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674 o M N � 52Z��, 1V���&j?�n'�eXwP�C�?'�, �^��x)a%?�",I?,��J�, 
e� CWB a[kid?Ba (�mk+�� 9�e6T? KAM o�9 [26]).Rme6�nAm 1 ?7>, �1ZS=t{
�o/?�$. 9Rme6�n3mAm
2 ?7>, QT?H����o/, $Ua�}( n → ∞, [3'�?!nV;m 93, 5j{�3?i�. .� Bourgain[3] x){'>?|2, 
	 Lyapunov–Schmidt A,4, `gqI��x){k7�Æ�? 9�V
�?f�,�^u�{�V
XkunRA,?�nq8��, 1V��{X�?
,�KJ4a%k7�g?�",I. Eliasson–Kuksin[12] x)�XwÆ��?#�, 2	
	Bp? KAM a[��{zk�?t�
,�KJ4a%?7�g,��J?�",I. [12] 0!U?}*ex){ Töplitz–Lipschitz ��, ��{ 9u ∞ ?�pb[gk+Uw Lipschitz pjs, ^,�Bx){t�7>&�P�-?b?�a[ (��?� Töplitz �n�`� [22]). 
qV�({=ZAI [13] �� Bourgain[3] ?X��
��?H�, �
��{J^k+��
��?2}�, � >{>azÆ?Æ'>. [13] ��Brg{ Eliasson–Kuksin ? Töplitz–Lipschitz ��, g{X z℄oI?k/&+>a, M?{�:?�P�-. [13] � “MH'” r"?bO, �?}m`Æ'>?>a-�7G, 1V���Ha%/0UevD?a%/, �m�Ha%/?:I. .� [3, 12] �?a%�klqW$*!Y$�d2����n. 
8� “�n” ?a%z�m
	�n?J�A
�~�)5?)). V
[13]e�����n?�C~�?�=, {=ZAI [13] Rg{ Bourgain?/[, 
	J��f?5E'�,L%Z5E?lqW�Æ,x){ cubicKJ4a%?MH'?J_,�x){X�?��a[. 
qV�( M. Pröcesi � C. Pröcesi[20−21] ��<J^k+�?Xk(Y�
��? cubic KJ4a%?H�, [( [23] ��{�y ~J? d �
,�KJ4a%2}7�g?�",I. 1� %PT_, [20–21] ��m5E
g��� [23] ��m5E?3W	;e(??.��>�MH'?>a��<f�+oKJ4a%zX�?
,�17h. 
qEUu�,����?MH'?>ao [20–21] }� %PTeX�?.� [14] ZS��{Xk3*u16
,�1� 3 /? 2 �KJ4a%

iut −∆u+ ϕ(ω̄t)u+ ϕ(ω̄t)|u|2u = 0, t ∈ R, x ∈ T
22}�",I. 2	
	�oÆ'>1M?X�:
�+oG{3*u1 (�[(℄1), Rg{� [13]��R cubicKJ4a%?MH'r",�^��{CX=~�l=Rd�Æ�kFy?	;, 1V><?e�es=?��. �mMH'?��, � [15] ZS��{",�J	;&
,�1� 5 /? 2 �KJ4a%

iut −∆u+ |u|4u = 0, t ∈ R, x ∈ T
22}7�g?�",I. 
q2	>fgm
,�1� 3 /?MH'��<fgm
,�1�

5/?MH',}��	%�Z)Æ'>�
>z2k{,�['DS�MH'?2}�.b/V�, N�>
,�1/n�C��<X�? 2p + 1, �
S�.���+��b�, 
Ve��?)ZE.

[13] �?MH'� [20–21] �?
g�	;��gm+oe6�n� 2 ?7h; :e6�n3m 2 ^, Æ'>�['Dko. a., �Z� KAM o�, ��+o",�J	;
u(t, x1 + 2π, x2) = u(t, x1, x2 + 2π) = u(t, x1, x2)
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,�1� 2p+ 1 /? 2 �KJ4a%
iut −∆u+ ϕ1(ω̄1t)u+ ϕ2(ω̄2t)|u|2pu = 0, t ∈ R, x ∈ T

2, (0.1).� ϕ1(ω̄1t) � ϕ2(ω̄2t) e��m θ̄1 = ω̄1t � θ̄2 = ω̄2t _I", j*'� ω̄ = (ω̄1, ω̄2) e	-	;
‖〈k̄, ω̄〉‖Z ∆

= |〈k̄, ω̄〉+ l| ≥ γ

|k̄|τ , k̄ 6= 0, l ∈ Z?�JL\Æ3y.�
3H: i', .�m [14] �xw.�?3*u1, ��� ϕ1(ω̄1t) � ϕ2(ω̄2t) e�7?�6e��?, 
>��#������
�?�no�1~��*�?7>ZZX8
�; ./, ��AG{ [14] ��mCX=~�l=Rd�Æ�kFy?	;, 
U��#7*n�z2?k{, s��
G?7*n	;, ��EU!;`��6M?��P�2; 0�, !E3H��?
,�1/neX�? 2p+1 /, 
ejm`�<)_�HUj+m!o?�=, .
,�1/neX�?7h, 	E�23CX��oÆ'>?k{�[(�#S�.���?i��, 
 i��VejmKJ4a%�X?k{��#?, Æ'>?�oe��0!U?X�e�M.a., ��?$U|2eI[~E KAMJo���))?Tmi��+, V.�?g5���,jm%g~+, 8�`�
�1?�� [14–15].> (0.1) �� 9�
ÆT$�
ut = i

∂H

∂ū
. (0.2)�

u(x) =
∑

n∈Z2

qnφn(x),�
ÆT$� (0.2) A4mvE
ÆTa%
q̇n = i

(
λnqn + ϕ1(ω̄1t)qn +

∂G

∂q̄n

)
,.�

G ≡ 1

(p+ 1)(2π)2p
ϕ2(ω̄2t)

∑

k1−k2+k3−k4+···+k2p+1−k2p+2=0

qk1 q̄k2qk3 q̄k4 · · · qk2p+1 q̄k2p+2 ,Rd?
ÆT�n�
H =

∑

n∈Z2

λn|qn|2 + ϕ1(ω̄1t)|qn|2 +G = N +G,
q? {λn} = |n|2 = |n1|2 + |n2|2, n = (n1, n2) ∈ Z2 e{* A = −∆ }",�J	;&?�Æ�, �6Rd?�Æ3y φn(x) =
1
2π e

i〈n,x〉 /#{X/".�{a�J_MH', &��
bOxw,�fV�Xw'�.

π : Zb → Span(S), π(ej) = ij ,
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η : Zb → Z, η(ej) = 1,.� Span(S) ej" {i1, · · · , ib} ⊂ Z2 �#?�$n?e6, V e1, · · · , eb evE Zb ?Æ'".Ds 0.1 `�'�

Xp :=

{
l :=

2p∑

k=1

±ejk =

b∑

j=1

ljej, l 6= 0,−2ej, ∀j, η(l) ∈ {0,−2}
}
,/ Xp q	- η(l) = 0 ?rz� X0

p , 	- η(l) = −2 ?rz� X−2
p .}x)��?$UJo�1, 'x)MH'?��.Ds 0.2 k+E' S = {i1, · · · , ib} ⊂ Z2 (b > 2) "�MH', N�

(1) Rm S qJ^J�? 2p+ 1 w3y, N�2}Xw3y w ∈ Z2 	-
{
i1 − i2 + i3 − i4 + · · ·+ i2p+1 − w = 0,

|i1|2 − |i2|2 + |i3|2 − |i4|2 + · · ·+ |i2p+1|2 − |w|2 = 0,�k w ∈ S;

(2) Rm~k? nj ∈ Z,
∑b

j=1 nj = 0, 2 ≤
∑b

j=1 |nj | ≤ 2p+ 2, k
b∑

j=1

njij 6= 0;

(3) RmJ^? n ∈ Z
2 \ S, �U2}XwE {l,m} ∈ Z

b+2, 
q l =
∑b

j=1 ljej ∈ Xp,

m ∈ Z2 \ S 	-




n−m+

b∑

j=1

ljij = 0,

|n|2 − |m|2 +
b∑

j=1

lj |ij |2 = 0,

l =
b∑

j=1

ljej ∈ X0
p ,!	-





n+m+
b∑

j=1

ljij = 0,

|n|2 + |m|2 +
b∑

j=1

lj |ij |2 = 0,

l =

b∑

j=1

ljej ∈ X−2
p .e�"Tm? n,m eCX=~� (/� n,m ∈ L1) �CX=~� (/� n,m ∈ L2). ℄� n,m.��XDJ. .�, Rm~k? l =

∑b
j=1 ljej ∈ X−2

p k
2

b∑

j=1

lj |ij |2 +
∣∣∣∣∣

b∑

j=1

ljij

∣∣∣∣∣

2

6= 0.
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(4)~k? n ∈ Z2\S��0eCX=~�leCX=~�, 
A4m�2} l =
∑b

j=1 ljej ∈
X0

p , l
′ =

∑b
j=1 l

′
jej ∈ X−2

p � m,m′ ∈ Z2 \ S, 	-




n−m+

b∑

j=1

ljij = 0,

|n|2 − |m|2 +
b∑

j=1

lj |ij|2 = 0,

n+m′ +

b∑

j=1

l′jij = 0,

|n|2 + |m′|2 +
b∑

j=1

l′j |ij |2 = 0.| 0.1 }CX��oÆ'>^, �� (1)��N�
,�1 2p+2/k 2p+1/j+m5EMH',�~�?�Xw�Æ	} S q,|H��� (2)b�,N� 2p+2/C�j+ S �,�.��Æ	E#R~6)),)XJ)) qi1 q̄i1qi2 q̄i2 · · · qip+1 q̄ip+1 =?~�;�� (3)��� (4)�m))~�?7>0U�kX 7h, �^����)) qi1 q̄i2qi3 q̄i4 · · · qi2p−3 q̄i2p−2 q̄i2p−1 q̄i2pznzn=?~�. ��
	MH'?3W, ��{CX�Æ'>-�7G. �mMH'?2}�, 8�` [21, Proposition 14].��$UH�eDT 0.1 � S = {i1, · · · , ib} ⊂ Z2 (b > 2) eMH', ϕ0
2 =

∫
Tm ϕ2(θ̄2)dθ̄2 6= 0. �2}Xw��P? Cantor ' C, `>RmJ^? ξ = (ξ1, · · · , ξb) ∈ C, 
,�KJ4a% (0.1) kN&>a?X.7�gI"?�",I:

u(ω̄t, ω̃1t, ω̃2t, · · · , ω̃bt, x) =

b∑

j=1

√
ξje

iω̃jtφij +O(|ξ| 32 ), ω̃j = ε−3p(|ij |2 + ϕ0
1) +O(|ξ|p).TmJoeJo 3.1 ?�C��, �{x)
w 9� KAM Jo, ��>}C 1 Fx)~E?�ne6(.d?_n, C 2 FR~xa%1CX�Æ'>?�o, C 3 F>x)Xwf�m~xa%? 9� KAM Jo, �}��xFx) 9� KAM Jo?��g5.

1 L_ROi', /'� {i1, · · · , ib} e Z2 �xJ? b w3y, � Z2
1 = Z2 \ {i1, · · · , ib}, z = (· · · , zn,

· · · )n∈Z2
1
[(k~6 z̄ = (· · · , z̄n, · · · )n∈Z2

1
. J_2B_n

‖z‖ρ =
∑

n∈Z2
1

|zn|e|n|ρ,.� |n| =
√
n2
1 + n2

2, n = (n1, n2), �6 ρ > 0. J_ Tb+m × {I = 0} × {z = 0} × {z̄ = 0} ?Xw�p
Dρ(r, s) = {(θ, I, z, z̄) : |Im θ| < r, |I| < s2, ‖z‖ρ < s, ‖z̄‖ρ < s},



678 o M N � 52Z
q | · | �k3y?TDJ_n, g O �b} Rb �?Xw��P?�n'. / α ≡ (· · · , αn,

· · · )n∈Z2
1
, β ≡ (· · · , βn, · · · )n∈Z2

1
, αn, βn ∈ N, �6 α � β e��kk+Uw��n?
m�nrz?3y, $$ zαz̄β �b ∏
n z

αn
n z̄βn

n . J^xJ?�n
F (θ, I, z, z̄) =

∑

α,β,k∈Zb+m,l∈Nb

Fklαβ(ξ)I
lei〈k,θ〉zαz̄β} Whitney ^_&e�m�n ξ ? C

4p
W - ���n (��R�n ξ ?;nNe} Whitney ^_&:;). J_

‖F‖O =
∑

α,β,k,l

(
sup
ξ∈O

∑

0≤d≤4p

|∂d
ξFklαβ |

)
|I l|e|k||Imθ| |zα||z̄β|,� F ?2B_n1

‖F‖Dρ(r,s),O ≡ sup
Dρ(r,s)

‖F‖O. (1.1)Rm�n F , J_j F Z#?3y� XF = (FI ,−Fθ, {iFzn}n∈Z2
1
, {−iFz̄n}n∈Z2

1
) ?_n

‖XF‖Dρ(r,s),O ≡ ‖FI‖Dρ(r,s),O +
1

s2
‖Fθ‖Dρ(r,s),O

+ sup
Dρ(r,s)

1

s

[ ∑

n∈Z2
1

‖Fzn‖Oe|n|ρ +
∑

n∈Z2
1

‖Fz̄n‖Oe|n|ρ
]
.

2 Birkhoff 9}l�FEU'�M?v�
�, CX�1:
�, �?eAG3?*u1, �[(℄1 (�N�
[14] �lw?+o); CX�1:
�, �?e6G
,�1q?
~��e, 
q��?MH'`>Æ'>�?
b$1Qb�U, [`>�Ha%Qb�M℄:I; CR�
	2g�A
y
�M?.d?'P
�, 4�BbO{�n, 1Vb[>�
��?'���1 KAM �#�Ot)j+o. |E��ZS)%J�{5a3, 9ejma%�X
,�1/n?k{�, )}?Æ'>$ne
$n?, 0�KEU�Xw3Æ$$&
��$n
��$n? (
q?
�lwm� [15], 9z�k{). �., ><{M? KAM I7�#1? Birkhoff Æ'>.&�x).d?X�
�.

(1) 'bO�'Rd?2g�A
y
(θ̄, J) = ((θ̄1, θ̄2), (J1, J2))

= ((θ̄11, · · · , θ̄1m1 , θ̄21, · · · , θ̄2m2), (J11, · · · , J1m1 , J21, · · · , J2m2)) ∈ R
m × R

m,.� m = m1 +m2, θ̄1 = ω̄1t, θ̄2 = ω̄2t, �k
˙̄θ =

∂H

∂J
= ω̄, J̇ = −∂H

∂θ̄
, q̇n = i

∂H

∂q̄n
, ˙̄qn = −i

∂H

∂qn
, n ∈ Z

2.

1 (1.1) �K`|�z
o�`o ‖ · ‖Dρ(r,s),O, Sn4z
o G : Dρ(r, s)×O → Cm (m < ∞) 
\mxK`� ‖G‖Dρ(r,s),O =
∑m

i=1 ‖Gi‖Dρ(r,s),O.
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ÆT�n
H = 〈ω̄1, J1〉+ 〈ω̄2, J2〉+

∑

n∈Z2

(λn + ϕ1(θ̄1))qnq̄n + P (θ̄2, q, q̄) = Λ1 + Λ2 + P,
q ω̄ = (ω̄1, ω̄2), J = (J1, J2), Λ1 ≡ 〈ω̄, J〉+∑n∈Z2 λnqnq̄n, Λ2 ≡∑n∈Z2 ϕ1(θ̄1)qnq̄n.&����n F1:

F1(θ̄1, q, q̄) =
∑

k̄1∈Zm1 , k̄1 6=0, n∈Z2

iϕk̄1
1

〈k̄1, ω̄1〉
q̄ne

i〈k̄1,θ̄1〉,CXw:
�� F1 ^6Am 1 ? Hamilton �fV X1
F1
.| 2.1 �N� [14] �lw?+o, 
q�Tb[>< F1 eXwkJ�n, )

‖F1‖Dρ(r+,s+),O ≤ cγ−2

(
2τ +m+ 1

r

)2τ+m+1

e−(2τ+m+1).1V���n F1 Rd?�fV X1
F1
ekJ_?.

(2)Rm��x)?MH', x)CXw:
�,�TeXwkJ�n?^6Am 1?Hamil-

ton �fV X1
F2
. �� F2:

F2 =
∑

α, β∈(Z2)N :|α|=|β|=p+1∑
k∈Zm+b (αk−βk)k=0,

∑
k∈Zm+b (αk−βk)|k|2 6=0

♯S∩

{
π(αk)

η(αk)
,
π(βk)

η(βk)

}
k∈Zm+b

≥2p, k̄2∈Z
m2

iϕk̄2
2

(p+ 1)(2π)2p(
∑

k∈Zm+b(αk − βk)|k|2)
qαq̄βei〈k,θ〉.| 2.2 .��� [14], jm��+o?xw*u1e��?, a.yW ϕ1, ϕ2 ~02g?��, F1, F2 $ne*�ee<e?, �^3Hjm��
,�1/n�X�? 2p+ 1 /, a.

F2 ?�mek{?, .� [14–15], ��(b{bO [21] �?X8/��m?7G�.

(3) C&j}5e6bO2g�A
y
qi =

√
Ii + ξie

iθi, q̄i =
√
Ii + ξie

−iθi , i ∈ S, qn = wn, q̄n = w̄n, n ∈ Z
2
1�^6'P
�

ξ → ε3ξ, J → ε5J, I → ε5I, θ̄ → θ̄, θ̃ → θ̃, w → ε
5
2w, w̄ → ε

5
2 w̄.

(4) 0�M?X�3Æ$?$&, �?e>Æ'>���$n?. &�x)
� Ψ ?X�>a.




θ+ = θ,

I+ = I −
∑

n∈L1

(wnw̄nl
+ + wmw̄ml−)−

∑

n′∈L2

(wn′ w̄n′ l+ − wm′w̄m′ l−),

(
zn

zm

)
= S

(
ei〈l

+,θ〉 0

0 ei〈l
−,θ〉

)(
wn

wm

)
,

(
z̄n

z̄m

)
= S̄

(
e−i〈l+,θ〉 0

0 e−i〈l−,θ〉

)(
w̄n

w̄m

)
, n ∈ L1,

(
zn

zm

)
=

(
ei〈l

+,θ〉 0

0 e−i〈l−,θ〉

)(
wn

wm

)
,

(
z̄n

z̄m

)
=

(
e−i〈l+,θ〉 0

0 ei〈l
−,θ〉

)(
w̄n

w̄m

)
, n ∈ L2,

zn = wn, z̄n = w̄n, n ∈ Z2
1 \ (L1 ∪ L2).



680 o M N � 52Z| 2.3 MH'?����{CX�Æ'>�o?trM?, 1Vb[X�x)$&?:
� Ψ ?X�>a, .�
�qV
 S ?2}�8�z [25].
T, 
	v��:?k{
��#{CX�? Birkhoff Æ'>?�o, � KAM ?I7�#1Æ{'�. ��ml9
ÆT�n, J_ ι = ε−3p(|i1|2 + ϕ0
1, |i2|2 + ϕ0

1, · · · , |ib|2 + ϕ0
1),

ξ = (ξi1 , ξi2 , · · · , ξib), |l| = l+ + l−,

Ar(ξ1, · · · , ξb) =
∑

∑
j kj=r

(
r

k1, · · · , kb

)2∏

j

ξ
kj

j ,

G = 〈l,∇ξAp+1(ξ)〉2 + 4
∑

l=l+−l−∈X0
p

α∈Nb, |l++α|1=p

(p+ 1)4
[(

p

l+ + α

)(
p

l− + α

)]2
ξl+2α.�., S	v�
�?k{-{, 
ÆT�n
�

H = H0 + P = N + B + B̄ + P. (2.1)
q
N = 〈ε−3pω̄, J〉+ 〈ω̃(ξ), I〉+

∑

n∈Z2
1\L2

Ωn(ξ)znz̄n

+
∑

n∈L2

[(Ωn + 〈l+, ω̃〉)znz̄n + (Ωm − 〈l−, ω̃〉)zmz̄m],





ω̃i(ξ) = ε−3p(|i|2 + ϕ0
1) +

1

(p+ 1)(2π)2p
ϕ0
2∂ξiAp+1(ξ),

Ωn = ε−3p(|n|2 + ϕ0
1) +

p+ 1

(2π)2p
ϕ0
2Ap(ξ), n ∈ Z

2
1 \ L1,

Ωn = ε−3p(|n|2 + ϕ0
1) + 〈l+, ι〉+ (p+ 1)ϕ0

2

(2π)2p
Ap(ξ) +

ϕ0
2

2(p+ 1)(2π)2p
〈|l|,∇ξAp+1(ξ)〉

+
|ϕ0

2|
2(p+ 1)(2π)2p

√
G, n ∈ L1,

Ωm = ε−3p(|m|2 + ϕ0
1) + 〈l−, ι〉+ (p+ 1)ϕ0

2

(2π)2p
Ap(ξ) +

ϕ0
2

2(p+ 1)(2π)2p
〈|l|,∇ξAp+1(ξ)〉

− |ϕ0
2|

2(p+ 1)(2π)2p

√
G, n ∈ L1,6

B =
∑

l=l+−l−∈X
−2
p

α∈Nb, |l++α|1=p−1

pϕ0
2

(2π)2p

(
p− 1
l+ + α

)(
p+ 1
l− + α

) ∑

n∈L2

ξ
l
2+αznzm,

B̄ =
∑

l=l+−l−∈X
−2
p

α∈Nb, |l++α|1=p−1

pϕ0
2

(2π)2p

(
p− 1
l+ + α

)(
p+ 1
l− + α

) ∑

n∈L2

ξ
l
2+αz̄nz̄m,.��n ξ ∈ O, .e6:H�e dI ∧ dθ + i

∑
n∈Z2

1
dzn ∧ dz̄n.
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3 g\
 KAM EURmJ^? ξ ∈ O � H0, (θ, 0, 0, 0) 7→ (θ+ωt, 0, 0, 0)e
ÆTa%Rdm.e6?�
��?�I. `�2TGM P ?
ÆT�n, ��?�Æe��, } Lebesgue �P^_&, Rm\3Un�n� ξ ∈ O, N� ‖XP ‖Dρ(r,s),O
(e7, �
ÆT�n H = N +B+ B̄+P KEk�
��.&��m5' ω(ξ), [3'� Ωn(ξ) [(GM P EU	-?��:

(A1) 
��	;: 3W ∀ξ ∈ O,





rank

(
∂ω̃1

∂ξ
, · · · , ∂ω̃b

∂ξ

)
= κ,

rank

(
∂|β|ω̃

∂ξβ

∣∣∣∣∀β, 1 ≤ |β| ≤ b− κ+ 1

)
= b,.� κ e 1 ≤ κ ≤ b ?XwxJ?�n, ∂ω̃1

∂ξ
, · · · , ∂ω̃b

∂ξ
e3y�m�n ξ ?~kXD&;n. RmXw�J? β, ∂|β|ω̃

∂ξβ
= (∂

|β|ω̃1

∂ξβ
, · · · , ∂|β|ω̃b

∂ξβ
).

(A2) [3'�?<P���:

Ωn = ε−a(|n|2 + ϕ0
1) + Ω̃n, a ≥ 0, n ∈ Z

2
1 \ L1,.� ϕ0

1 =
∫
Tm ϕ1(θ̄1)dθ̄1, Ω̃n e�m ξ ? C

4p
W (O)- ���n, �6 C

4p
W (O)- _nkTJ L

(L > 0).

(A3) Melnikov 
~�	;: �
Mn =

(
Ωn + 〈l+, ω̃〉 −C(l, α)ξ

l
2+α

C(l, α)ξ
l
2+α −(Ωm − 〈l−, ω̃〉)

)
, n ∈ L2,.� C(l, α) =

∑
l=l+−l−∈X

−2
p

α∈Nb, |l++α|1=p−1

pϕ0
2

(2π)2p (
p−1

l++α
)(

p+1

l−+α
). 3W ω̃(ξ), Mn(ξ) ∈ C

4p
W (O), 2} γ, τ >

0 	- (I2 e 2× 2 8�V
, I4 e 4× 4 8�V
)

|〈k, ω〉| ≥ γ

|k|τ , k = (k̄, k̃), k̄ ∈ Z
m, k̃ ∈ Z

b, |k| = |k̄|+ |k̃| > 0, ω = (ε−3pω̄, ω̃),

|〈k, ω〉 ± Ωn| ≥
γ

|k|τ , n ∈ Z
2
1 \ L2,

|〈k, ω〉 ± Ωn ± Ωm| ≥ γ

|k|τ , n,m ∈ Z
2
1 \ L2,

|〈k, ω〉 ± Ωi ± µj | ≥
γ

|k|τ , k 6= 0, i ∈ Z
2
1 \ L2, j ∈ {1, 2},

〈k, ω〉 ± µj | ≥
γ

|k|τ , k 6= 0, j ∈ {1, 2},
q µ1, µ2 eXDV
Mn′ ?xw�Æ�,

|det(〈k, ω〉I4 ±Mn ⊗ I2 ± I2 ⊗Mn′)| ≥ γ

|k|τ , k 6= 0, n, n′ ∈ L2.| 3.1 ��AG{� [14] � Mn (n ∈ L2) ?�Æ�k
�F�?	;, a.��?
~�	;�zk{.
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(A4) B + B̄ + P ?���: B + B̄ + P �m I, θ, z, z̄ e_I"?, �6�m ξ e C

4p
W - ��?, V6

‖XB‖Dρ(r,s),O < 1, ‖XP ‖Dρ(r,s),O < ε.

(A5) GM?�e�My����e�_�
��: B+ B̄+P k&�?�e�My����e�_�
��:

D =

{
B + B̄ + P : B + B̄ + P =

∑

k,l,α,β

(B + B̄ + P )klαβ(ξ)I
lei〈k,θ〉zαz̄β

}
,.� k = (k̄, k̃) ∈ Zb+m, k̄ ∈ Zm, k̃ ∈ Zb, l ∈ Zb, α, β k&�?�$:

b∑

j=1

k̃jij +
∑

n∈Zd
1

(αn − βn)n = 0,"��e�My��;
b∑

j=1

k̃j +
∑

n∈Zd
1

(αn − βn) = 0,"��e�_�
��.| 3.2 jm���k��'�, a.EU���My����_�
��, 
KEe�{�
G��Æ+o?1.

(A6) Töplitz–Lipschitz ��: RmJ^�J? n,m ∈ Z2, c ∈ Z2 \ {0}, &+
lim
t→∞

∂2(B + P )

∂zn+tc∂zm−tc

, lim
t→∞

∂2(
∑

n∈Z2
1
Ω̃nznz̄n + P )

∂zn+tc∂z̄m+tc

, lim
t→∞

∂2(B̄ + P )

∂z̄n+tc∂z̄m−tcN2}. .�, 2} K > 0, `>: |t| > K ^, N + B + B̄ + P 	-
∥∥∥∥

∂2(B + P )

∂zn+tc∂zm−tc

− lim
t→∞

∂2(B + P )

∂zn+tc∂zm−tc

∥∥∥∥
Dρ(r,s),O

≤ ε

|t|e
−|n+m|ρ,

∥∥∥∥
∂2(
∑

n∈Z2
1
Ω̃nznz̄n + P )

∂zn+tc∂z̄m+tc

− lim
t→∞

∂2(
∑

n∈Z2
1
Ω̃nznz̄n + P )

∂zn+tc∂z̄m+tc

∥∥∥∥
Dρ(r,s),O

≤ ε

|t|e
−|n−m|ρ,

∥∥∥∥
∂2(B̄ + P )

∂z̄n+tc∂z̄m−tc

− lim
t→∞

∂2(B̄ + P )

∂z̄n+tc∂z̄m−tc

∥∥∥∥
Dρ(r,s),O

≤ ε

|t|e
−|n+m|ρ.| 3.3 �� (A6)e�{M?�P�-.�{����I7~E?:
�e2}?,EU��
~�	;?2}, a.UR�nM?��P�2, �{��0��n'KeXw��P?'�, U:���2 9Uw
~�	;, V�� (A6) ��{1�w-�3?n���EU�2k+w
~�	;)b, 
qe
	k/&+?aa><?.0��
!m 9�? KAM Jo.DT 3.1 3W (2.1) �?
ÆT�n H0 + P 	-3W (A1)–(A6). � γ > 0 (e7, �2}Xw�n ε = ε(b,K, τ, γ, r, s, ρ), `>: ‖XP ‖Dρ(r,s),O

< ε ^, kN&H�:



4- Lrr: 6+v2� 2p+ 1 0d-A2�Y�d-ALK5b&� KAM Kp 6832}Xw Cantor ' Oγ ⊂ O, 6 meas(O \ Oγ) = O(γ
1
4p ), [(xw�m θ I", 6Rm�n ξ = (ξ1, · · · , ξb)C4p

W - ��?fV
Ψ : Tb+m ×Oγ → Dρ(r, s), ω̂ : Oγ → R

b+m,.� Ψ e ε
γ4p - CPm(℄2O Ψ0 : Tb+m × O → Tb+m × {0, 0, 0}; ω̂ e ε- CPm�GM'� ω = (ε−3pω̄, ω̃). RmJ^? ξ ∈ Oγ � θ ∈ Tb+m, =, t 7→ Ψ(θ + ω̂(ξ)t, ξ) e
ÆTa%

H = H0 + P ?�",I.
	dgJo 3.1, ��{��?$UH�Jo 0.1. �{��?���, ����Lx)�� 9� KAM Jo?$Ug5Jo���, .�?��8�`�� [14–15] �?��, .��
$UAS���?a%D_h�Jo 3.1 ?3W�0�S�?�� (A1) � (A3) [(I�Ha%���~��?�n F ?kJ�, ����I7~E?:
�e�o?.

4 [^C�AmxqwS� (A1): ω̃ ?Pb�V
?rze�m ξ ?/ p− 1 /?�$nU1a. .� ∂ω̃i

∂ξj
� ∂ω̃i

∂ξi?$ne��
pϕ0

2

(2π)2p

(
p− 1

k1, · · · , ki − 1, · · · , kj − 1, · · · , kb

)(
p+ 1

k1, · · · , kb

)
,

pϕ0
2

(2π)2p

(
p− 1

k1, · · · , ki − 2, · · · , kj , · · · , kb

)(
p+ 1

k1, · · · , kb

)
.2}Xwzn r, b[�* p+ 1, ) p+ 1 = rts, 
qU: r ���* s � ( p+1

k1,··· ,kb
). i', >

ω̃ ?Pb�V
*[ p, C(�T r. V

�X8�kRAr���?V
?��. a.�M℄S� det(∂ω̃
∂ξ

) 6= 0. a. (A1) >�.S� (A3): 
X�e��lwm [14], 9ejm��?
,�1?X��, %FT?+olk��. C&j, x)0k{7>?��.7> 1: n, n′ ∈ L1.`� 〈k, ω〉 ± Ωn ± Ωn′ , k~�	;




n−m+
b∑

j=1

ljij = 0,

|n|2 − |m|2 +
b∑

j=1

lj|ij |2 = 0,

l = l+ − l− =

b∑

j=1

ljej ∈ X0
p ,��Æ��

〈k̄, ε−3pω̄〉+ 〈k̃, ι〉 ±
(
ε−3p(|n|2 + ϕ0

1) + 〈l+, ι〉+ p+ 1

(2π)2p
ϕ0
2Ap(ξ)

)

+
ϕ0
2

2(p+ 1)(2π)2p
〈2k ± |l|,∇ξAp+1(ξ)〉

±
(
ε−3p(|n′|2 + ϕ0

1) + 〈l′+, ι〉+ p+ 1

(2π)2p
ϕ0
2Ap(ξ) +

ϕ0
2

2(p+ 1)(2π)2p
〈|l′|,∇ξAp+1(ξ)〉

)

± |ϕ0
2|

2(p+ 1)(2π)2p
(
√
G±

√
G′).



684 o M N � 52ZN�k l+ 6= l′+, jm(ay1?2}, ~k�Æ�	E��Am 0. f�k l+ = l′+, �^
l− = l′−. N��Æ�eN&>a:

〈k̄, ε−3pω̄〉+ 〈k̃, ι〉+
(
ε−3p(|n|2 + ϕ0

1) + 〈l+, ι〉+ p+ 1

(2π)2p
ϕ0
2Ap(ξ)

)

+
ϕ0
2

2(p+ 1)(2π)2p
〈2k + |l|,∇ξAp+1(ξ)〉

−
(
ε−3p(|n′|2 + ϕ0

1) + 〈l+, ι〉+ p+ 1

(2π)2p
ϕ0
2Ap(ξ) +

ϕ0
2

2(p+ 1)(2π)2p
〈|l|,∇ξAp+1(ξ)〉

)

+
|ϕ0

2|
2(p+ 1)(2π)2p

(
√
G−

√
G)

= 〈k̄, ε−3pω̄〉+ 〈k̃, ι〉+ ε−3p(|n|2 − |n′|2) + ϕ0
2

p(p+ 1)(2π)2p
〈H(Ap+1(ξ))k, ξ〉,.� H(Ap+1(ξ)) e Ap+1(ξ) ?�QV
, �
gzn r �T
w�QV
, oV

�X8�kRAr���?V
?��. a., �QV
eXw
��V
, �6�M℄S�Rm k 6= 0,k H(Ap+1(ξ))k 6= 0. N��Æ�eN&>a:

〈k̄, ε−3pω̄〉+ 〈k̃, ι〉+
(
ε−3p(|n|2 + ϕ0

1) + 〈l+, ι〉+ p+ 1

(2π)2p
ϕ0
2Ap(ξ)

)

+
ϕ0
2

2(p+ 1)(2π)2p
〈2k + |l|,∇ξAp+1(ξ)〉

+

(
ε−3p(|n′|2 + ϕ0

1) + 〈l+, ι〉+ p+ 1

(2π)2p
ϕ0
2Ap(ξ) +

ϕ0
2

2(p+ 1)(2π)2p
〈|l|,∇ξAp+1(ξ)〉

)

+
|ϕ0

2|
2(p+ 1)(2π)2p

(
√
G−

√
G)

= 〈k̄, ε−3pω̄〉+ 〈k̃, ι〉+ ε−3p(|n|2 + |n′|2 + 2ϕ0
1) + 2〈l+, ι〉+ ϕ0

2

p(p+ 1)(2π)2p

× 〈H(Ap+1(ξ))(k + |l|) + 2(p+ 1)2∇ξAp(ξ), ξ〉,: H(Ap+1(ξ))(k + |l|) + 2(p+ 1)2∇ξAp(ξ) = 0 ^, b[�<a%/
(

p+ 1
p+ 1, · · · , 0

)
(k + |l|)1 +

(
p+ 1
p, 1, · · ·

)
(k + |l|)2 + · · ·+

(
p+ 1

p, · · · , 1

)
(k + |l|)b

= −2(p+ 1)

(
p

p, · · · , 0

)
,

(
p+ 1
1, p, · · ·

)
(k + |l|)1 +

(
p+ 1

0, p+ 1, · · ·

)
(k + |l|)2 + · · ·+

(
p+ 1

0, p, · · · , 1

)
(k + |l|)b

= −2(p+ 1)

(
p

0, p, · · · , 0

)
,

· · · · · ·
(

p+ 1
1, · · · , p

)
(k + |l|)1 +

(
p+ 1

0, 1, · · · , p

)
(k + |l|)2 + · · ·+

(
p+ 1

0, · · · , p+ 1

)
(k + |l|)b

= −2(p+ 1)

(
p

0, · · · , p

)
.



4- Lrr: 6+v2� 2p+ 1 0d-A2�Y�d-ALK5b&� KAM Kp 685a., k + |l| ~k?rzN.A6	- [1 + (p+ 1)(b− 1)](k + |l|)1 = −2(p+ 1). (E, 
wa%/e�k�nI?. ~[~k�Æ�	E��Am 0.7> 2: n ∈ L1, n
′ ∈ L2.�

M =
(
〈l,∇ξAp+1(ξ)〉 + 2(p+ 1)Ap(ξ)

)2

+ 4
∑

l=l+−l−∈X
−2
p

α∈Nb, |l++α|1=p−1

p2(p+ 1)2
[(

p− 1
l+ + α

)(
p+ 1
l− + α

)]2
ξl+2α.
 7>&, �Æ��

〈k̄, ε−3pω̄〉+ 〈k̃, ι〉 ±
(
ε−3p(|n|2 + ϕ0

1) + 〈l+, ι〉+ p+ 1

(2π)2p
ϕ0
2Ap(ξ)

)

+
ϕ0
2

2(p+ 1)(2π)2p
〈2k ± |l|,∇ξAp+1(ξ)〉

±
(
ε−3p(|n′|2 + ϕ0

1) + 〈l′+, ι〉+ ϕ0
2

2(p+ 1)(2π)2p
〈|l′|,∇ξAp+1(ξ)〉

)

± |ϕ0
2|

2(p+ 1)(2π)2p
(
√
G±

√
M ′).| 4.1 N� √

M ′ e-Fn, a�.~�7h�))7*n, ~[�EUR�n'�M?��P�2. ��3H, 
qAG{��e-Fn?	;, a.EU!;M?��P�2, �^V}
~�	;q^f{��?k{�.N�2}(ay1, ~k�Æ�	E��Am 0. f�, (ay16\. N��Æ��
〈k̄, ε−3pω̄〉+ 〈k̃, ι〉+

(
ε−3p(|n|2 + ϕ0

1 ± |n′|2 ± ϕ0
1) + 〈l+ ± l′+, ι〉

)

+
ϕ0
2

2p(p+ 1)(2π)2p
〈H(Ap+1(ξ))(2k + |l| ± |l′|) + 2(p+ 1)2∇ξAp(ξ), ξ〉,: H(Ap+1(ξ))(2k+ |l| ± |l′|) + 2(p+1)2∇ξAp(ξ) = 0 ^, �TkXw
_, ) 2k+ |l| ± |l′| ?~krzN.A, �6	-

[1 + (p+ 1)(b− 1)](2k + |l| ± |l′|)1 = −2(p+ 1).(E, 
wa%/e�k�nI?. ~[~k�Æ�	E��Am 0.7> 3: n, n′ ∈ L2.}
 7h&, 〈k, ω〉I ±Mn ⊗ I2 ± I2 ⊗Mn′ ?�Æ�e
〈k̄, ε−3pω̄〉+ 〈k̃, ι〉 ±

(
ε−3p(|n|2 + ϕ0

1) + 〈l+, ι〉+ ϕ0
2

2(p+ 1)(2π)2p
〈2k ± |l|,∇ξAp+1(ξ)〉

)

±
(
ε−3p(|n′|2 + ϕ0

1) + 〈l′+, ι〉+ ϕ0
2

2(p+ 1)(2π)2p
〈|l′|,∇ξAp+1(ξ)〉

)

± ϕ0
2

2(p+ 1)(2π)2p
(
√
M ±

√
M ′).



686 o M N � 52ZN�k l+ 6= l′+,jm(ay1?2},~k�Æ�	E��Am 0. f� l+ = l′+,�^ l− = l′−.N��Æ�eN&>a:

〈k̄, ε−3pω̄〉+ 〈k̃, ι〉+
(
ε−3p(|n|2 + ϕ0

1) + 〈l+, ι〉+ ϕ0
2

2(p+ 1)(2π)2p
〈2k + |l|,∇ξAp+1(ξ)〉

)

−
(
ε−3p(|n′|2 + ϕ0

1) + 〈l+, ι〉+ ϕ0
2

2(p+ 1)(2π)2p
〈|l|,∇ξAp+1(ξ)〉

)

+
ϕ0
2

2(p+ 1)(2π)2p
(
√
M −

√
M)

= 〈k̄, ε−3pω̄〉+ 〈k̃, ι〉+ ε−3p(|n|2 − |n′|2) + ϕ0
2

p(p+ 1)(2π)2p
〈H(Ap+1(ξ))k, ξ〉,
q H(Ap+1(ξ)) e Ap+1(ξ) ?�QV
, gzn r �T
w�QV
. oV

�X8�kRAr���?V
?��. a., �QV
eXw
��V
, �6�M℄S�Rm k 6= 0, k

H(Ap+1(ξ))k 6= 0. N��Æ�eN&>a:

〈k̄, ε−3pω̄〉+ 〈k̃, ι〉+
(
ε−3p(|n|2 + ϕ0

1) + 〈l+, ι〉+ ϕ0
2

2(p+ 1)(2π)2p
〈2k + |l|,∇ξAp+1(ξ)〉

)

+

(
ε−3p(|n′|2 + ϕ0

1) + 〈l+, ι〉+ ϕ0
2

2(p+ 1)(2π)2p
〈|l|,∇ξAp+1(ξ)〉

)

+
1

2(p+ 1)(2π)2p
(
√
M −

√
M)

= 〈k̄, ε−3pω̄〉+ 〈k̃, ι〉+ ε−3p(|n|2 + |n′|2 + 2ϕ0
1)

+ 2〈l+, ι〉+ ϕ0
2

p(p+ 1)(2π)2p
〈H(Ap+1(ξ))(k + |l|), ξ〉,: H(Ap+1(ξ))(k + |l|) = 0 ^, 
la%?~kb�I� k = −|l|. .^, P |n| 6= |m′|, �

〈k̄, ε−3pω̄〉+ 〈k̃, ι〉+ ε−3p(|n|2 + |n′|2 + 2ϕ0
1) + 2〈l+, ι〉 = 〈k̄, ε−3pω̄〉+ ε−3p(|n|2 − |m′|2) 6= 0.| 4.2 %^<GM?�e�My����e�_�
�D� ϕ0

1 ?$n� 0. a., ~k�Æ�	E��Am 0. .�7>��lw.j [14, bo 3.6], det(〈k, ω〉I ±Mn ⊗ I2 ± I2 ⊗Mn′) eXw�m ξ /n�U 4p ?U1a�n. a.,

|∂4p
ξ (det(〈k, ω〉I ±Mn ⊗ I2 ± I2 ⊗Mn′))| ≥ 1

2(p+ 1)(2π)2p
|k| 6= 0.
	�G�n'��P�U� O(γ

1
4p ) ?�e, k

|det(〈k, ω〉I ±Mn ⊗ I2 ± I2 ⊗Mn′)| ≥ γ

Kτ
, k 6= 0, n, n′ ∈ L2,1V��{��I7?:
�e�o?. a. (A3) 	-.a., Rm
ÆT�n (2.1), 
	dgJo 3.1, �
><{Jo 0.1.
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5 C�:z}C ν � KAM I7, `�
ÆT�n
Hν = Nν + Bν + B̄ν + Pν ,.� Bν + B̄ν + Pν J_} Dρν

(rν , sν)×Oν T, �6
ÆT�n	-3W (A1)–(A6).C&j, $U
	IXw�Ha%O��n F , .^6Am 1 ? Hamilton �fV Φv UeI7EU?:fV
Φv : Dρν

(rν+1, sν+1)×Oν → Dρν
(rν , sν)×Oν ,�?e�{`
ÆT�nxjxCPmXwb$?�_>. �{��:
�?�o�, EUR�n'M?��P�2, `�S	:
�X�I7��;?
ÆT�n

Hν+1 = Hν ◦ Φν = Nν+1 + Bν+1 + B̄ν+1 + Pν+1}�G�P��?'� Dρν+1(rν+1, sν+1)×Oν TKh�Tm?I73W (A1)–(A6), �6	-
‖XPν+1‖Dρν+1

(rν+1,sν+1),Oν
= ‖XHν◦Φν

−XNν+1+Bν+1+B̄ν+1
‖Dρν+1

(rν+1,sν+1),Oν
≤ εν+1.�{7�/�, &���kTÆ�&Æ?17�}C ν �?1, VkTÆ!&Æ?17�}C

ν + 1 �?1. `�J_} Dρ(r, s)×O ?
ÆT�n, � 0 < r+ < r, J_
s+ =

1

4
sε

1
3 , ε+ = cγ−(4p+1)K(4p+1)(τ+1)(r − r+)

−cε
4
3 .C&j, u�N���Xw'� O+ ⊂ O (�6y��G?�n'��P) �Xw:
� Φ :

D+ × O+ = Dρ(r+, s+) × O+ → Dρ(r, s) × O, ��
�	�?
ÆT�n H+ = N+ + B+ +

B̄+ + P+ ≡ H ◦ Φ Rm;? s+, ε+, r+ � ξ ∈ O+ K	-I73W (A1)–(A6).>GM1 P �# Fourier–Taylor *n, � R e P �m^6 Fourier �Æ?EQ, |k| ≤ K.
	�B$n[�, F ?$n (>a� R X�, �e�*G{ R �?~�1) 	-a%
{N + B + B̄, F}+R− P0000 − 〈ω̂, I〉 −

∑

n∈Z2

P 011
nn znz̄n − B̂ − B̂ = 0, (5.1).�

ω̂ =

∫
∂P

∂I
dθ

∣∣∣∣
z=z̄=0, I=0

, B̂ =
∑

n∈L2

P 020
nm znzm, ˆ̄B =

∑

n∈L2

P 002
nm z̄nz̄m,

N+ = N + P0000 + 〈ω̂, I〉+
∑

n

P 011
nn znz̄n,

B+ = B + B̂, B̄+ = B̄ + ˆ̄B = B̄ +
¯̂B,

P+ =

∫ 1

0

(1− t){{N + B + B̄, F}, F} ◦ φt
F dt+

∫ 1

0

{R,F} ◦ φt
F dt+ (P −R) ◦ φ1

F .



688 o M N � 52ZY` 5.1 F 	-Aa (5.1), .� F0, F1 ? Fourier $nja%/
〈k, ω〉Fkl00 = iPkl00, |l| ≤ 1, 0 < |k| ≤ K,

(〈k, ω〉 − Ωn)F
k10
n = iP k10

n , |k| ≤ K, n ∈ Z
2
1 \ L2,

(〈k, ω〉+Ωn)F
k01
n = iRk01

n , |k| ≤ K, n ∈ Z
2
1 \ L2,

(〈k, ω〉I2 −Mn)(F
k10
n , F k01

m )T = i(P k10
n , P k01

m )T, |k| ≤ K, n ∈ L2,

(〈k, ω〉I2 +Mn)(F
k01
n , F k10

m )T = i(P k01
n , P k10

m )T, |k| ≤ K, n ∈ L2x).

F2 ? Fourier $nj&}R	��x).7> 1: n,m ∈ Z2
1 \ L2.Y` 5.2 F 	-Aa (5.1), .� F2 ? Fourier $nja%/

(〈k, ω〉 − Ωn − Ωm)F k20
nm = iP k20

nm , |k| ≤ K,

(〈k, ω〉 − Ωn +Ωm)F k11
nm = iP k11

nm , 0 < |k| ≤ K, |k|+ |n−m| 6= 0,

(〈k, ω〉+Ωn +Ωm)F k02
nm = iP k02

nm , |k| ≤ Kx).7> 2: n ∈ Z2
1 \ L2, n

′ ∈ L2.Y` 5.3 F 	-Aa (5.1), .� F2 ? Fourier $nja%/
[(〈k, ω〉 − Ωn)I2 −Mn′ ](F k20

nn′ , F
k11
nm′)T = i(P k20

nn′ , P
k11
nm′)T,

[(〈k, ω〉+Ωn)I2 +Mn′ ](F k02
nn′ , F

k11
m′n)

T = i(P k02
nn′ , P

k11
m′n)

T,

[(〈k, ω〉 − Ωn)I2 +Mn′ ](F k11
nn′ , F

k20
nm′)T = i(P k11

nn′ , P
k20
nm′)T,

[(〈k, ω〉+Ωn)I2 −Mn′ ](F k11
n′n , F

k02
m′n)

T = i(P k11
n′n , P

k02
m′n)

Tx).7> 3: n, n′ ∈ L2.Y` 5.4 F 	-Aa (5.1), .� F2 ? Fourier $nja%/
(〈k, ω〉I4 −Mn ⊗ I2 + I2 ⊗Mn′)(F k11

nn′ , F k20
nm′ , F k02

mn′ , F k11
m′m)T

= i(P k11
nn′ , P k20

nm′ , P k02
mn′ , P k11

m′m)T,

(〈k, ω〉I4 +Mn ⊗ I2 − I2 ⊗Mn′)(F k11
n′n , F

k02
m′n, F

k20
n′m, F k11

mm′)T

= i(P k11
n′n , P

k02
m′n, P

k20
n′m, P k11

mm′)T,

(〈k, ω〉I4 −Mn ⊗ I2 − I2 ⊗Mn′)(F k20
nn′ , F k11

nm′ , F k11
n′m, F k02

mm′)T

= i(P k20
nn′ , P k11

nm′ , P k11
n′m, P k02

mm′)T,

(〈k, ω〉I4 +Mn ⊗ I2 + I2 ⊗Mn′)(F k02
nn′ , F k11

m′n, F
k11
mn′ , F k20

m′m)T

= i(P k02
nn′ , P k11

m′n, P
k11
mn′ , P k20

m′m)Tx).TmR	����8�` [14].
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[.�Xwa%�s (.�lw) `�
Q−1

n′ [(〈k, ω〉 − Ωn)I2 −Mn′ ]Qn′Q−1
n′ (F

k20
nn′ , F

k11
nm′)T = iQ−1

n′ (P
k20
nn′ , P

k11
nm′)T, |k| ≤ K,
q2}Xwb�V
 Qn′ , 	- Q−1

n′ Mn′Qn′ = Jn′ eXwPW:Æ'>, )
[(〈k, ω〉 − Ωn)I2 − Jn′ ](F̃ k20

nn′ , F̃ k11
nm′)T = i(P̃ k20

nn′ , P̃ k11
nm′)T, |k| ≤ K.
qJ_

(F̃ k20
nn′ , F̃ k11

nm′)T = Q−1
n′ (F

k20
nn′ , F k11

nm′)T,

(P̃ k20
nn′ , P̃ k11

nm′)T = Q−1
n′ (P

k20
nn′ , P k11

nm′)T.yWXDPW:Æ'>?��, k&�xl7h:

(〈k, ω〉 − Ωn − µ1)(F̃
k20
nn′ ) = i(P̃ k20

nn′ ), (〈k, ω〉 − Ωn − µ2)(F̃
k11
nm′ ) = i(P̃ k11

nm′),!
(
〈k, ω〉 − Ωn − µ −1

0 〈k, ω〉 − Ωn − µ

)(
F̃ k20
nn′

F̃ k11
nm′

)
= i

(
P̃ k20
nn′

P̃ k11
nm′

)
.�- (F k20

nn′ , F k11
nm′)T, n ∈ Z2

1 \ L2, n
′ ∈ L2, ℄�

(
F k20
nn′

F k11
nm′

)
= iQn′

(
P̃ k20
nn′

P̃ k11
nm′

)
1

〈k, ω〉 − Ωn − µ
+ iQn′

(
P̃ k11
nm′

0

)
1

(〈k, ω〉 − Ωn − µ)2
.}3W

εν+1 = cγ−(4p+1)(rν − rν+1)
−cK(4p+1)(τ+1)

ν ε
4
3
ν&k

∣∣∣∣
(
F k20
nn′

F k11
nm′

) ∣∣∣∣ ≤ cε
K2τ

γ2
e−ρ|n+n′|e−|k|r,

∥∥∥∥
(
F k20
nn′

F k11
nm′

)∥∥∥∥ ≤ cεν+1
K

(4p+1)(τ+1)
ν

γ(4p+1)
≤ ε

1
3
ν+1.j7*n3W, k&�?�-:

|Fkl00|O ≤ γ−(4p+1)K(4p+1)(τ+1)|Pkl00|O, 0 < |k| ≤ K,

|F k10
n |O, |F k01

n |O ≤ γ−(4p+1)K(4p+1)(τ+1)εe−|k|re−|n|ρ,

|F k11
nn′ |O ≤ γ−(4p+1)K(4p+1)(τ+1)εe−|k|re−|n−n′|ρ,

|F k20
nn′ |O + |F k02

nn′ |O ≤ γ−(4p+1)K(4p+1)(τ+1)εe−|k|re−|n+n′|ρ.<
qZS�<{~E?:
�, �6e�o?. �mS	X�:
���, ;?Æ'>[(;?GM1	-�� (A5) � (A6), 8�z� [15]. �., �#X�I7	%.



690 o M N � 52Z&�x)��I7	%~E�n?J_. RmJ^ s, ε, r, γ �~k? ν ≥ 1, J_
rν+1 = r

(
1−

ν+2∑

i=2

2−i

)
, εν+1 = cγ−(4p+1)(rν − rν+1)

−cK(4p+1)(τ+1)
ν ε

4
3
ν ,

ην+1 = ε
1
3
ν+1, Lν+1 = Lν + εν , sν+1 = 2−2ηνsν = 2−2(ν+1)

(
ν∏

i=0

εi

) 1
3

s0,

ρν+1 = ρ

(
1−

ν+2∑

i=2

2−i

)
, Kν+1 = c

(
1

ρv − ρv+1
ln

1

εv+1

)
,.� c e�n, �n r0, ε0, L0, s0 � K0 e�J_� r, ε, L, s � ln 1
ε
. I7bo[(gw�8�`� [15].0�x)0!U?�P�-.�{/�?a�, � O−1 = O, K−1 = 0. E�}C ν � KAM I7^�>��G&�?�n'�, [��I7?trM?.

Rν+1 =
⋃

Kν<|k|≤Kν+1,n,m,n′

(Rν+1
k ∪Rν+1

kn ∪Rν+1
knm ∪ Cν+1

knn′(γ)),.�
Rν+1

k =

{
ξ ∈ Oν : |〈k, ων+1〉| <

γ

Kτ
ν+1

, |k| 6= 0

}
,

Rν+1
kn =




ξ ∈ Oν :

|〈k, ων+1〉 ± Ων+1
n | < γ

Kτ
ν+1

, n ∈ Z
2
1 \ L2,

|〈k, ων+1〉 ± µν+1
j | < γ

Kτ
ν+1

, j ∈ 1, 2





,

Rν+1
knm =




ξ ∈ Oν :

|〈k, ων+1〉 ± Ων+1
n ± Ων+1

m | < γ

Kτ
ν+1

, n,m ∈ Z
2
1 \ L2,

|〈k, ων+1〉 ± Ων+1
n ± µν+1

j | < γ

Kτ
ν+1

, n ∈ Z
2
1 \ L2, j ∈ 1, 2





,

Cν+1
knn′ =

{
ξ ∈ Oν : |det(〈k, ων+1〉I4 ±Mν+1

n ⊗ I2 ± I2 ⊗Mν+1
n′ )| < γ

Kτ
ν+1

, k 6= 0, n, n′ ∈ L2

}
,.�

ων+1(ξ) = ω(ξ) +

ν∑

j=0

P0l00(ξ),

∣∣∣∣∣

ν∑

j=0

P
j
0l00(ξ)

∣∣∣∣∣
Oν

< ε,

|Ων+1
n (ξ)− Ωn(ξ)|Oν

≤
ν∑

j=0

|P 011,j
nn | ≤ ε.| 5.1 }C ν + 1 � KAM I7�, : |k| ≤ Kν ^, 7*n	;e+M#t?, a.�EU�GTm?~�' Rν+1.
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k
meas

( ⋃

Kν<|k|≤Kν+1

Rν+1
k

)
≤ cKb

ν+1

γ
1
p

K
τ

p(p+1)

ν+1

= c
γ

1
p

K
τ

p(p+1)
−b

ν+1

,

meas

( ⋃

Kν<|k|≤Kν+1,n

Rν
kn

)
≤ cK2+b

ν+1

γ
1
p

K
τ

p(p+1)

ν+1

= c
γ

1
p

K
τ

p(p+1)
−b−2

ν+1

,

meas

( ⋃

Kν<|k|≤Kν+1,n,m

Rν+1
knm

)
≤ c

γ
1
p

K
τ

p(p+1)
−b−4

ν+1

,

meas

( ⋃

Kν<|k|≤Kν+1,n,n′

Cν
knn′

)
≤ c

γ
1
4p

K
τ

4p(4p+1)
−b−12

ν+1

.| 5.2 }�� 5.5 �EU`g�� (A6), $Ua[e
	k/&+?,4, > 9Uw
~�	;+o#k+Uw, 1V><����G?7�P�-, 0���{I7}XwP�C�?�n'�Tgw. &�?��x)X�?�-.S	 9� KAM I7, �G�n'?�P, �
kY` 5.6 � τ > 4p(4p+1)(12+ b+1), S	 9� KAM I7	%, k-E�G?�Pe
meas

( ⋃

ν≥0

Rν+1

)
= meas

[
⋃

ν≥0

⋃

Kν<|k|≤Kν+1,n,m,n′

(
Rν+1

k ∪Rν+1
kn ∪Rν+1

knn′ (γ) ∪ Cν+1
knn′(γ)

)
]

≤ c
∑

ν≥0

γ
1
4p

Kν+1
≤ cγ

1
4p .�., �#{Jo 3.1 ��	%?xw$U�e: Xe��I7%I, }�X�?I7	%�, rg�Ha%
	3Æ
�6G
ÆT�n�?�b$�e, �6;�Z?GM1eTX�GM1?tD 97y; Xe��gwp, �/I7	%�N12g
y?J_p� “�G” b�`I7�gw?
y?��e, 0�u�{I7}Xw�n?��P'�Tgw, �x){�P�-. 
	dg
w 9� KAM Jo><Jo 0.1.;Qfi
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A KAM Theorem for 2-dimensional

Nonlinear Schrödinger Equations with

Forcing Terms and (2p+ 1)-nonlinearities

XUE Shuaishuai

(School of Mathematics, Nanjing Audit University, Nanjing, Jiangsu, 211815, P. R. China)

Abstract: In this paper, we prove an infinite dimensional KAM theorem and apply it
to study 2-dimensional nonlinear Schrödinger equations with different large forcing terms and
(2p+ 1)-nonlinearities

iut −∆u+ ϕ1(ω̄1t)u+ ϕ2(ω̄2t)|u|2pu = 0, t ∈ R, x ∈ T
2

with periodic boundary conditions. We obtain the existence of a Whitney smooth family of
small-amplitude reducible quasi-periodic solutions.

Keywords: Schrödinger equation; reducible KAM tori; small divisor; quasi-periodic


