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ABSTRACT
In this paper, we introduce an abstract KAM (Kolmogorov–Arnold–Moser) theorem. As an application, we study the two-dimensional com-
pletely resonant beam system under periodic boundary conditions. Using the KAM theorem together with partial Birkhoff normal form
method, we obtain a family of Whitney smooth small–amplitude quasi–periodic solutions for the equation system.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0183958

I. INTRODUCTION AND MAIN RESULT
Many partial differential equations (PDEs) arising in physics can be seen as infinit dimensional Hamiltonian systems. In 1998’s ICM,

Kuksin stated that we do not know what happens to invariant tori of an n-dimensional (in space) linear Schrödinger equation with n ≥ 3 and
of a linear wave equation with n ≥ 2 under Hamiltonian perturbation. The dynamics of linear Hamiltonian PDEs is quite clear. The general
problem discussed here is the persistency of quasi-periodic solutions of linear or integrable equations after Hamiltonian perturbation.

Bourgain1,2 proved the existence of quasi–periodic solutions for space multidimensional Schrödinger and wave equations,which gave
an affirmativ answer to Kuksin’s open problem. Bourgain made use of Lyapunov–Schmidt procedure and a Newtonian scheme developed
by Craig, Wayne, Bourgain (CWB method for simplicity).1–9 The scheme of CWB avoids the cumbersome second Melnikov conditions by
solving variable–coefficien homological equations. The method is less Hamiltonian and more flexibl than the Kolmogorov–Arnold–Moser
(KAM) scheme to deal with resonant cases. This approach is particularly inspiring for PDEs in higher space dimension but to a high cost: the
approximate linear equations are variable (quasi-periodic in time) coefficients The disadvantage of CWB method is that one knows nothing
on the dynamics around constructed quasi-periodic solutions.

Constructing quasi-periodic solutions of higher dimensional Hamiltonian PDEs by method developed from the finit dimensional KAM
theory appeared later.10–34 The advantage of the method from the finit dimensional KAM theory is the construction of a local normal form in
a neighborhood of the obtained solutions in addition to the existence of quasi-periodic solutions. The Birkhoff normal form analysis implies
that the frequencies of the expected quasi-periodic solutions vary with their “amplitudes,” allowing to prove that the Melnikov non-resonance
conditions are satisfie for most amplitudes. The nice normal form is not only an important outcome of the KAM theory, but also a very
important ingredient in the proof. The normal form is helpful to understand the dynamics of the corresponding equations. For example, one
sees the linear stability and zero Lyapunov exponents. All those methods are well developed for one dimensional Hamiltonian PDEs, however,
they meet difficultie in higher dimensional Hamiltonian PDEs. A satisfactory future is under construction.

Geng–You17,18 proved that the higher dimensional nonlinear beam equations and nonlocal Schrödinger equations admit
small–amplitude linearly–stable quasi–periodic solutions. By exploiting the Töplitz–Lipschitz property, Eliasson–Kuksin13 developed a modi-
fie KAMmethod to construct quasi-periodic solutions for amore interesting higher dimensional Schrödinger equation. They require a subtle
analysis and the introduction of the concept of “Töplitz–Lipschitz matrices” in order to extract asymptotic information on the eigenvalues,
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which is important to verify the second Melnikov non-resonance conditions. An essential ingredient in Ref. 13 is that finitel many Lipschitz
domains cover a neighborhood of∞. By developing the ideas of Ref. 13 and constructing suitable partial Birkhoff normal form, quasi–periodic
solutions of two dimensional cubic Schrödinger equation with periodic boundary conditions are obtained by Geng–Xu–You.15 By carefully
choosing tangential sites {i1, . . . , ib} ∈ Z2, there is at most one case of complete resonance for n ∈ Z2

/S, which provides convenience for
solving homology equations and obtains no more than fourth-order linear equations, the authors proved that the above nonlinear cubic
Schrödinger equation admits a family of small-amplitude quasi-periodic solutions. Procesi–Procesi30 studied more difficul completely res-
onant nonlinear Schrödinger equations (NLSs) on T2 and Td, respectively. The proof of these above conditions is rather complex and takes
fine combinatorial analysis.

Recently, Eliasson–Grébert–Kuksin35 considered nonlinear beam equation without conservation of momentum

utt +△2u +mu + ∂uG(x,u) = 0, t ∈ R, x ∈ Td.

They proved the existence of invariant tori for typical m by skillfully choosing admissible set of tangential sites and if d ≥ 2, then not all the
persisted tori are linearly stable. Bernier–Feola–Grébert–Iandoli36 obtained long-time existence for semi-linear beam equations on irrational
Tori. Ge–Geng–Lou37 proved the existence of KAM tori for a class of two dimensional (2D) non-Hamiltonian completely resonant beam
equations with derivative nonlinearities. But there is few result for quasi-periodic solutions of coupled beam system. Shi–Xu38 proved the
existence of a Whitney smooth family of small amplitude quasi-periodic solutions corresponding to finit dimensional invariant tori of an
associated infinit dimensional dynamic system for higher dimensional beam equation system

⎧⎪⎪
⎨
⎪⎪⎩

u1tt + Δ2u1 + σu1 + u1u22 = 0
u2tt + Δ2u2 + μu2 + u21u2 = 0

under periodic boundary conditions, where σ, μ are real external parameters used to avoid resonances. When the equation system have no
external parameters, one must deal with the resonances. Bourgain proposed the idea of choosing an appropriate set of tangential sites wisely,
such that the Birkhoff normal form Hamiltonian admits quasi-periodic solutions which excite only the Fourier indexes of the tangential sites.

In this paper, we consider the nonlinear completely resonant beam equation system:

⎧⎪⎪
⎨
⎪⎪⎩

u1tt + Δ2u1 + u1∣∇u1∣2 + u21Δu1 + 3u21u
3
2 = 0

u2tt + Δ2u2 + u2∣∇u2∣2 + u22Δu2 + 3u31u
2
2 = 0

, t ∈ R, x ∈ T2 (1.1)

under periodic boundary conditions. We shall use the admissible set of Ref. 37 on

Z2
odd ∶= {(n1,n2) : n1 ∈ 2Z − 1,n2 ∈ 2Z}

which satisfie

Proposition 1 (Structure of admissible set I ⊂ Z2
odd).

1. Any three different elements i, j, k ∈ I are not vertices of a rectangle.
2. For any n ∈ Z2

odd/I , there exists at most one triple {i, j,m} with i, j ∈ I ,m ∈ Z2
odd/I such that

⎧⎪⎪
⎨
⎪⎪⎩

n −m + i − j = 0,
∣n∣2 − ∣m∣2 + ∣i∣2 − ∣j∣2 = 0.

If it exists, we say that n,m are resonant of the firs type. By definition n,m are mutually uniquely determined. We say that (n,m) is a
resonant pair of the firs type. In symbols, n,m ∈ L1.

3. For any n ∈ Z2
odd/I , there exists at most one triple {i, j,m} with i, j ∈ I ,m ∈ Z2

odd/I such that

⎧⎪⎪
⎨
⎪⎪⎩

n +m − i − j = 0,
∣n∣2 + ∣m∣2 − ∣i∣2 − ∣j∣2 = 0.

If it exists, we say that n,m are resonant of the second type. By definition n,m are mutually uniquely determined. We say that (n,m) is a
resonant pair of the second type. In symbols, n,m ∈ L2.
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4. Any n ∈ Z2
odd/I is not resonant of both the firs type and the second type, i.e., there exist no i, j, k, l ∈ I and m,m′ ∈ Z2

odd/I , such that

⎧⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

n −m + i − j = 0,
∣n∣2 − ∣m∣2 + ∣i∣2 − ∣j∣2 = 0,
n +m′ − k − l = 0,
∣n∣2 + ∣m′∣2 − ∣k∣2 − ∣l∣2 = 0.

It means that L1⋂ L2 = ∅.

Assume parameter set O ⊂ R2b is a bounded set with positive Lebesgue measure, and any parameter

ξ = (ξ1, ξ2) = (ξ1i1 , . . . , ξ1ib , ξ2i1 , . . . , ξ2ib) ∈ O

satisfie
∣ξ1 − ξ2∣1 > C.

We fin that the normal frequencies of (1.1) have the form

Ωhn = ∣n∣
2
+

1
2π2∑

i∈ I
(

1
∣i∣2
+

1
∣n∣2
)ξhi, n ∈ Z2

odd/I , h = 1, 2.

and satisfy a gap condition

∣Ω1n −Ω2n∣ = ∣
1
2π2∑

i∈ I
(

1
∣i∣2
+

1
∣n∣2
)(ξ1i − ξ2i)∣ > γ,

which can help us eliminate the resonance caused by the coupling of equations. The derivative nonlinearity plays an important role in our
proof. For nonlinear beam equation without derivative nonlinearity, the normal frequency has the form

Ωn ∼ ∣n∣2 +
ξ
n2

.

When n is large enough, the gap condition does not hold. Using this gap condition, coupled system of wave equations with derivative
nonlinearity (DNLW) in Refs. 39 and 40 can also be studied by KAM iteration. For example, DNLW in,39

utt − uxx +mu + f (
√
−∂xx +m u) = 0

has normal frequency
Ωn ∼ n +

m
2n
+O(ξ).

For DNLW system
⎧⎪⎪
⎨
⎪⎪⎩

utt − uxx +mu + f (
√
−∂xx +m u) + Pu(u, v) = 0,

vtt − vxx +mv + f (
√
−∂xx +m v) + Pv(u, v) = 0,

where P(u, v) is small perturbation. The normal frequencies satisfy

Ωhn ∼ n +
m
2n
+O(ξh), h = 1, 2

and
∣Ω1n −Ω2n∣ ∼ O(∣ξ1 − ξ2∣1).

The KAM theorem of Berti–Biasco–Procesi in Ref. 39 should also be valid for DNLW system.
For instance in the more complicate case of quasi-linear coupled wave and beam equation systems in,41,42

⎧⎪⎪
⎨
⎪⎪⎩

utt + uxxxx + P1(x, t,ut ,ux,uxx, vt , vx, vxx) = 0,
vtt − vxx + P2(x, t,ut ,ux,uxx, vt , vx, vxx) = 0,

the KAMmethod described in this paper does not work.
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Then we state our main result.

Theorem 1. Let I = {i1, . . . , ib} ⊂ Z2
odd be an admissible set. There exists a Cantor set O of positive–measure such that for any ξ

= (ξ1i1 , . . . , ξ2ib) ∈ O, the nonlinear completely resonant beam equation system (1.1) admits a small–amplitude, quasi–periodic solution of the
form

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

u1(t, x) =
b
∑
j=1

√
ξ1ij cos (ω1ij t + ⟨ij , x⟩) +O(∣ξ1∣

3
2 )

u2(t, x) =
b
∑
j=1

√
ξ2ij cos (ω2ij t + ⟨ij , x⟩) +O(∣ξ2∣

3
2 )

(1.2)

where ω1i j = ε−4∣i j ∣2 +O(∣ξ1∣),ω2i j = ε−4∣i j ∣2 +O(∣ξ2∣).

This paper is organized as follows: in Sec. II we give an infinit dimensional KAM theorem; in Sec. III, we give its application to two-
dimensional nonlinear completely resonant beam equation system.

II. KAM THEOREM
In this section, we will formulate an infinit dimensional KAM theorem that can be applied to two-dimensional nonlinear completely

resonant beam equation system under periodic boundary conditions.
We start by introducing some notation. For given b vectors in Z2

odd, say I = {i1, . . . , ib}, we denote Z2
odd,1 = Z

2
odd/I . Let zh

= (. . . , zhn, . . .)n ∈Z2
odd,1

, h = 1, 2, and its complex conjugate z̄h = (. . . , z̄hn, . . .)n ∈Z2
odd,1

. We introduce the weighted norm

∥zh∥ρ = ∑
n∈Z2

odd,1

∣zhn∣e
∣n∣ρ,

where ∣n∣ =
√
n21 + n22, n = (n1,n2) ∈ Z2

odd and ρ > 0.
Denote a neighborhood of

Tb
× {I1 = 0} × {z1 = 0} × {z̄1 = 0} × Tb

× {I2 = 0} × {z2 = 0} × {z̄2 = 0}

by Dρ(r, s) ∶=
{(θ1, I1, z1, z̄1, θ2, I2, z2, z̄2) : ∣Im θh∣ < r, ∣Ih∣ < s

2, ∥zh∥ρ < s, ∥z̄h∥ρ < s,h = 1, 2}, (2.1)

where ∣ ⋅ ∣ denotes the sup-norm of complex vectors. Moreover, we denote by O a positive–measure parameter set in R2b.
A function f : Dρ(r, s) × O→ C is real analytic and C4

W (i.e., C4-smooth in the sense ofWhitney) in ξ ∈ O and has Taylor–Fourier series
expansion

f (θ, I, z, z̄; ξ) = ∑

k∈Z2b ,l∈N2b ,α,β∈N2Z2odd,1

fklαβ(ξ)e
i⟨k,θ⟩Ilzαz̄ β,

where ⟨k, θ⟩ =
2
∑
h=1
∑
i ∈ I

khiθhi, Il =
2
∏
h=1
∏
i ∈ I

Ilhihi and

zαz̄ β
= ∏

j∈Z2
odd,1

zα1 j
1 j z̄

β1 j
1 j z

α2 j
2 j z̄

β2 j
2 j , (2.2)

α = (α1,α2),β = (β1,β2) ∈ N2Z2
odd,1 have only finitel many nonzero components. We defin the weighted norm of f as follows

∥ f ∥Dρ(r,s),O = sup
∥z∥ρ<s,∥z̄∥ρ<s

h=1,2

∑
k,l,α,β
∣ fklαβ∣Oe

∣k∣rs2∣l∣∣zα
∥z̄ β
∣, (2.3)

where ∣ fklαβ∣O = sup
ξ ∈O
∑

0≤i≤4
∣∂i

ξ fklαβ∣.

To a function F, we associate a Hamiltonian vector fiel define by

XF = (FI ,−Fθ,{iFzn}n∈Z2
odd,1

,{−iFz̄n}n∈Z2
odd,1
).
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Its weighted norm is define by [the norm ∥ ⋅ ∥Dρ(r,s),O for scalar functions is define in (2.3). The vector function G : Dρ(r, s) × O→ Cm,
(m <∞) is similarly define as ∥G∥Dρ(r,s),O = ∑

m
i=1 ∥Gi∥Dρ(r,s),O]

∥XF∥Dρ(r,s),O ≡
2
∑
h=1
∥FIh∥Dρ(r,s),O +

1
s2
∥Fθh∥Dρ(r,s),O

+ sup
Dρ(r,s)

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1
s ∑n∈Z2

odd,1

∥Fz1n∥Oe
∣n∣ρ
+
1
s ∑n∈Z2

odd,1

∥Fz̄1n∥Oe
∣n∣ρ (2.4)

+
1
s ∑n∈Z2

odd,1

∥Fz2n∥Oe
∣n∣ρ
+
1
s ∑n∈Z2

odd,1

∥Fz̄2n∥Oe
∣n∣ρ
⎤
⎥
⎥
⎥
⎥
⎥
⎦

. (2.5)

We now describe a family of Hamiltonians studied in this paper. Let

H0 = N + A + B + B̄,

N = ⟨ω(ξ), I⟩ + ∑
n∈Z2

odd,1

[Ω1n(ξ)z1nz̄1n +Ω2n(ξ)z2nz̄2n],

A = ∑
n∈L1

Qn[
√

ξ1iξ1jz1nz̄1meiθ1i−iθ1j +
√

ξ2iξ2jz2nz̄2meiθ2i−iθ2j],

B = ∑
n∈L2

Q̃n[
√

ξ1iξ1jz1nz1me−iθ1i−iθ1j +
√

ξ2iξ2jz2nz2me−iθ2i−iθ2j],

B = ∑
n∈L2

Q̃n[
√

ξ1iξ1j z̄1nz̄1meiθ1i+iθ1j +
√

ξ2iξ2j z̄2nz̄2meiθ2i+iθ2j],

where ξ ∈ O is a parameter.
The system admits special solutions

(θ1, 0, 0, 0, θ2, 0, 0, 0)→ (θ1 + ω1t, 0, 0, 0, θ2 + ω2t, 0, 0, 0)

that corresponds to an invariant torus in the phase space. Consider now the perturbed Hamiltonian

H = H0 + P = N + A + B + B + P(θ, I, z, z̄, ξ).

Our goal is to prove that, for most values of parameter ξ = (ξ1, ξ2) ∈ O (in Lebesgue measure sense), the Hamiltonians H = N + A + B +
B + P still admit invariant tori provided that ∥XP∥Dρ(r,s),O is sufficientl small. One should not expect a KAM theorem for general infinit
dimensional Hamiltonian systems.

For this purpose, we need the following six assumptions:

(A1) Nondegeneracy: The map ξ ↦ ω(ξ) is a C4
W diffeomorphism between O and its image.

(A2) Asymptotics of normal frequencies:
Ωhn = ε−4(∣n∣2) +Ω0

hn, n ∈ Z
2
odd,1, h = 1, 2, (2.6)

where Ω0
hn ∈ C

4
W(O) with C4

W−norm bounded by a positive constant L.
(A2∗) Gap condition of normal frequencies: There exist γ > 0, such that

∣Ω0
1n −Ω0

2n∣ > γ, n ∈ Z2
odd,1. (2.7)

We fin that the normal frequencies of Eq. (2.7) satisfy a gap condition which can help us eliminate the resonance caused by the
coupling of equations.

(A3) Melnikov’s non–resonance conditions: Denote

Mhn = Ωhn, n ∉ Zodd,1/(L1 ∪ L2),

Mhn = (
Ωhn + ωhi Qn

Qm Ωhm + ωhj
) n ∈ L1,
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Mhn = (
Ωhn − ωhi −Q̃n

Q̃m −(Ωhm − ωhj)
) n ∈ L2.

Suppose Qn, Q̃n,Qm, Q̃m ∈ C4
W(O) and there exist τ > 0, such that

∣⟨k,ω⟩∣ ≥
γ
∣k∣τ

, k ≠ 0, (2.8)

∣det (⟨k,ω⟩Iφ(n) ±Mhn)∣ ≥
γ
∣k∣τ

, (2.9)

∣det (⟨k,ω⟩Iφ(n)φ(n′) ±Mhn ⊗ Iφ(n′) ± Iφ(n) ⊗Mh′n′)∣ ≥
γ
∣k∣τ

, k ≠ 0, (2.10)

where Ia is a × a identity matrix, φ(n)(resp.φ(n′)) denotes the dimension ofMhn(resp.Mhn′). det(⋅) and ⊗ denotes the determinant
and the tensor product respectively.

(A4) Regularity of A + B + B̄ + P: A + B + B̄ + P is real analytic in I, θ, z, z̄ and C4
W-smooth in ξ. In addition

∥XA∥D(r,s),O + ∥XB∥D(r,s),O + ∥X B̄∥D(r,s),O < 1, ∥XP∥s;D(r,s),O < ε.

(A5) Momentum conservation property of the perturbation: A + B + B + P admits momentum conservation such that

A + B + B + P = ∑

k∈Z2b ,l∈N2b ,α,β∈N2Z2odd,1

(A + B + B + P)klαβ(ξ)I
lei⟨k,θ⟩zαz̄ β,

where k,α,β have the following relation
2
∑
h=1

⎛
⎜
⎝

b
∑
j=1

khjij + ∑
n∈Z2

odd,1

(αhn − βhn)n
⎞
⎟
⎠
= 0.

(A6) Töplitz–Lipschitz property: For any fixe n,m ∈ Z2
odd, c ∈ Z

2
odd/{0}, h = 1, 2, the limits

lim
t→∞

∂2
(B + P)

∂zhn+tc∂zhm−tc
, lim

t→∞

∂2⎛

⎝
∑

n∈Z2
odd,1

Ω0
hnzhnz̄hn + A + P

⎞

⎠

∂zhn+tc∂z̄hm+tc
, lim

t→∞
∂2
(B + P)

∂z̄hn+tc∂z̄hm−tc

exist. Moreover, there exists K > 0, such that when t > K,N + A + B + B + P satisfie

∥
∂2Hh

∂zhn+tc∂z̄hm+tc
− lim

t→∞
∂2Hh

∂zhn+tc∂z̄hm+tc
∥

Dρ(r,s),O
≤

ε
t
e−∣n−m∣ρ,

with
Hh ∶= ∑

n∈Z2
odd,1

Ω0
hnzhnz̄hn + A + P,

∥
∂2
(B + P)

∂zhn+tc∂zhm−tc
− lim

t→∞
∂2
(B + P)

∂zhn+tc∂zhm−tc
∥

Dρ(r,s),O

≤
ε
t
e−∣n+m∣ρ,

∥
∂2
(B + P)

∂z̄hn+tc∂z̄hm−tc
− lim

t→∞
∂2
(B + P)

∂z̄hn+tc∂z̄hm−tc
∥

Dρ(r,s),O

≤
ε
t
e−∣n+m∣ρ.

Now we are ready to state an infinit dimensional KAM Theorem.

Theorem 2. Assume that the Hamiltonian H0 + P satisfie (A1)–(A6). Let γ > 0 be small enough. Then there is a positive constant ε,
depending on b,L,K, τ, γ, r, s and ρ such that if ∥XP∥Dρ(r,s),O < ε, the following holds: There exist a Cantor subset Oγ ⊂ O with meas (O/Oγ)

= O(γ
1
4 ) and two maps (analytic in θ and C4

W in ξ)

Ψ : T2b
× Oγ → Dρ(r, s), ω̃ : Oγ → R2b,
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where Ψ is ε
γ4 -close to the trivial embedding Ψ0 : T2b

× O→ T2b
× {0, 0, 0, 0, 0, 0} and ω̃ is ε-close to the unperturbed frequency ω, such that for

any ξ ∈ Oγ and θ ∈ T2b, the curve t → Ψ(θ + ω̃(ξ)t, ξ) is a quasi-periodic solution of the equations governed by H0 + P.

Because (A2∗) conditions lead to the cases k = 0,h ≠ h′,n = n′ in (2.10), the Proof of Theorem 2 is almost identical to the proof in Ref.
15. Thus we do not repeat the KAM steps in this paper.

III. APPLICATION TO THE COUPLED BEAM EQUATION SYSTEM
We consider the two–dimensional nonlinear completely resonant beam equation system

⎧⎪⎪
⎨
⎪⎪⎩

u1tt + Δ2u1 + u1∣∇u1∣2 + u21Δu1 + 3u21u
3
2 = 0

u2tt + Δ2u2 + u2∣∇u2∣2 + u22Δu2 + 3u31u
2
2 = 0

, t ∈ R, x ∈ T2 (3.1)

with periodic boundary conditions

uh(t, x1 + 2π, x2) = uh(t, x1, x2 + 2π) = uh(t, x1, x2), h = 1, 2.

Scaling uh → ε1/2uh,h = 1, 2. Let vh = uht and

wh =
(−Δ)

1
2

√
2

uh −
i(−Δ)−

1
2

√
2

vh.

For w = (w1,w2), we have

wt = i
∂H
∂w̄

and the corresponding Hamiltonian function is
H = H1 +H2 + ε2G̃,

where

H1 = ∫
T2
[(−Δ)w1]w̄1dx +

ε
2∫T2

[(−Δ)−
1
2 (

w1 + w̄1
√
2
)]

2

[(−Δ)−
1
2 (
∇w1 +∇w̄1
√
2

)]

2

dx,

H2 = ∫
T2
[(−Δ)w2]w̄2dx +

ε
2∫T2

[(−Δ)−
1
2 (

w2 + w̄2
√
2
)]

2

[(−Δ)−
1
2 (
∇w2 +∇w̄2
√
2

)]

2

dx,

G̃ =
1
3∫T2

[(−Δ)−
1
2 (

w1 + w̄1
√
2
)]

3

[(−Δ)−
1
2 (

w2 + w̄2
√
2
)]

3

dx.

Let tangential sites I = {i1, . . . , ib} ⊂ Z2
odd. Under periodic boundary conditions, we denote the eigenvalues of Δ by λn, n ∈ Z2

odd,

ωhij = λij = ∣ij ∣
2, 1 ≤ j ≤ b, Ωhn = λn = ∣n∣2, n ∈ Z2

odd,1,

and the corresponding eigenfunctions ϕn(x) = 1
2π e

i⟨n,x⟩.
Expending

wh(x) = ∑
n∈Z2

odd

qhnϕn(x), w̄(x) = ∑
n∈Z2

odd

q̄hnϕ−n(x),

system takes the lattice form

q̇hn = i(λnqhn + ε
∂G
∂q̄hn

+ ε2
∂G̃
∂q̄hn

)

G(qh, q̄h) =
1
2∫T2

[(−Δ)−
1
2 (

wh + w̄h
√
2
)]

2

[(−Δ)−
1
2 (
∇wh +∇w̄h
√
2

)]

2

dx

and

G̃(q1, q̄1, q2, q̄2) =
1
3∫T2

[(−Δ)−
1
2 (

w1 + w̄1
√
2
)]

3

[(−Δ)−
1
2 (

w2 + w̄2
√
2
)]

3

dx
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with corresponding Hamiltonian function H = H1 +H2 + ε2G̃ with

Hh = ∑
n∈Z2

odd

λnqhnq̄hn + εG(qhn, q̄hn).

We have
G(qh, q̄h) = ∑

α,β
∣α∣+∣β∣=4

Ghαβq
α
hq̄

β
h

and
G̃(q1, q̄1, q2, q̄2) = ∑

α,β,α̃,β̃
∣α∣+∣β∣=3
∣α̃∣+∣β̃∣=3

G̃αβα̃β̃q
α
1 q̄

β
1q

α̃
2 q̄

β̃
2.

Then we have Ghαβ = 0, if∑n ∈Z2
odd
(αn − βn)n ≠ 0 and G̃(q1, q̄1, q2, q̄2) = 0 if

∑
n∈Z2

odd

(αn − βn)n + ∑
n∈Z2

odd

(α̃n − β̃n)n ≠ 0.

Like Poschel’s conclusion,27 we ignore the constant factor 1
2 . Thus the function G = G1 +G2 in the above takes the form:

Gh(q, q̄) = ∑
i+j+k+l=0

−⟨k, l⟩
4(2π)2

√
λiλjλkλl

(qhiqhjqhkqhl + q̄hiq̄hjq̄hkq̄hl)

+ ∑
i+j+k−l=0

⟨k, l⟩ − ⟨j, k⟩
2(2π)2

√
λiλjλkλl

(qhiqhjqhkq̄hl + q̄hiq̄hjq̄hkqhl)

+ ∑
i−j−k+l=0

4⟨k, l⟩ − ⟨j, k⟩ − ⟨i, l⟩
4(2π)2

√
λiλjλkλl

(qhiq̄hjq̄hkqhl + q̄hiqhjqhkq̄hl)

∶= ∑
σ1 i+σ2 j+σ3k+σ4 l=0

σ1 ,σ2 ,σ3 ,σ4=±

gh,σ1i,σ2j,σ3k,σ4 lq
σ1
hiq

σ2
h jq

σ3
hkq

σ4
hl

By direct computation, one can verify that the gradient of G, G̃ satisfie the following regularity property.

Lemma 3.1. For any fixe ρ > 0, G̃q̄ and Gq̄ are real analytic as a map in a neighborhood of the origin with

∥Gq̄∥ρ ≤ c∥q∥3ρ

and
∥G̃q̄∥ρ ≤ c∥q∥5ρ.

For an admissible set of tangential site I = {i1, . . . , ib} ⊂ Z2
odd, we have a nice normal form for H.

Proposition 2. Let I be admissible. For Hamiltonian function H, there exists a symplectic transformation Ψ such that

H ○Ψ = ⟨ω(ξ), I⟩ + ∑
n∈Z2

odd,1

[Ω1n(ξ)z1nz̄1n +Ω2n(ξ)z2nz̄2n] + A + B + B + P,

where

ωhi = ε−4∣i∣2 +
1

4π2
∣i∣2

ξhn +
1
2π2 ∑

j∈ I,j≠i
(

1
∣i∣2
+

1
∣j∣2
)ξhj , i ∈ I ,

Ωhn = ε−4∣n∣2 +
1
2π2∑

i∈ I
(

1
∣i∣2
+

1
∣n∣2
)ξhi, n ∈ Z2

odd,1,

A = ∑
n∈L1

Qn[
√

ξ1iξ1jz1nz̄1meiθ1i−iθ1j +
√

ξ2iξ2jz2nz̄2meiθ2i−iθ2j],

B = ∑
n∈L2

Q̃n[
√

ξ1iξ1jz1nz1me−iθ1i−iθ1j +
√

ξ2iξ2jz2nz2me−iθ2i−iθ2j],
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B = ∑
n∈L2

Q̃n[
√

ξ1iξ1j z̄1nz̄1meiθ1i+iθ1j +
√

ξ2iξ2j z̄2nz̄2meiθ2i+iθ2j],

∣P∣ = O(ε2∣I∣2 + ε2∣I∣∥z∥2ρ + εξ
1
2 ∥z∥3ρ + ε2∥z∥4ρ + ε2ξ3 + ε3ξ

5
2 ∥z∥ρ

+ ε4ξ2∥z∥2ρ + ε5ξ
3
2 ∥z∥3ρ).

and where
⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

Qn =
4⟨i, j⟩ + 4⟨m,n⟩ + 4⟨j,n⟩ + 4⟨i,m⟩ − 4⟨j,m⟩ − 4⟨i,n⟩

(2π)2∣i∥j∥m∥n∣

Q̃n =
4⟨j,n⟩ − ⟨m,n⟩ − ⟨i, j⟩
(2π)2∣i∥j∥m∥n∣

.

Remark 3.1. The term G̃ only provide couple terms in P, thus we do not calculate its normal form.

Proof. The proof consists of several symplectic change of variables. For convenience, we defin three sets as following:

S1 =
⎧⎪⎪
⎨
⎪⎪⎩

(i, j,m) :
i + j + n +m = 0
∣i∣2+∣j∣2+∣n∣2+∣m∣2≠0
♯ I∩{i,j,n,m}≥2

⎫⎪⎪
⎬
⎪⎪⎭

,

and similarly

S2 =
⎧⎪⎪
⎨
⎪⎪⎩

(i, j,m) :
i + j − n +m = 0
∣i∣2+∣j∣2−∣n∣2+∣m∣2≠0
♯ I∩{i,j,n,m}≥2

⎫⎪⎪
⎬
⎪⎪⎭

,

S3 =
⎧⎪⎪
⎨
⎪⎪⎩

(i, j,m) :
i − j + n −m = 0
∣i∣2−∣j∣2+∣n∣2−∣m∣2≠0
♯ I∩{i,j,n,m}≥2

⎫⎪⎪
⎬
⎪⎪⎭

.

Firstly, let

F =∑
S1 ,h

iε
λi + λj + λn + λm

gh,i,j,n,m(qhiqhjqhnqhm + q̄hiq̄hjq̄hnq̄hm)

+∑
S2 ,h

iε
λi + λj − λn + λm

gh,i,j,−n,m(qhiqhjq̄hnqhm + q̄hiq̄hjqhnq̄hm)

+∑
S3 ,h

iε
λi − λj + λn − λm

gh,i,−j,n,−m(qhiq̄hjqhnq̄hm + q̄hiqhjq̄hnqhm) (3.2)

and X1
F be the time one map of the flo of the associated Hamiltonian systems. The change of variables X1

F sends H to

H ○ X1
F = H + {H,F} + ∫

1

0
(1 − t){{H,F},F} ○ ϕt

Fdt

=∑
i∈ I

λi∣q1i∣2 + ∑
n∈Z2

odd,1

λn∣q1n∣2 +∑
i∈ I

ε
8π2
∣i∣2
∣q1i∣4

+ ∑
i,j∈ I,i≠j

ε
2π2
∣i∣2
∣q1i∣2∣q1j ∣2 + ∑

i∈ I,j∈Z2
odd,1

ε
2π2
∣i∣2
∣q1i∣2∣q1j ∣2

+ ∑
i∈ I,j∈Z2

odd,1

ε
2π2
∣j∣2
∣q1i∣2∣q1j ∣2

+ ∑
n∈L1

εQn(q1iq̄1jq1nq̄1m + q̄1iq1jq̄1nq1m) + ∑
n∈L2

εQ̃n(q1iq1jq̄1nq̄1m + q̄1iq̄1jq1nq1m)

+∑
i∈ I

λi∣q2i∣2 + ∑
n∈Z2

odd,1

λn∣q2n∣2 +∑
i∈ I

ε
8π2
∣i∣2
∣q2i∣4

+ ∑
i,j∈ I,i≠j

ε
2π2
∣i∣2
∣q2i∣2∣q2j ∣2 + ∑

i∈ I,j∈Z2
odd,1

ε
2π2
∣i∣2
∣q2i∣2∣q2j ∣2
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+ ∑
i∈ I,j∈Z2

odd,1

ε
2π2
∣j∣2
∣q2i∣2∣q2j ∣2

+ ∑
n∈L1

εQn(q2iq̄2jq2nq̄2m + q̄2iq2jq̄2nq2m) + ∑
n∈L2

εQ̃n(q2iq2jq̄2nq̄2m + q̄2iq̄2jq2nq2m)

+ O(∣q∣∥w∥3ρ + ∥w∥
4
ρ + ∣q∣

6
+ ∣q∣5∥w∥ρ + ∣q∣4∥w∥2ρ + ∣q∣

3
∥w∥3ρ).

where
⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

Qn =
4⟨i, j⟩ + 4⟨m,n⟩ + 4⟨j,n⟩ + 4⟨i,m⟩ − 4⟨j,m⟩ − 4⟨i,n⟩

(2π)2∣i∥j∥m∥n∣

Q̃n =
4⟨j,n⟩ − ⟨m,n⟩ − ⟨i, j⟩
(2π)2∣i∥j∥m∥n∣

.

We remind that (n,m) are resonant pairs and (i, j) is uniquely determined by (n,m). Here we need to state a fact: The set

{(i, j,n,m) ∈ Z2
odd :

i + j − n +m = 0
∣i∣2 + ∣j∣2 − ∣n∣2 + ∣m∣2 ≠ 0

}

do not exist in Z2
odd thanks to the structure of Z2

odd. The next thing to do in the proof is introduce standard action-angle variables in the
tangential space

qhi =
√
Ihi + ξhie

iθhi , q̄hi =
√
Ihi + ξhie

−iθhi , i ∈ I ,

and
qhn = zhn, q̄hn = z̄hn,n ∈ Z

2
odd,1.

Then

H ○ X1
F =∑

i∈ I

⎡
⎢
⎢
⎢
⎢
⎣

λi +
ε

4π2
∣i∣2

ξ1i +
ε

2π2 ∑
j∈ I,j≠i

(
1
∣i∣2
+

1
∣j∣2
)ξ1j
⎤
⎥
⎥
⎥
⎥
⎦

I1i

+ ∑
n∈Z2

odd,1

[λn +
ε

2π2∑
i∈ I
(

1
∣i∣2
+

1
∣n∣2
)ξ1i]z1nz̄1n

+∑
i∈ I

⎡
⎢
⎢
⎢
⎢
⎣

λi +
ε

4π2
∣i∣2

ξ2i +
ε

2π2 ∑
j∈ I,j≠i

(
1
∣i∣2
+

1
∣j∣2
)ξ2j
⎤
⎥
⎥
⎥
⎥
⎦

I2i

+ ∑
n∈Z2

odd,1

[λn +
ε

2π2∑
i∈ I
(

1
∣i∣2
+

1
∣n∣2
)ξ2i]z2nz̄2n

+ ∑
n∈L1

εQn[
√

ξ1iξ1jz1nz̄1meiθ1i−iθ1j +
√

ξ2iξ2jz2nz̄2meiθ2i−iθ2j]

+ ∑
n∈L2

εQ̃n[
√

ξ1iξ1j(z1nz1me−iθ1i−iθ1j + z̄1nz̄1meiθ1i+iθ1j)

+
√

ξ2iξ2j(z2nz2me−iθ2i−iθ2j + z̄2nz̄2meiθ2i+iθ2j)]

+ O(ε∣I∣2 + ε∣I∣∥z∥2ρ + εξ
1
2 ∥z∥3ρ + ε∥z∥4ρ + ε2ξ3 + ε2ξ

5
2 ∥z∥ρ

+ ε2ξ2∥z∥2ρ + ε2ξ
3
2 ∥z∥3ρ).

Finally, by the scaling in time
ξ → ε3ξ, I → ε5I, θ → θ, z → ε

5
2 z, z̄ → ε

5
2 z̄,

we finall arrive at the rescaled Hamiltonian

H = ε−9H(ε3ξ, ε5I, θ, ε
5
2 z, ε

5
2 z̄)

= ⟨ω(ξ), I⟩ + ∑
n∈Z2

odd,1

[Ω1n(ξ)z1nz̄1n +Ω2n(ξ)z2nz̄2n] + A + B + B + P,

J. Math. Phys. 65, 062702 (2024); doi: 10.1063/5.0183958 65, 062702-10
Published under an exclusive license by AIP Publishing

 07 June 2024 02:59:49

https://pubs.aip.org/aip/jmp


Journal of
Mathematical Physics ARTICLE pubs.aip.org/aip/jmp

where

ωhi = ε−4∣i∣2 +
1

4π2
∣i∣2

ξhi +
1
2π2 ∑

j∈ I,j≠i
(

1
∣i∣2
+

1
∣j∣2
)ξhj , i ∈ I ,

Ωhn = ε−4∣n∣2 +
1
2π2∑

i∈ I
(

1
∣i∣2
+

1
∣n∣2
)ξhi, n ∈ Z2

odd,1,

A = ∑
n∈L1

Qn[
√

ξ1iξ1jz1nz̄1meiθ1i−iθ1j +
√

ξ2iξ2jz2nz̄2meiθ2i−iθ2j],

B = ∑
n∈L2

Q̃n[
√

ξ1iξ1jz1nz1me−iθ1i−iθ1j +
√

ξ2iξ2jz2nz2me−iθ2i−iθ2j],

B = ∑
n∈L2

Q̃n[
√

ξ1iξ1j z̄1nz̄1meiθ1i+iθ1j +
√

ξ2iξ2j z̄2nz̄2meiθ2i+iθ2j],

∣P∣ = O(ε2∣I∣2 + ε2∣I∣∥z∥2ρ + εξ
1
2 ∥z∥3ρ + ε2∥z∥4ρ + ε2ξ3 + ε3ξ

5
2 ∥z∥ρ

+ ε4ξ2∥z∥2ρ + ε5ξ
3
2 ∥z∥3ρ).

Next let us verify that H = N + A + B + B̄ + P satisfie the assumptions (A1)–(A6).
Verificatio of (A1):

∂ω
∂ξ
=

⎛
⎜
⎜
⎝

∂ω1

∂ξ1
∂ω1

∂ξ2
∂ω2

∂ξ1
∂ω2

∂ξ2

⎞
⎟
⎟
⎠

∂ω1

∂ξ1
=
∂ω2

∂ξ2
=

1
4π2

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
∣i1∣2

2
∣i1∣2
+

2
∣i2∣2

⋅ ⋅ ⋅
2
∣i1∣2
+

2
∣ib∣2

2
∣i2∣2
+

2
∣i1∣2

1
∣i2∣2

⋅ ⋅ ⋅
2
∣i2∣2
+

2
∣ib∣2

⋮ ⋮
. . . ⋮

2
∣ib∣2
+

2
∣i1∣2

2
∣ib∣2
+

2
∣i2∣2

⋅ ⋅ ⋅
1
∣ib∣2

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠
b×b

= A,

∂ω1

∂ξ2
=
∂ω2

∂ξ1
= 0b×b.

Thanks to Sec. 3.2 in Ref. 37, det (∂ω1
∂ξ1
) = det (∂ω2

∂ξ2
) ≠ 0. It is easy to check that det (∂ω

∂ξ ) = det (
∂ω1
∂ξ1
) ⋅ det (∂ω2

∂ξ2
) ≠ 0.

Thus (A1) is verified
Verificatio of (A2) and (A2∗): Take a = 4, we can move ξ to get

∣Ω0
1n −Ω0

2n∣ =
1
2π2∑

i∈ I
(

1
∣i∣2
+

1
∣n∣2
)(ξ1i − ξ2i) > γ,n ∈ Z2

odd,1.

Thus (A2) and (A2∗) are verified
Verificatio of (A3): For h = 1, 2,Mhn read as follows:

Mhn = Ωhn, n ∈ Z
2
odd,1/(L1 ∪ L2),

Mhn = (
Ωhn + ωhi Qn

Qm Ωhm + ωhj
) n ∈ L1,

Mhn = (
Ωhn − ωhi −Q̃n

Q̃m −(Ωhm − ωhj)
) n ∈ L2.

This part is the same as Ref. 37. In the following, we only give the proof for the case: n ∈ L1,n′ ∈ L2

⟨k,ω⟩I4 ±M1n ⊗ I2 ± I2 ⊗M2n′.

J. Math. Phys. 65, 062702 (2024); doi: 10.1063/5.0183958 65, 062702-11
Published under an exclusive license by AIP Publishing

 07 June 2024 02:59:49

https://pubs.aip.org/aip/jmp


Journal of
Mathematical Physics ARTICLE pubs.aip.org/aip/jmp

Set α = ε−4(∣i1∣2, ∣i2∣2, . . . , ∣ib∣2), ξ1 = (ξ1i1 , ξ1i2 , . . . , ξ1ib), ξ2 = (ξ2i1 , ξ2i2 , . . . , ξ2ib),

vab =
1
2π2 (

1
∣a∣2
+

1
∣b∣2
+

2
∣i1∣2

,
1
∣a∣2
+

1
∣b∣2
+

2
∣i2∣2

, . . . ,
1
∣a∣2
+

1
∣b∣2
+

2
∣ib∣2
),

v̄ab =
1
2π2 (

1
∣a∣2
−

1
∣b∣2
)(1, 1, . . . , 1),

with a ∈ {n,m,n′,m′} and b ∈ {i, j, i′, j′}.
Its eigenvalues are

2⟨k1,α⟩ ± ε−4(∣n∣2 + ∣i∣2) ± ε−4(∣n′∣2 − ∣i′∣2) + ⟨Ak ± vni, ξ1⟩ + ⟨Ak ± v̄n′i′ , ξ2⟩

± [
1

8π2
∣i∣2

ξ1i +
1

8π2
∣j∣2

ξ1j ±
√

Δ
2
] ±
⎡
⎢
⎢
⎢
⎣

1
8π2
∣i′∣2

ξ2i′ +
1

8π2
∣j ′∣2

ξ2j ′ ±
√

Δ̄ ′

2

⎤
⎥
⎥
⎥
⎦
,

where
Δ = H2

i ξ21i +H
2
jξ

2
1 j + (−2HiHj + 4QnQm)ξ1iξ1j ,

Δ̄ ′ = H2
i′ξ

2
2i′ +H

2
j ′ξ

2
2j ′ + (2Hi′Hj ′ − 4Q̄n′ Q̄m′)ξ2i′ξ2j ′ ,

with Hi =
1

4π2 ∣i∣2 ,H j =
1

4π2 ∣ j∣2 . Hence all the eigenvalues are not identically zero due to the presence of the square root terms thanks to the
difference between ξ1 and ξ2.
⟨k,ω⟩I4 ±M1n ⊗ I2 ± I2 ⊗M2n′ is polynomizl function in ξ of order at most four. Thus

∣∂4
ξ det (⟨k,ω⟩I4 ±M1n ⊗ I2 ± I2 ⊗M2n′)∣ ≥

1
2
∣k∣ ≠ 0.

By excluding some parameter set with measure O(γ
1
4 ), we have

∣det (⟨k,ω⟩I4 ±M1n ⊗ I2 ± I2 ⊗M2n′)∣ ≥
γ
∣k∣τ

, k ≠ 0,n ∈ L1,n ∈ L2.

The cases k = 0,h ≠ h′,n = n′ in (2.10) can be verifie by (A2∗). We consider one case for n ∈ L1,

diag

⎛
⎜
⎜
⎜
⎜
⎝

Ω1n + ω1i −Ω2n − ω2i

Ω1n + ω1i −Ω2m − ω2j

Ω1m + ω1j −Ω2n − ω2i

Ω1m + ω1j −Ω2m − ω2j

⎞
⎟
⎟
⎟
⎟
⎠

+

⎛
⎜
⎜
⎜
⎜
⎝

0 −Qn Qn 0
−Qm 0 0 Qn

Qm 0 0 −Qn

0 Qm −Qm 0

⎞
⎟
⎟
⎟
⎟
⎠

.

Although ∣i∣2 + ∣n∣2 − ∣m∣2 − ∣j∣2 = 0, the diagonal part still has

1
2π2

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

diag

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

∑ĩ∈ I (
1
∣̃i∣2
+

1
∣n∣2
)(ξ1ĩ − ξ2ĩ)

∑ĩ∈ I (
1
∣̃i∣2
+

1
∣n∣2
)ξ1ĩ − (

1
∣̃i∣2
+

1
∣m∣2
)ξ2ĩ

∑ĩ∈ I (
1
∣̃i∣2
+

1
∣m∣2
)ξ1ĩ − (

1
∣̃i∣2
+

1
∣n∣2
)ξ2ĩ

∑ĩ∈ I (
1
∣̃i∣2
+

1
∣m∣2
)(ξ1ĩ − ξ2ĩ)

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

+diag

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
2∣i∣2
(ξ1i − ξ2i) +∑ĩ∈ I ,̃i≠i (

1
∣i∣2
+

1
∣̃i∣2
)(ξ1ĩ − ξ2ĩ)

1
2
(

ξ1i
∣i∣2
−

ξ2j
∣j∣2
) + ∑

ĩ∈ I ,̃i≠i
(

ξ1ĩ
∣i∣2
+

ξ1ĩ
∣̃i∣2
) − ∑

ĩ∈ I ,̃i≠j
(

ξ2ĩ
∣j∣2
+

ξ2ĩ
∣̃i∣2
)

1
2
(

ξ1j
∣j∣2
−

ξ2i
∣i∣2
) + ∑

ĩ∈ I ,̃i≠j
(

ξ1j̃
∣j∣2
+

ξ1ĩ
∣̃i∣2
) − ∑

ĩ∈ I ,̃i≠i
(

ξ2ĩ
∣i∣2
+

ξ2ĩ
∣̃i∣2
)

1
2∣j∣2
(ξ1j − ξ2j) +∑ĩ∈ I ,̃i≠j (

1
∣j∣2
+

1
∣̃i∣2
)(ξ1ĩ − ξ2ĩ)

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠
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we can move ξ to make
RRRRRRRRRRRRRRRRRRRRR

det (diag

⎛
⎜
⎜
⎜
⎜
⎝

Ω1n + ω1i −Ω2n − ω2i

Ω1n + ω1i −Ω2m − ω2j

Ω1m + ω1j −Ω2n − ω2i

Ω1m + ω1j −Ω2m − ω2j

⎞
⎟
⎟
⎟
⎟
⎠

+

⎛
⎜
⎜
⎜
⎜
⎝

0 −Qn Qn 0
−Qm 0 0 Qn

Qm 0 0 −Qn

0 Qm −Qm 0

⎞
⎟
⎟
⎟
⎟
⎠

)

RRRRRRRRRRRRRRRRRRRRR

≥ γ.

In other cases, the proof is similar to Sec. 3.2 in Ref. 37, so we omit it. Thus (A3) is verified
Verificatio of (A4): For a given 0 < r < 1 and s = ε

1
2 , according to Lemma 3.1, ∥Gq̄∥ρ ≤ c∥q∥3ρ, then

∑
n∈Z2

odd,1

∥Pzn∥Oe
∣n∣ρ
+ ∑

n∈Z2
odd,1

∥Pz̄n∥Oe
∣n∣ρ
= ∥Pz∥ρ + ∥Pz̄∥ρ ≤ c∥q∥3ρ ≤ c(∣I∣

3
2 + ∥z∥3ρ).

In addition,
sup
∥q∥ρ<2s

∥G∥O ≤ c sup
∥q∥ρ<2s

∥q∥4ρ ≤ cs
4,

thus
∥P∥Dρ(2r,2s),O = sup

Dρ(2r,2s)
∥P∥O ≤ cs4.

According to Cauchy estimates,
∥PI∥Dρ(r,s),O ≤ cs

2, ∥Pθ∥Dρ(r,s),O ≤ cs
4,

then

∥XP∥Dρ(r,s),O = ∥PI∥Dρ(r,s),O +
1
s2
∥Pθ∥Dρ(r,s),O

+ sup
Dρ(r,s)

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1
s ∑n∈Z2

odd,1

∥Pzn∥Oe
∣n∣ρ
+
1
s ∑n∈Z2

odd,1

∥Pz̄n∥Oe
∣n∣ρ
⎤
⎥
⎥
⎥
⎥
⎥
⎦

≤ cs2 +
cs4

s2
+ c sup

Dρ(r,s)

1
s
(∣I∣

3
2 + ∥z∥3ρ)

≤ cs2 ≤ cε.

Thus (A4) is verified
Verificatio of (A5):

P = ∑

2
∑
h=1

⎛
⎜⎜
⎝

b
∑
j=1

khj ij+ ∑
n∈Z2odd,1

(αhn−βhn)n
⎞
⎟⎟
⎠
=0

Pα,β
√
I1,i1 + ξ1,i1

α1,i1+β1,i1
⋅ ⋅ ⋅

√
I1,ib + ξ1,ib

α1,ib+β1,ib
√
I2,i1 + ξ2,i1

α2,i1+β2,i1
⋅ ⋅ ⋅
√
I2,ib + ξ2,ib

α2,ib+β2,ib

× e
i
2
∑
h=1

b
∑
j=1
(αh,ij−βh,ij )θh,j z

α−
2
∑
h=1

b
∑
j=1

αh,ij eh,ij z̄
β−

2
∑
h=1

b
∑
j=1

βh,ij eh,ij .

Let k = (k1,1, . . . , k2,b) = (α1,i1 − β1,i1 , . . . ,α2,ib − β2,ib),

P = ∑

2
∑
h=1

⎛
⎜⎜
⎝

b
∑
j=1

khj ij+ ∑
n∈Z2odd,1

(αhn−βhn)n
⎞
⎟⎟
⎠
=0

Pklαβ(ξ)e
i⟨k,θ⟩Ilzαz̄ β,

where k = (k1, k2), k1 ∈ Zb, k2 ∈ Zb; l ∈ N2b,α,β ∈ N2Z2
odd,1 has the following relation

2
∑
h=1

⎛
⎜
⎝

b
∑
j=1

khjij + ∑
n∈Z2

odd,1

(αhn − βhn)n
⎞
⎟
⎠
= 0.
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Then (A5) is verified
Verificatio of (A6): We only need to check F satisfie (A6), then refer to Lemma 4.4 in Ref. 15, the X1

F preserves (A6) property of G, G̃.
Recall that (3.2), F is given as

F =∑
S1 ,h

iε
λi + λj + λn + λm

gh,i,j,n,m(qhiqhjqhnqhm + q̄hiq̄hjq̄hnq̄hm)

+∑
S2 ,h

iε
λi + λj − λn + λm

gh,i,j,−n,m(qhiqhjq̄hnqhm + q̄hiq̄hjqhnq̄hm)

+∑
S3 ,h

iε
λi − λj + λn − λm

gh,i,−j,n,−m(qhiq̄hjqhnq̄hm + q̄hiqhjq̄hnqhm).

Then for t large enough and ∀c ∈ Z2
odd/{0}, we have

∑
i,j,n,m,t,h

iε
λi − λj + λn+tc − λm+tc

gh,i,−j,n+tc,−(m+tc)qhiq̄hjqh,n+tcq̄h,m+tc

= ∑
i,j,n,m,t,h

iε
∣i∣2 − ∣j∣2 + ∣n∣2 − ∣m∣2 + 2t⟨n −m, c⟩

gh,i,−j,n+tc,−(m+tc)qhiq̄hjqh,n+tcq̄h,m+tc.

According to the mathematical analysis, we obtain the limits

lim
t→∞

gh,i,−j,n+tc,−(m+tc) =
⟨4m + 4n − i − j, c⟩
2
√
⟨m, c⟩

√
⟨n, c⟩

.

Hence, when ⟨n −m, c⟩ = 0, lim
t→∞

∂2F
∂zn+tc∂ z̄m+tc

exists and

∥
∂2F

∂zn+tc∂z̄m+tc
− lim

t→∞
∂2F

∂zn+tc∂z̄m+tc
∥ ≤

ε
t
e−∣n−m∣ρ.

when ⟨n −m, c⟩ ≠ 0, lim
t→∞

∂2F
∂zn+tc∂ z̄m+tc

= 0 and

∥
∂2F

∂zn+tc∂z̄m+tc
− 0∥ ≤

ε
t
e−∣n−m∣ρ.

Similarly,

∥
∂2F

∂zn+tc∂zm−tc
− lim

t→∞
∂2F

∂zn+tc∂zm−tc
∥, ∥

∂2F
∂z̄n+tc∂z̄m−tc

− lim
t→∞

∂2F
∂z̄n+tc∂z̄m−tc

∥ ≤
ε
t
e−∣n+m∣ρ.

Thus (A6) is verified
So we have verifie all the assumptions of Theorem 2. By applying Theorem 2, we get Theorem 1.

ACKNOWLEDGMENTS
The authors would like to thank Chuanfang Ge and the anonymous referee for helping to improve this paper. Shuaishuai Xue acknowl-

edges the support from The National Natural Science Foundation of China (Grant No. 12001275). Yingnan Sun are supported by MIIT Key
Laboratory of Mathematical Modelling and High Performance Computing of Air Vehicles (Grant No. 202307).

AUTHOR DECLARATIONS

Conflict of Interest

The authors have no conflict to disclose.

Author Contributions

Shuaishuai Xue: Writing – original draft (equal); Writing – review & editing (equal). Yingnan Sun: Writing – review & editing (equal).

J. Math. Phys. 65, 062702 (2024); doi: 10.1063/5.0183958 65, 062702-14
Published under an exclusive license by AIP Publishing

 07 June 2024 02:59:49

https://pubs.aip.org/aip/jmp


Journal of
Mathematical Physics ARTICLE pubs.aip.org/aip/jmp

DATA AVAILABILITY

Data sharing is not applicable to this article as no new data were created or analyzed in this study.

REFERENCES
1J. Bourgain, “Quasi-periodic solutions of Hamiltonian perturbations of 2D linear Schrödinger equations,” Ann. Math. 148(2), 363–439 (1998).
2J. Bourgain,Green’s Function Estimates for Lattice Schrödinger Operators and Applications,Annals ofMathematics Studies Vol. 158 (PrincetonUniversity Press, Princeton,
NJ, 2005).
3J. Bourgain, “Construction of periodic solutions of nonlinear wave equations in higher dimension,” Geom. Funct. Anal. 5(4), 629–639 (1995).
4J. Bourgain, “Construction of quasi-periodic solutions for Hamiltonian perturbations of linear equations and applications to nonlinear PDE,” Int. Math. Res. Not.
1994(11), 475–497.
5J. Bourgain, Nonlinear Schrödinger Equations, Park City Series 5 (American Mathematical Society, Providence, RI, 1999).
6J. Bourgain, “On diffusion in high-dimensional Hamiltonian systems and PDE,” J. Anal. Math. 80, 1–35 (2000).
7J. Bourgain and W.-M. Wang, “Quasi-periodic solutions of nonlinear random Schrödinger equations,” J. Eur. Math. Soc. 10(1), 1–45 (2008).
8W. Craig and C. E. Wayne, “Newton’s method and periodic solutions of nonlinear wave equations,” Commun. Pure Appl. Math. 46(11), 1409–1498 (1993).
9W.-M. Wang, “Energy supercritical nonlinear Schrödinger equations: Quasiperiodic solutions,” Duke Math. J. 165(6), 1129–1192 (2016).
10D. Bambusi, “On long time stability in Hamiltonian perturbations of non-resonant linear PDEs,” Nonlinearity 12, 823–850 (1999).
11L. Chierchia and J. You, “KAM tori for 1D nonlinear wave equations with periodic boundary conditions,” Commun. Math. Phys. 211(2), 497–525 (2000).
12L. H. Eliasson, “Perturbations of stable invariant tori for Hamiltonian systems,” Ann. Sc. Norm. Super. Pisa Cl. Sci. 15(1), 115–147 (1988).
13L. H. Eliasson and S. B. Kuksin, “KAM for the nonlinear Schrödinger equation,” Ann. Math. 172(1), 371–435 (2010).
14R. Feola and M. Procesi, “Quasi-periodic solutions for fully nonlinear forced reversible Schrödinger equations,” J. Differ. Equations 259(7), 3389–3447 (2015).
15J. Geng, X. Xu, and J. You, “An infinit dimensional KAM theorem and its application to the two dimensional cubic Schrödinger equation,” Adv. Math. 226(6),
5361–5402 (2011).
16J. Geng and J. You, “A KAM theorem for one dimensional Schrödinger equation with periodic boundary conditions,” J. Differ. Equations 209(1), 1–56 (2005).
17J. Geng and J. You, “A KAM theorem for Hamiltonian partial differential equations in higher dimensional spaces,” Commun. Math. Phys. 262(2), 343–372 (2006).
18J. Geng and J. You, “KAM tori for higher dimensional beam equations with constant potentials,” Nonlinearity 19(10), 2405–2423 (2006).
19J. Geng and Y. Yi, “Quasi-periodic solutions in a nonlinear Schrödinger equation,” J. Differ. Equations 233(2), 512–542 (2007).
20J. Geng and J. You, “A KAM theorem for higher dimensional nonlinear Schrödinger equations,” J. Dyn. Differ. Equations 25(2), 451–476 (2013).
21B. Grébert and E. Paturel, “KAM for the Klein Gordon equation on Sd ,” Boll. Unione Mat. Ital. 9(2), 237–288 (2016).
22T. Kappeler and J. Pöschel, KdV & KAM (Springer-Verlag, Berlin, 2003), p. xiv+279.
23S. B. Kuksin, “Hamiltonian perturbations of infinite-dimensiona linear systems with imaginary spectrum,” Funct. Anal. Appl. 21, 192 (1987).
24S. B. Kuksin, Nearly Integrable Infinite-Dimensiona Hamiltonian Systems, Lecture Notes in Mathematics Vol. 1556 (Springer-Verlag, Berlin, 1993), p. xxviii+101.
25S. B. Kuksin and J. Pöschel, “Invariant Cantor manifolds of quasi-periodic oscillations for a nonlinear Schrödinger equation,” Ann. Math. 143(1), 149–179 (1996).
26J. Pöschel, “Quasi-periodic solutions for a nonlinear wave equation,” Comment. Math. Helvetici 71(1), 269–296 (1996).
27J. Pöschel, “A KAM-theorem for some nonlinear partial differential equations,” Ann. Sc. Norm. Super. Pisa Cl. Sci. 23(1), 119–148 (1996).
28J. Pöschel, “On the construction of almost periodic solutions for a nonlinear Schrödinger equation,” Ergodic Theory Dyn. Syst. 22(5), 1537–1549 (2002).
29M. Procesi and C. Procesi, “A normal form for the Schrödinger equation with analytic non-linearities,” Commun. Math. Phys. 312(2), 501–557 (2012).
30C. Procesi and M. Procesi, “A KAM algorithm for the resonant non-linear Schrödinger equation,” Adv. Math. 272, 399–470 (2015).
31C. E. Wayne, “Periodic and quasi-periodic solutions of nonlinear wave equations via KAM theory,” Commun. Math. Phys. 127(3), 479–528 (1990).
32J. Xu, Q. Qiu, and J. You, “A KAM theorem of degenerate infinite-dimensiona Hamiltonian systems (I),” Sci. China, Ser. A: Math. 39(4), 372–383 (1996).
33J. Xu, Q. Qiu, and J. You, “A KAM theorem of degenerate infinite-dimensiona Hamiltonian systems (II),” Sci. China, Ser. A: Math. 39, 384–394 (1996).
34X. Yuan, “Quasi-periodic solutions of completely resonant nonlinear wave equations,” J. Differ. Equations 230(1), 213–274 (2006).
35L. H. Eliasson, B. Grebért, and S. B. Kuksin, “KAM for the nonlinear beam equation,” Geom. Funct. Anal. 26(6), 1588–1715 (2016).
36J. Bernier, R. Feola, B. Grébert, and F. Iandoli, “Long-time existence for semi-linear beam equations on irrational tori,” J. Dyn. Differ. Equations 33(3), 1363–1398
(2021).
37C. Ge, J. Geng, and Z. Lou, “KAM tori for completely resonant Hamiltonian derivative beam equations on T2,” J. Dyn. Differ. Equations 33(1), 525–547 (2021).
38Y. Shi and J. Xu, “Quasi-periodic solutions for a class of beam equation system,” Discrete Contin. Dyn. Syst. B 25(1), 31–53 (2020).
39M. Berti, L. Biasco, and M. Procesi, “KAM theory for the Hamiltonian derivative wave equation,” Ann. Sci. Éc. Norm. Supér. 46(2), 301–373 (2013).
40M. Berti, L. Biasco, and M. Procesi, “KAM for reversible derivative wave equations,” Arch. Ration. Mech. Anal. 212(3), 905–955 (2014).
41R. Feola, F. Giuliani, F. Iandoli, and J. E. Massetti, “Local well posedness for a system of quasilinear PDEs modelling suspension bridges,” Nonlinear Anal. 240, 113442
(2024).
42F. Gazzola, Mathematical Models for Suspension Bridges: Nonlinear Structural Instability, Modeling, Simulation and Applications Vol. 15 (Springer, Cham, 2015), p.
xxii+259.

J. Math. Phys. 65, 062702 (2024); doi: 10.1063/5.0183958 65, 062702-15
Published under an exclusive license by AIP Publishing

 07 June 2024 02:59:49

https://pubs.aip.org/aip/jmp
https://doi.org/10.2307/121001
https://doi.org/10.1007/bf01902055
https://doi.org/10.1155/S1073792894000516
https://doi.org/10.1007/bf02791532
https://doi.org/10.4171/jems/102
https://doi.org/10.1002/cpa.3160461102
https://doi.org/10.1215/00127094-3167597
https://doi.org/10.1088/0951-7715/12/4/305
https://doi.org/10.1007/s002200050824
https://doi.org/10.4007/annals.2010.172.371
https://doi.org/10.1016/j.jde.2015.04.025
https://doi.org/10.1016/j.aim.2011.01.013
https://doi.org/10.1016/j.jde.2004.09.013
https://doi.org/10.1007/s00220-005-1497-0
https://doi.org/10.1088/0951-7715/19/10/007
https://doi.org/10.1016/j.jde.2006.07.027
https://doi.org/10.1007/s10884-013-9296-3
https://doi.org/10.1007/s40574-016-0072-2
https://doi.org/10.1007/BF02577134
https://doi.org/10.2307/2118656
https://doi.org/10.1007/bf02566420
https://doi.org/10.1017/s0143385702001086
https://doi.org/10.1007/s00220-012-1483-2
https://doi.org/10.1016/j.aim.2014.12.004
https://doi.org/10.1007/bf02104499
https://doi.org/10.1360/ya1996-39-4-384
https://doi.org/10.1016/j.jde.2005.12.012
https://doi.org/10.1007/s00039-016-0390-7
https://doi.org/10.1007/s10884-021-09959-3
https://doi.org/10.1007/s10884-019-09819-1
https://doi.org/10.3934/dcdsb.2019171
https://doi.org/10.24033/asens.2190
https://doi.org/10.1007/s00205-014-0726-0
https://doi.org/10.1016/j.na.2023.113442

