

t∫
0

J (D2F)Dφs
F ds,

where J denotes the standard symplectic matrix 
(

0 −I

I 0

)
, it follows that

‖Dφt
F − Id‖ ≤ 2‖D2F‖< cγ−(4p+1)K(4p+1)(τ+1)(r − r+)−cε. (4.19)

Consequently Lemma 4.7 follows. �
4.4. Estimate for the new normal form

The map φ1
F defined above transforms H into H+ = N+ + B+ + B̄+ + P+ (see (4.6) and 

(4.11)) with the normal form N+

N+ =N + P0000 + 〈ω̂, I 〉 +
∑
[n]
〈P 011[n][n]z[n], z̄[n]〉 +

∑
n∈L2

(P 011
nn znz̄n + P 011

mm zmz̄m)

= 〈ω+, I 〉 +
∑
[n]
〈A+[n]z[n], z̄[n]〉 +

∑
n∈L2

[(�+n + 〈l+,ω〉)znz̄n + (�+m − 〈l−,ω〉)zmz̄m)]

where

ω+ = ω+ P0l00(|l| = 1), (4.20)

A+ =A[n]+R011 =A[n]+(R011)i∈[n],j∈[n], |i−j |> K,R011 = 0; |i−j | ≤K,R011 = P 011,
[n] [n][n] ij ij ij ij
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�+n =�n + P 011
nn ,�+m =�m + P 011

mm ,n ∈ L2.

Now we prove that N+ shares the same properties as N . By the regularity of XP and by Cauchy 
estimates, then we have

|ω+ −ω|< ε, |P 011
ij+ − P 011

ij |< εe−|i−j |ρ. (4.21)

It follows that for |k| ≤K ,

|〈k,ω+ P0l00〉| ≥ |〈k,ω〉| − εK ≥ γ

Kτ
− εK ≥ γ

Kτ+
,

|〈k,ω+ P0l00〉 + λ̃+j | ≥ |〈k,ω〉 + λ̃j | − εK ≥ γ

Kτ
− εK ≥ γ

Kτ+
.

Similarly, we have

|〈k,ω+ P0l00〉 + λ̃+i ± λ̃+j | ≥
γ

Kτ+
.

In other cases, the proof is similar, so we omit it.
This means that in the next KAM step, small denominator conditions are automatically satis-

fied for |k| ≤K . The following bounds will be used for the measure estimates:

sup
ξ∈O

max
d≤4p

‖∂d
ξ (A+[n] −A[n])‖ ≤ cε,

sup
ξ∈O

max
d≤4p

|∂d
ξ (�+

n′ −�n′)| ≤ ε,

sup
ξ∈O

max
d≤4p

|∂d
ξ (ω+ −ω)| ≤ ε,

and

|P 011
ij+ − P 011

ij |O ≤ εe−|i−j |ρ.

4.5. Estimate for the new perturbation

Since

P+ =
1∫

0

(1− t){{N +B+ B̄,F },F } ◦ φt
F dt +

1∫
0

{R,F } ◦ φt
F dt + (P −R) ◦ φ1

F

=
1∫

0

{R(t),F } ◦ φt
F dt + (P −R) ◦ φ1

F ,

where R(t) = (1 − t)(N+ +B+ + B̄+ −N −B− B̄) + tR. Hence
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XP+ =
1∫

0

(φt
F )∗X{R(t),F }dt + (φ1

F )∗X(P−R).

According to Lemma 4.7,

‖Dφt
F − Id‖D1η

< cγ−(4p+1)K(4p+1)(τ+1)(r − r+)−cε, −1≤ t ≤ 1,

thus

‖Dφt
F ‖D1η

≤ 1+ ‖Dφt
F − Id‖D1η

≤ 2, −1≤ t ≤ 1.

Due to Lemma 7.3 in [44],

‖X{R(t),F }‖D2η
≤ cγ−(4p+1)K(4p+1)(τ+1)(r − r+)−cη−2ε2,

and

‖X(P−R)‖D2η
≤ cηε,

we have

‖XP+‖Dρ(r+,s+) ≤ cηε+ cγ−(4p+1)K(4p+1)(τ+1)(r − r+)−cη−2ε2 ≤ cε+.

4.6. Verification of (A5) after one step of KAM iteration

Since

P+ = P −R + {P,F } + 1

2! {{N +B+ B̄,F },F } + 1

2! {{P,F },F }

+ · · · + 1

n! {· · · {N +B+ B̄,F } · · · ,F︸ ︷︷ ︸
n

} + 1

n! {· · · {P,F } · · · ,F︸ ︷︷ ︸
n

} + · · ·

then for a fixed c ∈Z2 \ {0}, and |n −m| > K with K ≥ 1
ρ−ρ+ ln( ε

ε+ ),

‖ ∂2(P −R)

∂zn+tc∂z̄m+tc

− lim
t→∞

∂2(P −R)

∂zn+tc∂z̄m+tc

‖ ≤ ε

|t |e
−|n−m|ρ ≤ ε+

|t | e
−|n−m|ρ+ .

That is to say, P − R satisfies (A5) with K+, ε+, ρ+ in place of K, ε, ρ. The proof of the re-
maining terms satisfying (A5) is composed by the following two lemmas.

Lemma 4.8. F satisfies (A5) with ε
2
3 in place of ε.

For the proof see [25].
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Lemma 4.9. Assume that P satisfies (A5), F satisfies (A5) with ε
2
3 in place of ε and

∂2F

∂zn∂zm

= 0(|n+m|> K),
∂2F

∂zn∂z̄m

= 0(|n−m|> K),
∂2F

∂z̄n∂z̄m

= 0(|n+m|> K),

then {P, F } satisfies (A6) with ε+ in place of ε.

For the proof see [25].
A KAM-step cycle is now completed.

5. Iteration lemma and convergence

For any given s, ε, r, γ and for all ν ≥ 1, we define the following sequences

rν+1 = r(1−
ν+2∑
i=2

2−i ),

εν+1 = cγ−(4p+1)(rν − rν+1)
−cK(4p+1)(τ+1)

ν ε
4
3
ν , (5.1)

ην+1 = ε
1
3
ν+1,Lν+1 = Lν + εν

sν+1 = 2−2ηνsν = 2−2(ν+1)(

ν∏
i=0

εi)
1
3 s0,

K1+3ε
ν+1 ρν+1 = 1

Kν+1 = 3Kν = 3ν+1K0

�ν+1 =K3
ν

where c is a constant, γ = ε
1
50
0 � ε0, and the parameters r0, ε0, s0 and K0 are defined to be r, ε, s

and K2
0e−K0(r0−r1) = ε

1
3
0 respectively.

5.1. Iteration lemma

The preceding analysis can be summarized as follows.

Lemma 5.1. Let ε be small enough and ν ≥ 0. Suppose that
(1) Nν +Bν + B̄ν is a normal form with parameters ξ satisfying

|〈k,ων〉| ≥ γ

Kτ
ν

, k �= 0,

|〈k,ων〉 ± λ̃ν
j | ≥

γ

Kτ
ν

, j ∈ [n],

|〈k,ων〉 ± λ̃ν
i ± λ̃ν

j | ≥
γ

τ
, i ∈ [m], j ∈ [n],
Kν
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|〈k,ων〉 ± λ̃ν
i ±μν

j | ≥
γ

Kτ
ν

, k �= 0, i ∈ [n], j ∈ {1,2},

|〈k,ων〉 ±μν
j | ≥

γ

Kτ
ν

, j ∈ {1,2},

|det (〈k,ων〉I ±Aν
n ⊗ I2 ± I2 ⊗Aν

n′)| ≥
γ

Kτ
ν

, k �= 0, n,n′ ∈ L2, (5.2)

on a closed set Oν of Rb for all 0 < |k| ≤Kν . Moreover, suppose that ων(ξ), P 011
ijν (ξ), Aν[n](ξ)

are C4p
W smooth and satisfy

sup
ξ∈Oν

max
d≤4p

‖∂d
ξ (Aν[n] −Aν−1

[n] )‖ ≤ cεν−1,

sup
ξ∈Oν

max
d≤4p

|∂d
ξ (�ν

n′ −�ν−1
n′ )| ≤ εν−1,

sup
ξ∈Oν

max
d≤4p

|∂d
ξ (ων −ων−1)| ≤ εν−1,

and

|P 011
ijν − P 011

ij (ν−1)|Oν
≤ εν−1e

−|i−j |ρ

in the sense of Whitney.
(2) Nν +Bν + B̄ν + Pν satisfies (A5) with Kν, εν, ρν and

‖XPν‖D(rν,sν ),Oν
≤ εν.

Then there is a subset Oν+1 ⊂Oν ,

Oν+1 =Oν \ (Rν+1
k ),

Rν+1 =
⋃

Kν<|k|≤Kν+1,[n],[m],n,n′
(Rν+1

k

⋃
Rν+1

kn

⋃
Rν+1

k[n][m]
⋃

Rν+1
k[n]n′(γ )

⋃
Cν+1

knn′ (γ )),

where

Rν+1
k = {ξ ∈Oν : |〈k,ων+1〉|< γ

Kτ
ν+1

, k �= 0}

Rν+1
kn = {ξ ∈Oν :

|〈k,ων+1〉 ± λ̃ν+1
j |< γ

Kτ
ν+1

|〈k,ων+1〉 ±μν+1
j |< γ

Kτ
ν+1

},

Rν+1
k[n][m] = {ξ ∈Oν : |〈k,ων+1〉 ± λ̃ν+1

i ± λ̃ν+1
j |< γ

Kτ
ν+1

, i ∈ [m], j ∈ [n]},

Rν+1
k[n]n′ = {ξ ∈Oν : |〈k,ων+1〉 ± λ̃ν+1

i ±μν+1
j |< γ

Kτ
ν+1

, k �= 0, i ∈ [n], j ∈ {1,2}},

Cν+1
knn′ = {ξ ∈Oν : |det (〈k,ων+1〉I ±Aν+1

n ⊗ I2 ± I2 ⊗Aν+1
n′ )|< γ

Kτ , k �= 0, n,n′ ∈ L2},

ν+1
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with ων+1 = ων + P ν
0l00, and a symplectic transformation of variables

�ν :Dρν (rν+1, sν+1)×Oν →Dρν (rν, sν), (5.3)

such that on Dρν+1(rν+1, sν+1) ×Oν+1, Hν+1 =Hν ◦�ν has the form

Hν+1 = eν+1 + 〈ων+1, I 〉 +
∑
[n]
〈Aν+1
[n] (ξ)z[n], z̄[n]〉

+
∑
n∈L2

[(�ν+1
n + 〈l+,ω〉)znz̄n + (�ν+1

m − 〈l−,ω〉)zmz̄m)] +Bν+1 + B̄ν+1 + Pν+1,

with

sup
ξ∈Oν

max
d≤4p

‖∂d
ξ (Aν+1

[n] −Aν[n])‖ ≤ cεν,

sup
ξ∈Oν

max
d≤4p

|∂d
ξ (�ν+1

n′ −�ν
n′)| ≤ εν,

sup
ξ∈Oν

max
d≤4p

|∂d
ξ (ων+1 −ων)| ≤ εν,

and

|P 011
ij (ν+1) − P 011

ijν |Oν
≤ ενe

−|i−j |ρ

in the sense of Whitney. And

‖XPν+1‖D(rν+1,sν+1),Oν+1 ≤ εν+1.

5.2. Convergence

Suppose that the assumptions of Theorem 2 are satisfied to apply the iteration Lemma with 
ν = 0, recall that

ε0 = ε, r0 = r, s0 = s,L0 = L,N0 =N,B0 = B,P0 = P,γ = ε
1
50 ,K2

0 e−K0(r0−r1) = ε
1
3
0

O0 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
ξ ∈O :

|〈k,ω〉| ≥ γ
Kτ

0
, k �= 0

|〈k,ω〉 ± λ̃j | ≥ γ
Kτ

0
, j ∈ [n]

|〈k,ω〉 ± λ̃i ± λ̃j | ≥ γ
Kτ

0
, i ∈ [m], j ∈ [n]

|〈k,ω〉 ± λ̃i ±μj | ≥ γ
Kτ

0
, i ∈ [n], j ∈ {1,2}

|〈k,ω〉 ±μj | ≥ γ
Kτ

0
, j ∈ {1,2}

|det (〈k,ω〉I ±An ⊗ I2 ± I2 ⊗An′)| ≥ γ
Kτ

0
, n,n′ ∈ L2

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
,

the assumptions of the iteration lemma are satisfied when ν = 0 if ε0 and γ are sufficiently small. 
Inductively, we obtain the following sequences:
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Oν+1 ⊂Oν,

�ν =�0 ◦�1 ◦ · · · ◦�ν :Dρν (rν+1, sν+1)×Oν →Dρ0(r0, s0), ν ≥ 0,

H ◦�ν =Hν+1 =Nν+1 +Bν+1 + B̄ν+1 + Pν+1.

Let Õ = ∩∞ν=0Oν . As in [35,36], thanks to Lemma 4.7, it concludes that Nν, �ν, D�ν, ων con-
verge uniformly on D 1

2 r
( 1

2 r, 0) × Õ with

N∞ +B∞ + B̄∞ = e∞ + 〈ω∞, I 〉 +
∑
[n]
〈A∞[n](ξ)z[n], z̄[n]〉

+
∑
n∈L2

[(�∞n + 〈l+,ω〉)znz̄n + (�∞m − 〈l−,ω〉)zmz̄m)] +B∞ + B̄∞.

Since

εν+1 = cγ−(4p+1)K(4p+1)(τ+1)
ν (rν − rν−1)

−cε
4
3
ν ,

it follows that εν+1 → 0 provided that ε is sufficiently small. And we also have 
∑∞

ν=0 εν ≤ 2ε.
Let φt

H be the flow of XH . Since H ◦�ν =Hν+1, we have

φt
H ◦�ν =�ν ◦ φt

Hν+1
. (5.4)

The uniform convergence of �ν, D�ν, ων and XHν implies that the limits can be taken on both 
sides of (5.4). Hence, on D 1

2 r
( 1

2 r, 0) × Õ we get

φt
H ◦�∞ =�∞ ◦ φt

H∞ (5.5)

and

�∞ :D 1
2 r

(
1

2
r,0)× Õ→Dρ(r, s)×O.

It follows from (5.5) that

φt
H (�∞(T b × {ξ}))=�∞φt

N∞(T b × {ξ})=�∞(T b × {ξ})

for ξ ∈ Õ. This means that �∞(T b×{ξ}) is an embedded torus which is invariant for the original 
perturbed Hamiltonian system at ξ ∈ Õ. We remark here that the frequencies ω∞(ξ) associated 
to �∞(T b × {ξ}) are slightly different from ω(ξ). The normal behavior of the invariant torus is 
governed by normal frequencies A∞ , �∞′ . �
[n] n
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6. Measure estimates

This section is the essential part for this paper. For notational convenience, let O−1 = O, 
K−1 = 0. Then at νth step of KAM iteration, we have to exclude the following resonant set

Rν+1 =
⋃

Kν<|k|≤Kν+1,[n],[m],n,n′
(Rν+1

k

⋃
Rν+1

kn

⋃
Rν+1

k[n][m]
⋃

Rν+1
k[n]n′(γ )

⋃
Cν+1

knn′ (γ )),

where

Rν+1
k = {ξ ∈Oν : |〈k,ων+1〉|< γ

Kτ
ν+1

, k �= 0},

Rν+1
kn = {ξ ∈Oν :

|〈k,ων+1〉 ± λ̃ν+1
j |< γ

Kτ
ν+1

|〈k,ων+1〉 ±μν+1
j |< γ

Kτ
ν+1

},

Rν+1
k[n][m] = {ξ ∈Oν : |〈k,ων+1〉 ± λ̃ν+1

i ± λ̃ν+1
j |< γ

Kτ
ν+1

, i ∈ [m], j ∈ [n]},

Rν+1
k[n]n′ = {ξ ∈Oν : |〈k,ων+1〉 ± λ̃ν+1

i ±μν+1
j |< γ

Kτ
ν+1

, k �= 0, i ∈ [n], j ∈ {1,2}},

Cν+1
knn′ = {ξ ∈Oν : |det (〈k,ων+1〉I ±Aν+1

n ⊗ I2 ± I2 ⊗Aν+1
n′ )|< γ

Kτ
ν+1

, k �= 0, n,n′ ∈ L2},

recall that ων+1(ξ) = ω(ξ) +∑ν
j=0 P0l00(ξ) with | ∑ν

j=0 P
j

0l00(ξ)|Oν
< ε, and

‖Aν+1
[n] (ξ)−A[n](ξ)‖Oν

≤
ν∑

j=0

‖R011,j
[n][n]‖ ≤ ε,

|�ν+1
n (ξ)−�n(ξ)|Oν

≤
ν∑

j=0

|R011,j
nn | ≤ ε.

Remark. From the section 4.4, one has that at (ν + 1)th step, small divisor conditions are auto-
matically satisfied for |k| ≤Kν . Hence, we only need to excise the above resonant set Rν+1.

In the following, we only give the proof for the most complicated case {ξ ∈Oν : |〈k, ων+1〉 +
λ̃ν+1

n − λ̃ν+1
n′ | < γ

Kτ
ν+1

, n, n′ ∈ L1} and {ξ ∈Oν : |det (〈k, ων+1〉I +Aν+1
n ⊗ I2 − I2 ⊗Aν+1

n′ )| <
γ

Kτ
ν+1

, n, n′ ∈ L2}. In other cases, the proof is similar, so we omit it. For simplicity, set Mν+1 =
|〈k, ων+1〉 + λ̃ν+1

n − λ̃ν+1
n′ | and Y ν+1 = 〈k, ων+1〉I +Aν+1

n ⊗ I2 − I2 ⊗Aν+1
n′ , Y ν = 〈k, ων〉I +

Aν
n ⊗ I2 − I2 ⊗Aν

n′ , then for |k| ≤Kν

‖(Y ν+1)−1‖ = ‖(Y ν + (Y ν+1 − Y ν))−1‖
= ‖(I + (Y ν)−1(Y ν+1 − Y ν))−1(Y ν)−1‖

≤ 2‖(Y ν)−1‖ ≤ 2
Kτ

ν ≤ Kτ
ν+1

.

γ γ
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Lemma 6.1. For any given n, n′ ∈Z2
1 with |n −n′| ≤Kν+1, either |〈k, ων+1〉 + λ̃ν+1

n − λ̃ν+1
n′ | > 1

or there are n0, n′0, c ∈ Z2 with |n0|, |n′0|, |c| ≤ 3K2
ν+1 and t ∈ Z, such that n = n0 + tc, n′ =

n′0 + tc.

Proof. Since |n − n′| ≤Kν+1, with an elementary calculation

|n|2 − |n′|2 = |n− n′|2 + 2〈n− n′, n′〉.

If |〈n − n′, n′〉| > K2
ν+1, we have |〈k, ων+1〉 + λ̃ν+1

n − λ̃ν+1
n′ | > 1, there will be no small divisor.

In the case that |〈n −n′, n′〉| ≤K2
ν+1, clearly n −n′ = 0 is trivial. Assume n −n′ �= 0, without 

loss of generality, we assume that the first component (n − n′)1 of n − n′ is not zero. Let

c= (−(n− n′)2, (n− n′)1).

Then

c⊥ (n− n′),

and c ∈ Z2 \ {0} with |c| ≤ |n − n′| ≤ Kν+1. Clearly, c, n − n′ are linearly independent, hence 
there exist x1, x2 ∈R such that

n′ = x1c+ x2(n− n′).

Set (here [·] denotes the integer part of ·)

t = [x1],

then t ∈Z and |n′ − tc| ≤ 2K2
ν+1. Take n′0 = n′ − tc ∈Z2 and n0 = n′0 + n − n′ ∈Z2. We have 

|n′0| ≤ 2K2
ν+1 and

|n0| ≤ |n′0| + |n− n′| ≤ 3K2
ν+1. �

Lemma 6.2.

∪n,n′∈L1R
ν+1
k[n][n′] ⊂ ∪n0,n

′
0,c∈Z2,t∈ZRν+1

k,n0+tc,n′0+tc

where |n0|, |n′0|, |c| ≤ 3K2
ν+1.

Proof. If |〈n − n′, n′〉| > K2
ν+1, Rν+1

k[n][n′] = ∅. If |〈n − n′, n′〉| ≤ K2
ν+1, there exist n0, n′0, c ∈

Z2, t ∈Z with |n0|, |n′0|, |c| ≤ 3K2
ν+1 such that n = n0 + tc, n′ = n′0 + tc. Hence

∪n,n′∈L1R
ν+1
k[n][n′] ⊂ ∪n0,n

′
0,c∈Z2,t∈ZRν+1

k,n0+tc,n′0+tc
,

where |n0|, |n′ |, |c| ≤ 3K2 . �
0 ν+1
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Lemma 6.3. For fixed k, n0, n′0, c, one has

meas(∪t∈ZRν+1
k,n0+tc,n′0+tc

) < c
γ

1
p

K
τ

p(p+1)

ν+1

.

Proof. Due to Töplitz-Lipschitz property of Nν +Bν + B̄ν + Pν , then

|Mν+1(t)− lim
t→∞Mν+1(t)|< ε0

|t | .

We define resonant set

Rν+1
kn0n

′
0c∞ = {ξ ∈Oν : | lim

t→∞Mν+1(t))|< γ

K
τ

p+1
ν+1

} (6.1)

For fixed k, n0, n′0, c,

meas(Rν+1
kn0n

′
0c∞) <

γ
1
p

K
τ

p(p+1)

ν+1

.

Then for ξ ∈Oν\Rν+1
kn0n

′
0c∞, we have

| lim
t→∞Mν+1(t))| ≥ γ

K
τ

p+1
ν+1

.

Case 1: When |t | > K
τ

p+1
ν+1 , for ξ ∈Oν\Rν+1

kn0n
′
0c∞, we have

|Mν+1(t)|
≥ | lim

t→∞Mν+1(t)| − ε0

|t |
≥ γ

K
τ

p+1
ν+1

− ε0

K
τ

p+1
ν+1

≥ γ

2K
τ

p+1
ν+1

.

Case 2: When |t1| ≤K
τ

p+1
ν+1 , we define resonant set

Rν+1
kn0n

′
0ct
= {ξ ∈Oν : |Mν+1(t)|< γ

Kτ }. (6.2)

ν+1
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For fixed k, n0, n′0, c, t ,

meas(Rν+1
kn0n

′
0ct

) < (
γ

Kτ
ν+1

)
1
p ,

then

meas{∪
|t |≤K

τ
p+1
ν+1

Rν+1
kn0n

′
0ct
}< K

τ
p+1
ν+1 (

γ

Kτ
ν+1

)
1
p ≤ γ

1
p

K
τ

p(p+1)

ν+1

.

As a consequence,

meas(∪t∈ZRν+1
k,n0+tc,n′0+tc

) < c
γ

1
p

K
τ

p(p+1)

ν+1

. �

For Kν < |k| ≤ Kν+1, we consider n, n′ ∈ L2 as an example, the other cases can be proved 
analogously. Assume that (n, m) and (n′, m′) are resonant pairs in L2, then

Lemma 6.4. For any given n, n′ ∈ Z2
1 with |n − n′| ≤ Kν+1, either |det (〈k, ων+1〉I +Aν+1

n ⊗
I2− I2⊗Aν+1

n′ )| > 1 or there are n0, n′0, c ∈Z2 with |n0|, |n′0|, |c| ≤ 3K2
ν+1 and t ∈Z, such that 

n = n0 + tc, n′ = n′0 + tc.

Lemma 6.5.

∪n,n′∈Z2
1
Cν+1

knn′ ⊂ ∪n0,n
′
0,c∈Z2,t∈ZCν+1

k,n0+tc,n′0+tc

where |n0|, |n′0|, |c| ≤ 3K2
ν+1.

Lemma 6.6. For fixed k, n0, n′0, c, one has

meas(∪t∈ZCν+1
k,n0+tc,n′0+tc

) < c
γ

1
4p

K
τ

4p(4p+1)

ν+1

.

Proof. Due to the analysis above and Töplitz-Lipschitz property of N + B+ B̄+ P , the coeffi-
cient matrix Y ν+1(t) has a limit as t →∞,

‖Y ν+1(t)− lim
t→∞Y ν+1(t)‖ ≤ ε0

t
.

We define resonant set

Cν+1
kn0n

′
0c∞ =

⎧⎨⎩ξ ∈Oν : |det lim
t→∞Y ν+1(t)|< γ

K
τ

4p+1

⎫⎬⎭ .
ν+1
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Then for ξ ∈Oν\Cν+1
kn0n

′
0c∞, we have

‖( lim
t→∞Y ν+1(t))−1‖ ≤ K

τ
4p+1
ν+1

γ
.

Since

‖Y ν+1(t)− lim
t→∞Y ν+1(t)‖ ≤ ε0

t
,

for |t | > K
τ

4p+1
ν+1 , we have

‖(Y ν+1(t))−1‖ ≤ 2
K

τ
4p+1
ν+1

γ
≤ Kτ

ν+1

γ
.

For |t | ≤K
τ

4p+1
ν+1 , we define resonant set

Cν+1
kn0n

′
0ct
= {ξ ∈Oν : |detY ν+1(t)|< γ

Kτ
ν+1
}. (6.3)

In addition

inf
ξ∈O

max
0<d≤4p

|∂d
ξ (detY ν+1(t))| ≥ 1

2(p+ 1)(2π)2p
|k| ≥ 1

2(p+ 1)(2π)2p
K.

For fixed k, n0, n′0, c, t ,

meas(Cν+1
kn0n

′
0ct

) < (
γ

Kτ
ν+1

)
1

4p ,

then

meas{∪
|t |≤K

τ
4p+1
ν+1

Cν+1
kn0n

′
0ct
}< K

τ
4p+1
ν+1 (

γ

Kτ
ν+1

)
1

4p ≤ γ
1

4p

K
τ

4p(4p+1)

ν+1

.

As a consequence,

meas(∪t∈ZCν+1
k,n0+tc,n′0+tc

) < c
γ

1
4p

K
τ

4p(4p+1)

ν+1

. �

Lemma 6.7.

meas(
⋃

K <|k|≤K

Rν+1
k )≤ cKb

ν+1
γ

1
p

K
τ

p(p+1)

= c
γ

1
p

K
τ

p(p+1)
−b

,

ν ν+1 ν+1 ν+1
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meas(
⋃

Kν<|k|≤Kν+1,[n],n
Rν

kn)≤ cK2+b
ν+1

γ
1
p

K
τ

p(p+1)

ν+1

= c
γ

1
p

K
τ

p(p+1)
−b−2

ν+1

,

meas(
⋃

Kν<|k|≤Kν+1,[n],[m]
Rν+1

k[n][m])≤ c
γ

1
p

K
τ

p(p+1)
−b

ν+1

,

meas(
⋃

Kν<|k|≤Kν+1,[n],n′
Rν

k[n]n′)≤ c
γ

1
p

K
τ

p(p+1)
−b−2

ν+1

,

meas(
⋃

Kν<|k|≤Kν+1,n,n′
Cν

knn′)≤ c
γ

1
4p

K
τ

4p(4p+1)
−b−12

ν+1

.

Lemma 6.8. Let τ > 4p(4p+ 1)(12 + b+ 1), then the total measure need to exclude along the 
KAM iteration is

meas(
⋃
ν≥0

Rν+1)

=meas[
⋃
ν≥0

⋃
Kν<|k|≤Kν+1,[n],[m],n,n′

(Rν+1
k

⋃
Rν+1

k[n]
⋃

Rν+1
k[n][m]

⋃
Rν+1

k[n]n′(γ )
⋃

Cν+1
knn′ (γ ))]

≤ c
∑
ν≥0

γ
1

4p

Kν+1
≤ cγ

1
4p .
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