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Abstract

We consider the two-dimensional nonlinear Schrédinger equation

iuy — Au + |u|2pu+H(x,u,12)=0, teR,x eT?
with periodic boundary conditions, where the nonlinearity H (x, u, it) = anozl o (X) |u|2PT2my s a real
analytic function in a neighborhood of the origin. We obtain, through a KAM algorithm, a Whitney smooth
family of small-amplitude quasi—periodic solutions.
© 2023 Elsevier Inc. All rights reserved.
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1. Introduction and main result

Many PDE:s arising in physics can be seen as infinite dimensional Hamiltonian systems. The
dynamics of linear Hamiltonian PDEs is quite clear. A natural question is to know what hap-
pens of these solutions of linear Hamiltonian PDEs under the effect of the nonlinearity. There
have been many remarkable results which reflected some of the main ideas involved in KAM
(Kolmogorov—Arnold—Moser) theory on the persistence of quasi-periodic motions under pertur-
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bations. It is a full fledged theory and it provides a systematic tool for the analysis of many
dynamical systems and it also has relations with other areas of analysis.

The central question of KAM theory is: do “most” of the solutions of an integrable PDE
persist, just slightly deformed, under the effect of a perturbation? The main source of difficulties
is the fact that one has to deal with the resonances and small divisors.

There are two main approaches to difficulties. On the one hand, the approach, based on a
combination of a Nash-Moser implicit function iterative scheme and a Lyapunov-Schmidt bi-
furcation, was greatly developed by Craig, Wayne, Bourgain [11-17,20,40]. The scheme of
Craig-Wayne-Bourgain (CWB for brevity) was used originally as a substitute of the usual KAM-
scheme in situations involving multiplicities or near-multiplicities of normal frequencies. These
papers renounce to use the cumbersome second Melnikov conditions by solving angle depen-
dent homological equations. The advantage is less Hamiltonian and more flexible than the KAM
scheme to deal with resonant cases. This approach is particularly inspiring for PDEs in higher
space dimension but to a high cost: the approximate linear equations are variable (quasi-periodic
in time) coefficients. Moreover, it only establishes persistence of the Invariant tori but no re-
ducibility and no information on linear stability. On the other hand, the use of a combination
of KAM algorithm and Birkhoff normal form [4,19,21-23,25-39,41-43,46,47]. KAM machin-
ery is built up with infinite many KAM iteration steps. Roughly speaking, each KAM step is a
change of variables which transforms the Hamiltonian into a nice normal form plus a smaller
perturbation. For this purpose we have to solve some homological equations which forces us to
assume that the tangential frequencies and normal frequencies (infinitely many) together satisfy
some non-resonant relations. Therefore, KAM theory is a collection of ideas of how to approach
certain problems in perturbation theory connected with small divisors. In order to satisfy this
condition, one must discard some parameters. In general, KAM machinery includes two parts:
analytic part which deals with the iteration and proves convergence under some small divisor
conditions, and geometric part which proves that the parameter set left after infinitely many
times iteration has positive Lebesgue measure. The advantage of the method from the finite di-
mensional KAM theory is the construction of a local normal form in a neighborhood of the
obtained solutions in addition to the existence of quasi-periodic solutions. The Birkhoff normal
form analysis implies that the frequencies of the expected quasi-periodic solutions vary with
their “amplitudes”, allowing to prove that the Melnikov non-resonance conditions are satisfied
for most amplitudes. The nice normal form is not only an important outcome of the KAM the-
ory, but also a very important ingredient in the proof. The normal form is helpful to understand
the dynamics of the corresponding equations. For example, one sees the linear stability and zero
Lyapunov exponents. Both approaches are Newton’s quadratic iteration schemes. By now, KAM
theory for 1-dimensional PDEs has reached a satisfactory level while KAM theory for multidi-
mensional PDE:s still contains few results, more precisely, when considering PDEs especially in
space dimension larger than one, normal frequencies appear in huge clusters of increasing size.
A satisfactory future is under construction.

There have been many remarkable works which reflected some of the main ideas involved in
KAM theory and usually studied parameter families of PDEs. The first breakthrough result in this
direction is made by Bourgain [11,14]. Bourgain’s technique is a multiscale inductive analysis
based on the repeated use of the resolvent identity. Another stream of results for multidimensional
PDEs is made by Eliasson—Kuksin [22]. The authors have developed a tactic to construct quasi-
periodic solutions for a higher dimensional Schrodinger equation with a convolution potential
on T, which proved linear stability. Eliasson—Kuksin require a subtle analysis and the intro-
duction of the concept of “Toplitz-Lipschitz matrices” in order to extract asymptotic information
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on the eigenvalues, which is important to verify the second Melnikov non-resonance conditions.
An essential ingredient in [22] is that finitely many Lipschitz domains cover a neighborhood of
00. Geng—You [27,28,30] proved that the higher dimensional nonlinear beam equations with a
constant mass potential, nonlocal Schrodinger equations and nonlinear Schrodinger equations
with the multiplier Mg admit small-amplitude linearly stable quasi-periodic solutions. Chen—
Geng [18] proved that the higher dimensional nonlocal wave equations with the multiplier Mg
admit small-amplitude linearly stable quasi-periodic solutions. Péschel [37] described the con-
struction of almost-periodic solutions for a particular Schrodinger equation on a finite x-interval,
depending on some potential V.

All the above results are, for nonresonant, typically using the convolution operator V (x) or the
multiplier Mg as external parameters in some way as to avoid resonances. Despite under these
simplifying conditions the problems are in general complicated. When the equations have no
external parameters, one must deal with the resonances. Bourgain proposed the idea of choosing
an appropriate set of tangential sites S wisely, such that the Birkhoff normal form Hamilto-
nian admits quasi-periodic solutions which excite only the Fourier indexes of the tangential
sites. A similar strategy was used by Geng—Xu—You [25] to prove that two dimensional cu-
bic Schrodinger equation with periodic boundary conditions admits a family of small-amplitude
quasi-periodic solutions. The authors carefully choose the tangential sites {iy, - - , i} C Z? in
order to make the normal form as sparse as possible so that the homological equations in KAM
iteration are easy to be solved. Wang [40], extending the strategy, proves that the energy super-
critical nonlinear Schrodinger equations on T¢ admit small-amplitude quasi—periodic solutions.
The proof used a bifurcation analysis to prove the invertibility of appropriate linearized operators.
The author requires a subtle analysis and the introduction of the concept of “genericity condition”
in order to restrict the sizes of these block diagonal matrix with finite types of blocks. We also
mention the existence results of large families of stable and unstable quasi-periodic solutions of
Procesi and Procesi in [38,39] to arbitrary dimensions for the translational invariant cubic NLS
(H has no explicit x-dependence). The authors give the concept of generic on the tangential sites.
The concept of generic in [38,39] seems to bear a certain resemblance to the conditions in [40].
The proof of these above conditions is rather complex and takes finer combinatorial analysis. In
[25], the existence of admissible set S is proved for p = 1 by a very direct and lengthy computa-
tion. The present paper (where we consider a larger class of NLS with nonlinearity [u|>”u) need
a more conceptual proof based on estimates of integral points on algebraic curves, valid for all
p. We essentially use the concept of generic in [38,39]. Thus the existence proof of admissible
set S in our case refers to [38].

The present paper, we consider NLS,

ivy — AuA+ [u)Pu+H(x,u,i)=0, teR,xeT? (1.1)

with periodic boundary conditions, where the nonlinearity H (x, u, i) = Y o o (x) |u|?P+2my
is a real analytic function in a neighborhood of the origin.

When the Hamiltonian nonlinearity does not depend on the space variable x, the equation is
translation invariant. Note that the results by Geng—Xu—You [25] on the translational invariant
cubic NLS imply existence of quasi-periodic solutions. Geng—Xu—You [25] were able to exploit
the corresponding “Special form™ conservation, which is preserved along the KAM iteration, to
fulfill the nonresonance conditions. A essential ingredient is that such symmetry enables to prove
that many monomials are never present along the KAM iteration. In the case of Eq. (1.1), this is
a much more difficult situation than the Eq. in [25] because Eq. (1.1) is explicit dependent on the
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spatial variable and the eigenvalues appear in clusters of unbounded size. In [22] the convolu-
tion potential plays the role of “external parameters”, while in the case of parameter independent
Eq. (1.1) we must use a systematic study of the Birkhoff normal form. We also mention the
existence results of large families of stable and unstable quasi-periodic solutions of Procesi and
Procesi in [38,39] to arbitrary dimensions for the translationally invariant cubic NLS with no
explicit x-dependence. Note that the results by Wang in [40] construct time quasi-periodic solu-
tions to the energy supercritical NLS with explicit dependence on the spatial variable on the torus
in arbitrary dimensions. Wang’s technique is a bifurcation analysis, by the Nash-Moser method,
and does not prove the reducibility.
In this paper we need to address and analyze three issues:

e Choosing an appropriate set of tangential sites S = {iy, - -- , i3} C Z? in order to make the
normal form as simple as possible, we need to combine the concept of “Admissible Set”
of [25] with the concept of generic of [38,39]. As in [25] the homological equations can
be decomposed into a set of linear equations of dimension at most four. As a result, the
homological equations are easier to solve in each KAM iteration steps.

e Eq. (1.1) is explicit dependent on the spatial variable and the eigenvalues appear in clusters
of unbounded size. We deduce from the results of “Block Decomposition” of [22]. Essential
ingredients for Block Decomposition are that the normal frequency clusters are separated

into small clusters (of cardinality < 2) which are sufficiently distant from one another and
log A .
the total number of small clusters is at most e®elogd < A®. It should be pointed out that the

second property is of course special for the case x € T2. We have to modify that strategy in
various non-trivial ways, which will become apparent later on in the section 4, 5, 6.

e The “Toplitz-Lipschitz” property of the perturbation. An key step in [22] is that finitely many
Lipschitz domains cover a neighborhood of co. The goal is to extract asymptotic information
on the eigenvalues, so verify the assumption of the second Melnikov non-resonance condi-
tions are objective. In this paper, we use the elementary repeated limit to substitute Lipschitz
domain by Eliasson—Kuksin [22], thus our measure estimates are easier and the whole proof
is more KAM-like.

The core of the problem consists in our proof is that the equations have no external parameters
and the nonlinearities explicit depend on the spatial variable. In order to avoid the difficulty posed
by the violating of the external parameters, we shall use Birkhoff normal form techniques to
verify nonresonance conditions. For multidimensional PDEs, it is a challenge due to complicated
resonance phenomena. When the nonlinearities depend on the spatial variables, a subtle problem
is that there exist normal frequency clusters of unbounded size. A essential ingredient is that
the normal frequency clusters are separated into clusters which are sufficiently distant from one
another. In all steps we need to combine the concept of “Admissible Set” S of [25] with the
structure of “Block Decomposition” of [22]. This is the source of most of the specific problems
and complexity for the NLS. Very recently, M. Berti et al. [10] used “clusterization properties”
of the eigenvalues and suitable separation properties of the singular sites to prove long time
dynamics of Schrodinger and wave equations on flat tori, which extend [5,9] abstract Nash—
Moser theorem to construct quasi-periodic solutions (see also [7,8] for growth of Sobolev norms
for quasi-periodic solutions on 7 and [6] on compact Lie groups and homogeneous spaces; see
[1-3] for quasi-linear equations).

More concretely, the operator A = —A with periodic boundary conditions has eigenvalues
{A,} satisfying
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hn = 0P =1 P+ nal 0 = (n1.m2) € 22
and the corresponding eigenfunctions ¢, (x) = %e“""‘ ) form a basis in the domain of the oper-

ator.
It is convenient to define two linear maps:

7:7° > Span(S),m(ej)=1ij;n: /Sy nee;) =1,
where the space Span(S) has a basis over Z given by the elements {if,---,ip} C Z? and
e1,- -, ep are the elements of the standard basis of the lattice Z°.

For the definition below, it is again more convenient to define S

Definition 1.1. Consider the elements

2p b
Xp={l:=) ej =) ljej.1#0,-2¢;¥j.n(l) € {0, —2}}.
k=1 j=1

Notice the constraint n(l) = Zf-:l l; € {0, =2}, we denote all these elements by X9, X;z re-
spectively.

The purpose of symbols, such as X, X 2 and X ;2, is to impose a list of linear and quadratic
constraints on the choice of Admissible Set. These constraints make the normal form as simple
as possible.

Definition 1.2. A finite set S = {i{,---,ip} C Z2%, b > 2 is called admissible if
1. For any choice of 2g + 1 vectors i; € S the following holds: If there exists a further vector

w € Z? such that

i1 —ip+iz—ig+---+ig1 —w=0,
lit|> = lia|? + [i3]> = lig)® + - - + lizg 111> — [w|* =0,

then w € S.
2.ForallnjeZ, Y )_n;=02<Y"_|nj| <2 +2,

b
> njij #0.
j=1

3. For any n € Z? \ S, there exists at most a point {I, m} € Zb*? with [ = leg-:l liej € Xp,
m € 7?2\ S such that

n—m+le’»zlljij:O

b
s = lje.,'eXO;
nl> = m2+ Y0, 1lij1> =0 § !

or
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n+m+ Y 1ij=0

b
l=§ lieje X2
b .2 ’ J=J p
I 4 m|* + 30 lij1> =0 o

We say respectively that n, m are resonant of the first type (In symbols, n,m € L£1), n(!) = 0 and
the second type (In symbols, n,m € L) n(l) = —2. By definition, n, m are mutually uniquely
determined. Moreover, for all [ = Zl}:l liejeX ;2,

b b
23 il P41 1R #£0.
j=I j=1

4. Any n € Z?\ S is not resonant of both the first type and the second type, i.e., there exist no
1=Y"_1lje; e X, I'=3"_ l'e; e X,? andm,m' € Z*\ S, such that

b .
n—m+3y_y1ji;=0
Il = Im >+ 325, 411 =0
b .
n+m/+2j:11;-lj =0
n? -+ m/ > + 30 1112 =0

Remark. In Appendix A of [25], a concrete way of constructing the admissible set is given. It is
plausible that any randomly chosen set S is almost surely admissible. The proof of the existence
of S of the above Definition which is parallel to special case in [38]. In Proposition 14 of [38],
Procesi-Procesi prove that for d =2 and every b there exists infinitely many choices of generic
tangential sites § = {i{,--- , iy} C Z°.

For given b vectors in 72, say {i1, -+, ip}, we denote Z% =72 \ {i1, -, ip}. In order to have
a compact formulation when solving homological equations, we need to decompose Z%\Ez.

Decomposition of Z%\Lzz For a nonnegative integer A we define an equivalence relation on
Z%\Lz generated by the pre-equivalence relation

a~b<={lal®* = b |a —b| < A}.

Let [a]a denote the equivalence class (block) and let (Z%\L’z) A be the set of equivalence classes.
It is trivial that each block [a]A is finite (we will write [-] for [-]A).

log A
e Case I: a| < A, we know &{b: |a| = |b|, b € Z?} < elelozd « A,
1
e Case2: |a| > A, we have {b: |a| = |b|,|a —b| < A3, be 7%} <2.

Now we state the main theorem as follows.
Theorem 1. Let S = {iy,--- ,ip} C 72, (b > 2), be an admissible set. There exists a Cantor set C
of positive—measure such that for any &€ = (&1, - -, &p) € C, the nonlinear Schrodinger equation

(1.1) admits a small-amplitude, quasi—periodic solution of the form

6
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b
u(t.x) =Y & g, + 0(E13). ) = e=P1ij12 + 0 (&17).
j=1

This paper is organized as follows: In section 2 we give an infinite dimensional KAM theorem;
in section 3, we give its application to two-dimensional Schrodinger equations. The proof of the
KAM theorem is given in section 4, 5, 6.

2. An infinite dimensional KAM theorem for Hamiltonian partial differential equations

In this section, we will formulate an infinite dimensional KAM theorem that can be applied
to two-dimensional Schrédinger equations under periodic boundary conditions.

We start by introducing some notations. For given b vectors in Z2, say {if,--- ,ip}, we
denote Z? = 7?2 \ {i1,---,ip}. Let w = (-, wy, ")neZ%’ and its complex conjugate w =
G-y wy, - )ner- We introduce the weighted norm

lwlo =Y lwale",
neZ%

where |n| = ,/n% +n%, n=(ni,ny) €Z* and p > 0. Denote a neighborhood of T? x {I =
0} x {w =0} x {w =0} by

Dy(r,s)={0,1,w,w) :|Imb| <r, |I| <52, lwll, <s,llwll, <s},

where | - | denotes the sup-norm of complex vectors. Moreover, we denote by O a positive—
measure parameter set in R”.
Leta=(--,a,- ~-)n€Z%, B=C(C-,PBn, - ')neZ%* a, and B, € N with finitely many non-

zero components of positive integers. The product w*w? denotes 1, wn" 11)5”. For any given

function

FO,1,w,w)= ZFaﬁ(e, Dw®w?, (2.1
a’ﬁ
where Fog = Z Frap(§)1 Leitk:0) g 3‘5’ function in parameter £ in the sense of Whitney,
keZb 1eNb
we denote
IFlo=>_ [Fuaplo [1'1e*M™ [w*||nF| 2.2)
o,B.k,l

where | Fyqp|o is short for

| Friaplo = sup Z 10 Fuiap!.
§€00<q<4p

7
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(the derivatives with respect to & are in the sense of Whitney). We define the weighted norm of
F by

I Fllp,¢.s).0= sup [[Flo. (2.3)

Dy(r,s)

To a function F, we associate a Hamiltonian vector field defined by
Xr=(F,—Fp, {iFwn}neZ%’ {(—iFg, }nez%)

Its weighted norm is defined by’

1
1XFlp, 0.0 = 1F1D, 5.0 + _2||F0||Dp(r,s),(9

+ sup [— Z 1 F ,,||oe‘""’+ > I Fa,lloe"”] (2.4)
Dp(r. $) 3 neZ2

Suppose that S is an admissible set.
We now describe a family of Hamiltonians studied in this paper. Let

Hy=N + B+ B,
=(@E. D+ Y. EzZnt YU+ T 0)znZn + (Qm — (7 0))zmZm],

neZi\L, nels
b= Z (2n)2p(l++a)<1+a>252 ZnZm,
l=l+7l*€X;2 nely

aeN? It ta|=p—1

3 — P (p=1)\( P+l tas s
b= 2 (2n)2p(l++a)<l_+a>zgz “nZm,
I=It—1"ex,? nel,
aeN? It ta|j=p—1

where & € O is a parameter, the phase space is endowed with the symplectic structure d1 A d6 +

i) dzg Adzy.
neZ?
For each & € O, the Hamiltonian equation for Hy admits special solutions (6, 0, 0, 0) — (6 +
wt, 0, 0, 0) that corresponds to an invariant torus on the phase space.
Consider now the perturbed Hamiltonian

H=Hy+P=N+B+B+P®,1,2z7%&). (2.5)

' The norm || - || Dy(r.s),0 for scalar functions is defined in (2.3). The vector function G : D, (r,s) x O — C™,
(m < 00) is similarly defined as ||G||Dp (r,s),O = Z;"Zl G ”Dp(r,S),(9~

8



S. Xue Journal of Differential Equations 364 (2023) 1-52

Our goal is to prove that, for most values of parameter £ € O (in Lebesgue measure sense),
the Hamiltonians H = N + B + B + P still admit invariant tori provided that || X p|| Dp (15,0 is
sufficiently small.

In order to have a compact formulation when solving homological equations, we rewrite H
into matrix form. Let Z[n] = (Zi)ielnla Z[n] = (Z_i)ieln]~

H=(w,I) +Z<A[n]Z[ Z[n] )+ Z [+ (T, 0))znzn + (2 — (I, (U))Zmzm]-i-B-f-B-i-P
[n] nel,

where A[,) is fi[n] x #[n] matrix.
We consider Hamiltonian H satisfying the following hypotheses:

(A1) Nondegeneracy: Suppose for V& € O,

rank(aa%,... ,36%)2& .

rank(%"z_—‘;“|v;8,1§|ﬂ|§b_,(+1)=b :
where « is a given integer with 1 <« <D, 3‘2‘ AR 33‘?’ are vectors of all 1—order partial deriva-
tives in £, and for a fixed 8 Wy _ (9”3"”1 il 'wh)

s EF = —asﬁ AERE 32

(A2) Asymptotics of normal frequencies:

Qu=e"n>+Qu.a>0,neZ)\Ls, Q2.7

where €,’s are C ;;f’ (O) functions of & with Cgf (O)-norm bounded by some positive constant
L.

(A3) Melnikov’s non—resonance conditions: For n € Z%\Ez, let
— poll
Al = Qu) + (P, Dieml.jeim = (Quj + Pii Dielnl, jeln)»

where if i # j, Q;; =0;if i = j, Q;; = ;. When |i — j| > K, Pl.(]).11 =0, where Ap,s are C;‘f

functions of & with C 3‘57 -norm bounded by some positive constant L, that is to say

sup max [0%A <VL.
sup max 7 Al <

We assume that w(§), A (§) € Céf (O) and there exist y, t > 0 such that, for |k| < K,

14
[k, w)| > F,k?é(),

|k, ) £ % |>Kl jelnl.

(ky @) £ 75| > Kl i elml. jelnl.

9
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where %;, X j are Apy) and Apy’s eigenvalues respectively.
Let

_ (@ te) —cagite
Cload* —(@u—(-op )

p—1 p+1
where C(L, ) =3 |+ j-ex 2 ﬁ(l++a>(l‘+a>'
aeN? |1t 4| =p-1

We assume that w(§), A,(€) € Cé‘f(O) and there exist y, T > 0 such that® (here I, is 2 x 2
identity matrix)
[k, w) £ X; :i:,u,|> - k#0,i€[n], j€{l,2},
Ik, w) £ pjl = 2= K k#0,j€{1,2},
where X,» is Apy) eigenvalue and g, o are A,/ eigenvalues.

ldet (k, )] £ Ay @ I+ 1 @ Ay)| > %,k £0,n,n € L.

(A4) Regularity of B+ B+ P: B+B+ Pisreal analyticin 7, 6, w, w and Céf Whitney smooth
in &; in addition

1XBllp,¢.s.0 <L 1XpPlD,ws.0 <€
(AS) Toplitz-Lipschitz property: For any fixed n, m € Z2, ¢ € 7% \ {0}, the limits

2B+ P) Pz Quwn®n +P) 2B+ P)
lim ————~>  lim _ lim —~
=00 QW41 OWm—tc 1—00 OWnt1c0Wmtic

’

=00 Wy 410 0Wm—tc
exist. Moreover, there exists K > 0, such that when |t| > K, N + B+ B + P satisfies

*(B+ P) i 2B+ P)

[———— el o S *|”+m\/),
OWyg1cOWp—re 1700 OWpgrcOWi—sc p(rs). |7
| 82(ZnEZ% $2pWnWn + P) i 32(2"62% $2w Wy + P) I —|n—m|p
— — lim - < —e
OWy 4 rc0Wpp 11 t—00 OWp 4 1c0Wpy11c D90 |7] '

2 The tensor product (or direct product) of two m x n, k x | matrices A = (a;;), B is a (mk) x (nl) matrix defined by
aj B -+ apB
A®B=(q;B)=| - - o |-
amB -+ amnB

|| - || for matrix denotes the operator norm, i.e., | M| = Sup|y|=1 |My]|. Recall that w and A4,,, A;, depend on &.

10
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*(B+ P) oy 0B+ P) £ —inmlp

— i <
” 871)n+tcawm—z‘c =00 au_)n-HcaU_)m—tc HDP(H)'O a |t|

Now we are ready to state an infinite dimensional KAM Theorem.

Theorem 2. Assume that the Hamiltonian Ho + P in (2.5) satisfies (A1)—(AS). Let y >
0 be small enough, there exists a positive constant ¢ = (b, K, t,y,r,s,p). Such that if
”XP”Dp(r.x).O < &, then the following holds true: There exist a Cantor set O, C O with

1
meas(O\ O, ) = O(y *) and two maps (analytic in 6 and Cé‘f’ iné&)

\IJ:Tbey—>Dp(r,s), cb:(?y—)]Rb,

where WV is yﬁp -close to the trivial embedding Yy : Tb x O — TV x {0, 0, 0} and @ is e-close to

the unperturbed frequency w. Then for any & € O, and 6 € T?, the curve t — W(O + & (€)1, £)
is a quasi-periodic solution of the Hamiltonian equations governed by H = Hy + P.

Remark. As far as we know Theorem 2 seems to bear a certain similarity to the abstract
KAM theorems existing in the literature. Some of the key ideas follow closely to the ones of
[22,24,25,38]. However, in order to prove the Theorem 2 which we can apply to study small-
amplitude quasi-periodic solutions of the (1.1), we need to remove all the terms of degree 2p + 1
that do not commute with the linear part. We have underlined that in (1.1) there is no external
parameters to modulate in order to fulfill non-degeneracy and nonlinear Schrédinger equations
explicit depend on the spatial variable. This requires a subtle analysis and the introduction of the
results of “Block Decomposition”. Mention that the dimension of tori is two is essential to our
analysis for nonlinear Schrodinger equations. We have to modify that strategy in various non-
trivial ways, which will become apparent later on in the section 4, 5, 6. This is the source of the
specific problems and complexity for the NLS (1.1).

3. Application to the two-dimensional Schriodinger equations
We consider the two—dimensional nonlinear Schrodinger equations
iuy — Au+ uPPu+H(x,u,i)=0, teR,xeT? (3.1)
with periodic boundary conditions
u(t,x1 +2m,x2) =u(t,x1,x2 +2m) = u(t, x1, x2),
wllle.re H(x,u,u)= ano: 1 Om (x)|u)*PT2™my is a real analytic function in a neighborhood of the
origin.
The operator A = —A with periodic boundary conditions has eigenvalues {1, } satisfying
dn = In? = Im1? + In2 0 = (01, ) € Z°

and the corresponding eigenfunctions ¢, (x) = %e“’“‘) form a basis in the domain of the oper-
ator.

11
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Equation (3.1) can be rewritten as a Hamiltonian equation
Uy =1i— 3.2)

and the corresponding Hamiltonian is

1 > 1
H={(Au,u +—/u2p+2dx+ 7/01 ) |u PP gy 3.3
(Auu) = [ lul X_jp+1+m m (0 ul (3.3)
T2 m=1 T2

where (-, -) denotes the inner product in L2,
Let

u(x) =Y qupn(x).

neZ?

System (3.2) is then equivalent to the lattice Hamiltonian equations

. G
qn =1(Angn + =),
9Gn

1
G — qk qk gk ‘7/{ gk qk

D 21)2P E 19k2 9k39ky 2p+19kop 42
(p+D@m) k1 —ko+k3—kg+---+kopi1—kopyo=0

o
1 2p+2+2m
+3 m/amun S Gun (PP g, (3.4)

Tz }’IEZZ

with corresponding Hamiltonian function

_ 1 _ _ _
H= Z Andnqn + (p+ H(2m)2P Z Qi Qky k3 Gky * = Ghopr19k2p 2
neZ? ki—ko+k3—kg+--+kapt1—kap2=0
- 1
+ Y [anl ¥ angu P ax
p+1+m
m=1 T2 neZ?
= Z )‘n|Qn|2 +G 3.5)
neZ?

As in [34,35,26], the perturbation G in (3.4) has the following regularity property.

Lemma 3.1. For any fixed p > 0, the gradient G is real analytic as a map in a neighborhood
of the origin with

1Gll, <cllgl2 ™. (3.6)

12
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Proof.

1Ggllo =) |G, le"”

neZ?

<c >

n,a, f—ep,|ot|+|—en|=2p+1

<c >

o, B—ep,|a|+|B—en|=2p+1

lg

Journal of Differential Equations 364 (2023) 1-52

|qaqﬂ—€n |e\n|p

a gBen|olalp glf—enlp

2p+1
<cllg2.
The proof is completed. O
For an admissible set of tangential site S = {iy,---,ip} C Z?, we have a nice normal form for

H.

Proposition 1. Let S be admissible. For Hamiltonian function (3.5), there is a symplectic trans-

formation \V, such that

HoV=(wI)+ (Qw,w)+ A+ B+B+P, (3.7)
with
wi(E) = Pli]* + —————0:,Aps1(8)
(p+DQ@m)2r =
_ =3p 2 p+ 1
Q=7 Inf + Fan Ap®),
_ p+1 p p i i(6). -
A= 8 EE(ha) () Dt
I=It—1"eX§ nely
aeN? |IT+al=p
_ r (p-1 p+1 Lia i)
B= Z (2;—;)2P<l++a l_+a>Z§2 e wawpy,
1=t —1"eX;? nels
aeN? It 4o =p-1
5 p p—1 p+1 Lig —i(l0) = =
b= Z (271)2P<l++ot l_—i-a) Zgz ¢ Wn W,
I=It—I"eX,? nels
aeN? It 4a|=p—1
1
IPl= OGP 2wl + &P wll} + -+ P w27 F2 + 37725 2PH
_ 1 _ 1
+ P HEPP L w], + PP lw]) 4 - 4 &P EP T w20 (3.8)

+EEPTIIP PP 21T wl| D+ + PP w2,

13
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Proof. The proof consists of several symplectic change of variables. Firstly, let

l
F= q“q", (3.9)
a,ﬂe(zz)N%=ﬂ=p+1 (p+ D@17 (Lpeze (ex — BOIKI?)
Y2 @ —BOK=0,Y", 2 (@ — i) k120

() 7 (By)
g5N{ BICTRELG) }keZZZ2P

and X }, be the time one map of the flow of the associated Hamiltonian systems. For the definition
below, it is again more convenient to define H o X 11,: we define

2
A )= Y (kl, - ,kb> [Te"
J

Zj kj=r

The change of variables X }p sends H to
1
HoXL=H+(H, F) +/(1 —0{{H, F}, F} o ¢hdt
0

1
= Z)w'|51i|2 + Z Ailwal® + WApH(V]h e lgi, 1)

ieS nEZ%
p+1 ) ) )
+ 2 e Ar S lai D wal
neZ%
p+1 p P It -1 _ _
* Z (27T)2P<l++0l><l_+o( ZC] q q“q*w,w, +
I=lt—I"ex} nel,
OtGNh,|[++0[|1:p
p -1 +1 - o
2 (2m)2p (l{pF +a ) <lp +a> D @G g wnom +7' q" 4% G wawm)
l=l+7l’eX;2 nels

NP It +a|;=p—1
aE T +a|1=p (3.10)

+0(q PP wl) + g2 lwll} 4 -+ w272 + g7

+ g wll, + g lwl? + - + g1 w27 .

We remind that (n, m) are resonant pairsand/ =T -~ e X P E N? are determined by (n, m).
Next we introduce standard action-angle variables in the tangential space

qj =+/1; +Ej€i6j,6?j =1 ~|—§j€_i0-i,j es,
and
Gn = Wp, qn = Wy, N GZ%,

14
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we have

HoXk

2

1=t —i—ex,
aeNb it tal;=p-1

2

2

I=IT—I"ex;,?
aeN? |1t 4o =p—1

Q2m)2r

Journal of Differential Equations 364 (2023) 1-52

0

= (I + & 2, b

_gx,(1,+sz)+§zx,|wn| * oD e e+ )

ne 1
1
<§+)sz (481, Iy + )| wal?
neZ

+ Z p+1 P Z(I+E)2+all9ww +

(27[)217 l++0€ 1~ —|—(x m

I=It—I"€¢ nely

aeN?, |l++a|1 =p

14 p—1 p+1 Tay —ill,6) - i(1,0)
(F2e)(250) Dot amin &
nekly

_1 _ 1
+OEIP 2w + &P w4+ w222+ 2P + &2 2 w],

1
FIEPP Wl + -+ €17 2w 2P
Y hili+ Y MwaP o ————(VeA 1€), 1)
; XZ: " neo
p+1

+ e p(€)|wn|
nEZ (2 )p

p+1 p +a119
DY (2n)2p<l++a><l +a)2$2 i+

I=i+—1~ex) nel)
aEN]’,\l++a|1=p

p p—1 p+1 Lo, —ill0) - - i)
(2n)2p(l++0{>(1_+0{> 252 (e WnWm + € Wn Wi )
nel,
_1 _ 1
+OEIPT 2w + (&P w4+ w222+ 2P+ g7 2 w],

1 _
FIEPPIWIZ + -+ EPT2 w2+ 1P+ 1P
HIEPTHINWIE A+ -+ TP w]).

By the scaling in time

3
2

5 _ _
§—>83§,I—>851,9—>9,w—>87w,w—>8 w,

we finally arrive at the rescaled Hamiltonian

15



S. Xue Journal of Differential Equations 364 (2023) 1-52

H=sCr H(E3 51,0, 63w, e2)
=N+A+B+B+P=(w 1)+ (Quw,w)+ A+B+B+P,

where
N=Y"ePnLi+ Y e Paiwal” + —2< VeAp1(6).1)
(p+ D@m)?»
ieS neZ2
(2 )sz p(E)wa|?,
nEZ
o E) = PP g A, @)
’ (b FDEry A
3P0, 12 p+1
Qn—g Il’l| +(2 )Zp p(s)
_ p+1 ot i {1.6)
A— Z (27‘[)2P<l++a)(l _}_a)ZSZ wnwm’
1=r+-1~ex9) nely
aENh.\I++O(\1 =p
_ p+1 Ly i(,0)
B= Z (zn)Zp( )(l +a) §277 Wn Wm,
1=1+ 1= ex,? nels
aer.\l++a|1:p—l
3 — P (p-1 p+1 Lia —i(l6) = -
B= Z (2n)2p(l++a>(l_+a> Z §27" Wn W,
1=1t 1= ex;,? nels
aeNb, \1++a\1 =p—1
IPl= OGlEl” 2wl + &€ wld + -+ 62 w]| 272 4 372 2
_ 1 _ 1
+ &P THEPPE I wl, + PIEPP w4 - 4 P EPT w20 (3.11)

+ &2 EPTIP 4 PP 2P w4 4 PP lw]l?). O

We will show that, by a nonlinear symplectic coordinates transformation, the normal form
in Proposition 1 can be transformed into the more elegant form. For this purpose, we need the
following lemma from [44].

Lemma 3.2. For any k1, ka,--- , ki € z>b, non-singular m x m matrix Si with S]T S1 =1, the
map ®¢o: (60,1, w,w) —> (04, I+, z, z) defined by

0L =06
Iy =1- ZT:I w;w;k;
z=S1Ew
z=S1Ew
is symplectic with diagonal matrix

16
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S. Xue
E=E(ki,ky, - kn) =diag(e' 0 620 .. eltn )

The proof of the above lemma refers to [44]. Although the proof is trivial, the consequences

of this result are of importance.
A nonlinear symplectic coordinates transformation ®:

9+ :9
Lo=1=Y (wanl ™+ Wyl ™) = D Wil — wiy iyl )
nely n'ely
i{I+.,0) > _ —i(I*,0) N
Zn =Sl ¢ . 9 Wn , f” :S] ¢ 7407 lf)n ,n €£1
Zm 0 ALY Wm m 0 e~Hm.0) Wm
Zn A () Wy Zn e~ W
= —il-.0 N = -0 - ,ne[:z,
Zm 0 e~ HI7.0) Wm im 0 gm0 Wm
In =Wy, Zn = Wy, N EZ%\(EI U Ly).
It is again more convenient to define H o W o ®: we define t = e 3P (|iy|?, |ia]?, - - -, lip|?), £ =

(gi]agiza Tt ’Eib)7 |l| =l+ +l_,

G=(VeAp1@©P+4 Y (r+ 1>4[<l+ia ) (l_’iaﬂ g,

1=1t—1~ex?)
aeNh4\l++a\l=p

We get Hamiltonian systems with the Hamiltonian

HoVo® = (w(é), 1)+ Z Q2,(8)znzn
nEZ%\(ﬁlUﬁz)

—3py 02 p+1
+ Xﬁj [(e Plnl® + (%, 0 + Gy A ®
nelL)
1 1 B
* 3 I Vedr @)+ 3o ﬁ)znzn
1 1
- (11 Ve Ap i1 €)

-3 2 - - L AN \2D
+(8 Plm|”+7 0 + o POt 3 e

1 -
T 2(p+ )@m)? ‘/E)Z”’Z’"]
+ Y Q@+ (Y 0D zaZn + (= (17, ©))zmZn] +

nely
p p—1 p+1 1 o
2 W(H—i—a)(l—i—a) Y T Gam + znzm)
nely

1=1+ 1= ex,?
aeNb it 4ol =p-1

+ PO+, 1,2,2,8)

17
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= N+B+B+P (3.12)

where

N=(w(), )+ Z Qu(&)znzn + Z [(2, + <l+» ®))ZnZn + (2 — {7, @) ZmZm]
nEZ%\L‘,z nels

wi (§) = e P> + Aps1()

TN

_ p+1
ane3Pmﬁ4—@ﬂﬂpAp@LneZ%\£1
— 1
Q=P Inl + (%0 + F55 Ap©) + 5oy (1 VeAps1 (6)
1
+ srnamm Y Oon € L
_ — 1
Q= 7P Im + (170 + F55 Ap©) + 5y (U VeAps1 (6)
1
~ smanm YO e b
_ p p—1 p+1 L.
5= Y (A )(Ae) Dt
1=1+—1—ex;,? nels

aeNb it tal;=p-1

14 p—1 p+1 Ligs =
2 Qnﬂp<ﬁr+a)<rr+a>§:52 TnZm
1=+ —1=ex;? nely
aeND It ol =p—1

s\
Il

For the notational simplicity, 1,6, H referto 14,64, H o W o ®. Where P is just G with the
(qiys+ +4qiy+ iy + iy 9n, Gn)-variables expressed in terms of the (0, I, z,, z,) variables.

H=(0, 1)+ Y (Amzm Zm) + Y [Qu + (T, 0)znZn + (Qn — (17, @) zmZn]
[n] nels
+B+B+P0O.1,2.%.£) (3.13)

=N+B+B+P
Note that Ay, is #[n] x §[n] matrix in (3.13) and
A = Qpuy + (Pi(j)'”)ie[n],je[n] = (25 + Pl-(}”)ie[n],je[n],
meﬁi#LﬂﬁzmﬁizﬁQﬁzprmmU—jL>KJﬂ“=Q

Next let us verify that H = N + B+ B + P satisfies the assumptions (A1)—(AS).
Verification of (A1): The Jacobian of w is a matrix. The entries in the matrix are polynomials in

& of degree p — 1 with integer coefficients. The coefficients of g‘;j’ are
p p—1 p+1
(27‘[)217 kl y T kl_] [ k]_]’ ) kb kl » Tt kb

18
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dw;
9E; are

_r p—1 p+1
(2”)217 kl s Ty kl_2 DI k]v Tty kb kl s Ty kb '

It is convenient to define a prime r dividing p + 1, thatis p + 1 =r’s, where r does not divide s

while the coefficients of

and ( K p+1 k ) At first we divide the Jacobian of w by p, then modulo by r. The matrix
1 b

is diagonal matrix with non-zero terms by a direct computation. Therefore, it is easy to check
that det g—’g # 0. Thus (A1) is verified.

Verification of (A2): Take a = 3 p, the proof is obvious.

Verification of (A3): This part is the same as [25], for the sake of completeness, we rewrite it as
follows: In the following, we only give the proof for the most complicated case. Let

Liw
A :(Q”+<l+1""> ~Cl g ),necz.
CUE™  —(Q— (I w)

We only verify (A3) for det ((k, w)I + A, ® I £ I, ® A,) which is the most complicated. Let
A, B be 2 x 2 matrices, we know that \] + AQ I — I ® B= (I + A)® I — I ® B. Moreover,
we have
Lemma 3.3.

|A®I+1® B|=(|A| - [B])>+|A|(tr(B))* + |B|(tr(A))* £ (|A| + |B])tr(A)tr(B)

where | - | denotes the determinant of the corresponding matrices.

The proof of this lemma may be found in standard matrix theory textbooks.

Case l.n,n" € L;.
(k, @) & Qn £ Qy

Sett=e3P(|i1)?, ial?, -+, lip)?), & = (&> &y -+ 5 &iy)s 1] =11 + 17, and notice that

{n—m-i—Z?:lljij:O

b
=0T —17=) lje; e XY
nl? = m2+ 3" 11ij1> =0 ; !

Its eigenvalues are

1
(k, 1) + (83p|n|2 + (It )+ %AA&)) +

p+1
(2m)2P ApE) + 2(p + D(2m)?»

2 F D@ K E L VeAp @)

+ <<»s—31’|n’|2 )+ (7 ng,,+1(§)>)

1

ﬂ:m(\/ﬁi\/@)

19
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e If /T =£1'T, all the eigenvalues are not identically zero due to the presence of the square root
terms.

e [T =1'", consequently [~ =1'", hence
1. if the eigenvalue is

p+1

1
R p@)) 30 T P VeApa ©)

(k, 1) + <€3p|n|2 + (T )+ —

—3p,./12 p+1 1
_<8 Pln’| +<l+»‘>+ o )2p p(§)+m<|l|,V€Ap+l(§))>
L (G- Vo

T hEnT

= (k,0) + e3P (In]* — |n1*) + (H(Apt1(E)k, E),

1
p(p+1)Q2n)%r

where H(Ap41(§)) is Hessian matrix of A,y1(§). We modulo Hessian matrix by the
prime r. The matrix is diagonal matrix with non-zero terms by a direct computation.
Therefore, the Hessian matrix is a non-degenerate matrix and it is easy to check that
H(Ap1(8)k # 0 for k 0;

2. if the eigenvalue is

(k, 1) + (e—3"|n|2 + (I + (2k + |11,V Apy1(£))

Qm)2r A"@)) 2D

p+1

-3 72 + o L INN2D
+(s 0+ o A G D

(11, VsAp+1($))>

1
+—2(p IR E (VG —G)
1

_ —3p 2 12 + _—
=(k,0) + e (Inl" + n'[7) + 2( ’L>+p(p+l)(2n)2p

(H(Aps1(E) K+ 1))
+2(p 4+ 1)2Ve A, (), &),

when H(A,4+1(&)(k+ 1)) +2(p + 1)2V: A ,(§) = 0, it is easy to check that

p+1 P+l
(p+1 0)(k+|l|)1+(p 1 _“>(k+|l|)2+...+

’ 3

p+1 _ P
<p )(k+ll|)b— 2(p+1)(p 0),

p+1 p+1

(1 D ._)(k+|l|)1+<0 ot m)(k+|l|)z+~~+
p+1 _ p

(0,p 1)(kvtlll)b— 2(p+1)<07p 0),

20
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<1 p>(k+|l|)1+<0’1 p)(k+|1|)2+...+

’ ’ s ’

p+1 _ p
(0 p+1>(k+|l|)b——2(l?+1)<0 p)'

Thus, all components of k + || are equal and [1 + (p+ 1)(b — D]k +|I|)1 = —2(p+1).
This equation has no integer solutions.

Thus all eigenvalues are not identically zero.

Case2.ne Ly,n € L;. Set
2
M= ((l, VeAp1(8) +2(p + 1)Ap(§))

2

2 2| P—1 p+l1 I+2a

W T ()T
I=It—1"ex,?
aeN? It ta|j=p—1

In this case, the eigenvalues are

p+1

(k,v) £ (8‘31’|n|2 + (T, 0+ WAP@) 2k £ |1|, VeAp41(8))

> TG
1
2(p + 1)(27T)2p

1
TCESS VG EVM).

+ (8—3p|n/|2+(l’+,t)+ (|l/|vVEAp+1(E)>)

e If the presence of the square root terms, all the eigenvalues are not identically zero.
e If the square root terms non-existent, hence if the eigenvalue is

(k, 1) + <83p(|n|2 ')+l L))

1

+ W(H(Apﬂ(é))(ﬂc ) +2(p+1)PVeA, (), €)

when H(Ap+1 )k + Il £1I') +2(p + I)ZVSA[,(E) = 0, we also have a fact that all
components of 2k +|I| = |I’| are equal and [1+ (p+ 1)(b — DIk + || £ |I'])1 = —2(p+1).
This equation has no integer solutions.

Thus all eigenvalues are not identically zero.

Case 3. n,n’ € L;. In this case, the eigenvalues of (k, ) + A, @ L + I, ® A, are

(ko) £ <8—3”|n|2 + (T, (2k £ 111, VEA,,H(E»)

+ 2(p+ 1) (2w)?p
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=3p,,/12 r+ Tt /
i(S [n1” +( 7L>+2(p+1)(2n)2p<|l|1V§‘Ap+l(‘§)))

1
TESIEIEG VM VM.

o If [T 1’ all the eigenvalues are not identically zero due to the presence of the square root
terms.

o If /T =1'", consequently [~ =/, hence
1. if the eigenvalue is

(k1) + (a—3f’|n|2 + (I, 2k + 111, ngpms»)

1
+ 2(p+ D(Q2m)?p
1

_ =3p1,,712 +
(8 |n"|= 4 { ’t>+2(p—|—l)(27r)21’

(1], Ve Apsa (S)))

3T VM —VM)

= (k1) + e3P (In]* — |n'1) + (H(Ap11(E)k, E),

p(p+1)(Q2m)?P

where H (A p11(§)) is Hessian matrix of A4 1(&). At first we modulo Hessian matrix by
the prime r. Then the matrix is diagonal matrix with non-zero terms by a direct computa-
tion. Therefore, the Hessian matrix is a non-degenerate matrix and it is easy to check that
H(Ap+1(8))k # 0 for k #0;

2. if the eigenvalue is

(k, 1) + (8—3"|n|2 + (1t 2k + 111, Vg:ApH(s»)

1
2D

n (8—3p|n’|2 + 0t + (Il VéAP+1(E)))

2(p + DH(2m)2P
+ T DT VM — M)
1

_ —3p 2 72 + _—
= (ko0 7P+ WD) + 207 0 4 e

(H(Ap1(EN Kk +1ID, &),

when H(Ap41(8))(k + |I]) =0, then k = —|!] are total possible solutions for that sort of
equation. While at this time, when |n| # |m/|,

ke, ) + e3P (n)? + ') + 20", ) =3P (|n|2 — |m/|2> #£0. (3.14)

Thus all eigenvalues are not identically zero. In other cases, the proof is similar, so we omit it.
Due to Lemma 3.3, det ((k, )1 = A, ® I, + I, ® A,) is polynomial function in & of order at
most 4p. Thus
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4p , -
10" (det (k, )] £ Ay @ h 1 ® Ay))| = 2(p+1)(2n)2p|k|7é0'

1
By excluding some parameter set with measure O(y %), we have
ldet (k, o) £ A, @ h £ 1, ® A,)| > KL k£0,n,n € L.
Thus (A3) is verified.

1
Verification of (A4): For a given 0 <r < 1 and s = 27, according to Lemma 3.1, |G, <
2p+1
cliglly” ", then

2p+1 1 2p+1
Y 1P lloe™ + > 1Pa, loe™? = 1Py, + 1 Pall, < cllglZl ™ <c( 1772 + w27 ).
neZ% nEZ%

In addition,

2p+2
K

sup [|Gllo =c sup |iqll <cs

2p+2

P
llgllp<2s llgllp<2s

thus

2p+2
IPllp,@r2s).0= sup [Plo=<cs Pz,
D, (2r,2s)

According to Cauchy estimates,

2 2p42
IP1N D, 50,0 < €8P 1 Pall D, rs).0 < cs7PF2.

Hence
1
I1XpPlp,w.s.0 =1Pilp,wrs).0+ S—2||P0 I, s).0

1 1
+ sup [~ Y 1P, lloe™ + = 3 |1Pg, o]
Dy(r,s) s N

nEZ% neZ%
2p+2
cs 1 1
<es? 4 S e sup — (11172 4 22
s Dy (r,s) 5
< cs?P < cs.

Thus (A4) is verified.

Verification of (AS5): We only need to check P satisfies (AS). Recall (3.9). F is given as
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l
F= E q“éﬂ
P S (P + DRI (Cpeza(a — o) kI?)
S rez2 @—Bk=0,Y" 2 (ax—Br) k>0

(o) w(Bg)
jsm{—”(ak) 1Y }kezz >2p

Then for ¢ large enough and V¢ € Z? \ {0}, we have

l IT=1" a-a -
b . q 49 4 4 WnpticWmtic
l—l+—Zl_eX0 (P + 1)(27-[)217 (Zj:] lj |lj |2 + )\n+tc - Am—&—tc)
= P

aeN? It 4a|=p
- T "
e (D@D L P A n — mP 4 260 — m, )
p

aeN? it tal=p

t-l- a-a -
Xq q 49 q WpitcWmttc-

Hence, when (n —m, ¢) =0,

9%F 92F

OWy 10 Wi yre oW, 0wy,

when (n —m, c) # 0,

9%F & i
| —————— = 0] < —e e,
OWy41c0 Wi ysc |7]
Similarly,
3’F _ 3’F
| ————— — lim —————|,
OWptrcOWpy—te 1700 Wy grc Wiy —sc
3’F , 3’F e
|——————— lim — || < —g~Intmle,
OWpt1c0Wm—rc 1700 W1 OWin—sc |7]

That is to say, F' satisfies Toplitz-Lipschitz property. Recalling the construction of Hamiltonian
(3.5), we only need to check that {G, F'} also satisfies the Toplitz-Lipschitz property. Lemma 4.9
in the next section shows that Poisson bracket preserves Toplitz-Lipschitz property. Thus N +
B+ B + P satisfies (A5). Thus (A5) is verified.

So we have verified all the assumptions of Theorem 2 for (3.12). By applying Theorem 2, we get
Theorem 1.

4. KAM step
Theorem 2 will be proved by a KAM iteration which involves an infinite sequence of change
of variables. Each step of KAM iteration makes the perturbation smaller than that of the previous

step at the cost of excluding a small set of parameters and contraction of weight. We have to
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prove the convergence of the iteration and estimate the measure of the excluded set after infinite
KAM steps.
At the v—step of the KAM iteration, we consider Hamiltonian function

H\):Nv‘i‘Bu"‘Bv“‘Pv,
where N, is an “integrable normal form”, 5, + Bv + P, defined in D, (r,, s,) x O, with satis-

fying (A1)—(AS).
Our goal is to construct a map

Dy i Dy, (ros1, Sug1) X Oy = Dy, (ry, 5,) x O,

and
Hv+l :Hvoq)v:Nu—H +Bu+l +Bv+l +Pu+l 4.1)
satisfies all the above iterative assumptions (A1) — (A5) on D, ., (ry41, sv+1) X O,. Moreover,

1XpP, D, st O = 1 XB00, =Xy 25 4B, 1D, st s, 00 = €0t

To simplify notations, in what follows, the quantities without subscripts and superscripts refer
to quantities at the v step, while the quantities with subscript + or superscript + denote the
corresponding quantities at the (v 4 1)™ step. Let us then consider the Hamiltonian

H= N+B+B+P

= (@, 1)+ Y (Apzm ) 4.2)
[n]

+ Z [(2, + <l+7 ®))ZnZn + (Qm — (7, ) ZmZm] +
neﬁz
L p— 1 14 +1 L+a [

Z (271)2P<l++ot)(l+a> Zgz (ZnZm + 2nZm)
I=1+—1=ex;,? nely
aeND I+ 4ol =p-1
+PO,1,2,7,§)

defined in D, (r, s) x O. We assume that |k| < K,

where 1;, A ; are eigenvalues.
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) £ 5 ] = o kA0, €[], j €{1.2)
y .
[{k, 0) £ pjl > F,k#O,J e{L,2}
ldet (k, )] £ Ay @ I+ 1 ® Ay)| > %,k;«éo,n,n' € Lo,

where

Liw
Ay = (Qn+<l+f’w> P >’ne£2.
CUE?™™ —( Q= (17, 0))

Moreover, N + B + B + P satisfies (A4), (A5).

Remark. The assumption (AS5) makes the measure estimate available at each KAM step.
We now let 0 < r < r and define

1 1
S =-—5€3, &4
4 K

Wl

— Cy—(4p+l)K(4p+l)(T+l)(r _ r+)—c‘8 (43)

Here and later, the letter ¢ denotes suitable (possibly different) constants that do not depend on
the iteration steps.

We now describe how to construct a set Oy C O and a change of variables ® : D x O4 =
D,(ry,s4) x Op — D,(r,s) x O such that the transformed Hamiltonian Hy = Ny + By +
By + Py = H o ® satisfies all the above iterative assumptions with new parameters s, &4, 74
and with £ € O4..

4.1. Solving the linearized equations

Expand P into the Fourier-Taylor series

P = Z Pklaﬂei<k’0> Ilw"‘zi)ﬁ
ko, B

where k € Z%,1 € N? and the multi—indices « and B run over the set of all infinite dimensional
vectors o« = (-, 0tp, - - )neZ%’ B=(C-,Bn, )neZ§ with finitely many nonzero components

of positive integers.
Let R be the truncation of P given by

R,1,z,2)=Ro+ R + R,

where

Ry = Z Priooe 0 1’
k<K, |l|=<1
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R = Z (P,/flozn+Pf,lozm+P,’fOlZn+Pf,012m)ei<k’9>
|k|<K.,neLl,
+ D CRE zin) + (R Zp))e &0
|k|<K,[n]
R, = Z (Pkl/ ZnZw -I—P ,zmzn +P /znzm +P /zmzm

|k|<K,neLly,n' €Ly

+P z,,/zn + P zm/zn + P Zn/Zm + P m/Zm)e i{(k0)

+ Z (PX29z, 20 + PA02 20 + PRz, 2 + PR 2, 2,0 0
|k|<K,neLy,n'e€ly

+ Z (Pkfznzn +Pmn/zmzn +P ,znzm +P ,zmz etk
|k|<K,neLy,n' €Ly

k20 k02 = = i(k,0
+ Y (RES s Zom) + (R 2t 2o )

[k|<K,[n],[m]
+ ) (R Zm)e
|k|<K,[n],[m]
+ Z (P ,znzn +P /znzm )eiU"g)

lk|<K.neZ3\Ls,n'eLy

+ > (P ZnZn + PrpiZnZm)e®?
lk|<K,neZ3\Lo,n'eLs

+ Z (P’m/ ZnZn + P ’anm + P Zn’Zn + P Zm/Zn)el(k 4
lk|<K,neZ3\Lo,n'eL;

where Pk 10 = Puqp witho = e,, B =0, here e, denotes the vector with the nt component being

1 and the other components being zero; P"O1 Priap with o =0, B = ep; szo Priap with

a=e,+ey, L=0; Pk“ = Prop with o —en,ﬁ =en; P,i‘,?l = Puop with o —O, B=e,+en.
Note that, RF!0 RAOT RN RESS, and R

[n] > nl > Tm][ [m][n)

#[n], im] x #[n], g[m] x #[n] matrices

m][n] are, respectively, f[n] x 1, §[n] x 1, g[m] x

R = (PH)icim, RIS = (P ey, 01| < K,

k20
R[m 1n] — (R,/ )ze[m] jeln]s

if li + j| < K, RO = PR2Osif |i + j| > K, R =0,

k02 k02

Rppjm = (Rij ielml, jeln]s
if i +j| < K, R = PRO%;if i 4 j| > K, RE? =0,

k11
Rinim = (Rl, Jielm), jeln]s
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if i — jl < K, R =PRI f i - j] > K, REM =0

Rewrite Has H=N +B+B+ R+ (P — R). By the choice of s in (4.3) and the definition
of the norms, it follows immediately that

I1XRrlID,¢s.0 <1 XPlD,¢s.0 <€, 4.4

for any 3 < p <r. In the next, we prove that for 3! < p <ry

I Hp—r) ||Dp(r+,s),(9 <céy.

In fact, P — R= P* + h.o.t., where

P*= 3" [PY0O)w, + P (0)inn]

|n|>K
+ Y (PO wawn + PO 0]+ Y PENO) iy
[n+m|>K [n—m|>K

be the linear and quadratic terms in the perturbation. By virtue of (4.3), the decay property of P,
I1XpPlD,w.s),0 <& and Cauchy estimates, one has that for p <ry

I1XpP D,y .5).0

<@r—ry) Y Z ge”IMrelnle 4 Z ge MM g, e mP

[n|>K |n4+m|>K
+ ) ee T el P)
[In—m|>K
f(r_r+)_l(§ ge~ Ml glnlo Z se_|”|r|wm|e‘"|pemp)
In|>K n|>K,m
<(r —r+)_l Z geInlr=p)
|n|>K

<@ —r) e K0P

<é&t

Moreover, we take sy < s such that in a domain D, (7, s4),

IXp-r)ID,(rs) < CE4. 4.5)
In the following, we will look for an F, defined in a domain Dy = D, (ry, s4), such that
the time one map qb} of the Hamiltonian vector field X defines a map from Dy — D and

transforms H into H,. More precisely, by second order Taylor formula, we have
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Ho¢ph=(N+B+B+R)opf+(P—R)od)
=N+B+B+{N+B+B,F}+R

+/(1 —{{N +B+B, F}, F}o ¢}.dt

+/{R,F}o¢;dt+(P—R)o¢},
0

=Ny +By+By+P, +{(N+B+B,F}+R
— Poooo — ((:(\)71> _Z<P[n] [n1%[n]> Z[n] Z( ZnZn +PmmZmZm)_

[n] nely
where
. oP
w = 81d0|zz0[ 0,
B= Z P,?,%loznzm
n€£2
B Z znzm
n€£2
Ny =N+ Poooo+ (@. 1)+ Y (PONimzint-Zim) + Y (Pon'znZn + Pt zmim)-
[n] nel,
By =B+B,
84. = B + é = B + [;’,

P+=/(1—r){{N+B+B,F},F}o¢;dt+/{1e,F}o¢;dz+(P—R)oqs;.

We shall find a function F:
FO,1,z,2)=Fy+ F1+ I

where
Fy= Z Fraooe®? 1!
O<|k|=K,|l|=1

Fi= Y (F% + F 0% + F{'%, + FiY'Z,)e %0
|k|<K,neLlp

+ Z ((F[’;‘]O,Z[n]>+<F[’§31,Z[n]>)e“k’9)
|k|<K,[n]

29

(4.6)

- B,

4.7

(4.8)
4.9)

(4.10)



S. Xue Journal of Differential Equations 364 (2023) 1-52

= Z (F 2wZn + F o 2nza)el®o)
|k|<K.,neLy,n' €Ly, |k|+|n—n'|7#0
+ > (FE} 2 n + Ffb) 2uZ) )
|k|<K.,neLy,n’ €Ly, |k|+|n—m'|#£0
+ Z (FA M 2 Zm + FRL 202,001 60)
|k|<K,neLlo,n' €Ly, |k|+|m—n'|£0
i(k,0
+ Z (Fm mZm/Zm + me/ZmZm/)e )
|k|<K,neLo,n'€Lo,k|+|m—m'|#0
+ Z (F Zn/Zn + F Zn’Zn)e )
|k|<K,neLlo,n' €Ly, |k|+|n—m'|£0(or)|k|+|n'—m|£0
+ Z (F,ﬁz,?lmfzn + F , meZ yeltk-0)
|k|<K.,neLo,n'€ Ly, |k|+|m—m'|£0(or)|k|+|n’ —n]|£0
i(k,0
T Z (Fn mzﬂ Zm + Fn mzn’zm)e )
|k|<K,neLy,n'eLy, |k|+|m—m'|£0(or)|k|+|n'—n|#0
+ Z (Fk20 Zm'Zm + F Zm/Z )e

|k|<K,neLy,n’€Ly,|k|4+|n—m'|£0(or) |k|+|n'—m|#£0

+ Z ((F[m 1%[n)> < Zm]) + <F[];r(z)]2[n]z[n], Z[m]>)el(k’0)
|k|<K ,[n],[m]

k11 = i(k,0
+ 2 (Flonjln 21 Zomp)e
(K <K, 1], [m [k} — | |20

+ > (FF202, 20 + FF202, 2,0
lk|<K,neZ3\Lo,n'eLs

+ Z (FR27,20 + FF27,2,)el 60
lk|<K,neZ3\Lo,n'eLs

+ Z (F,m/ ZnZpy + F /Zan + F Zn’Zn =+ F Zm’Zn)e ik,6)
lk|<K,neZ3\Lo,n'eLs

where Fklo F['ffil, F[]i,f]o[n], F[]f,(l)]z[,,] and F[I;}]][n] are, respectively, fi[n] x 1, [n] x 1, #[m] x
glnl, ﬁ[m] x #i[n], #[m] x t[n] matrices

FEO = (FF% ey, B = (FFY e, N0l < K,

k20
Flotr = A7 ietm jem,

if li +jl < K, fF20=F20f i+ jI > K, ;120 =

k02 k02
Fiin = (55 Dietml, jelnls
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if li +jl < K, [0 = Fi% i1+ jI > K, f102 =0,

k11 k11
Fiyin = (i Dietmjeln:
ifli —jl <K, fi’;.“ = Fi’;“; if i — j| > K, fi’;“ =0, satisfying the equation

A

(N+B+B.F}+R— Pooo — (@ 1) = > _(POzim. Zim) — B— B

[n] 4.11)
= > (PO znZn + Pt zmim) =0.

nG[,z

To find the function F', we need several lemmas.

Lemma 4.1. F satisfies (4.11) if the Fourier coefficients of Fy, F| are defined by the following
equations

((k, w)) Fxioo = 1Pyoo, || <1,0< k| <K,

((k, )T — A FLY = iPL", kl<K,neZi\ Ly,

((k, @)1 + Apy) FL)! = iRl kl<K.,neZi\ Ly, (4.12)
(k, @)1 — A,)(FKIO FAONT = (PKIO pAOOT 1k < K n e £,

((k, )T + Ay)(FKOL FRIONT — — i (pkOl phIOYT k| < K 5 € L5

The Fourier coefficients of F; are defined by the following Lemmas
Casel:n,m e Z% \ Lo

Lemma 4.2. F satisfies (4.11) if the Fourier coefficients of F, are defined by the following equa-
tions

k20 k20 __ :pk20

(ks ) = Ap) Fiii) = Fimpm Al = 1R

(k)] — A FEM L+ FEM Ay = iREML Ik [In] = Im[] #£0,  (413)
k02 k02 _ :pk02

(k, )+ Apn) Fiypjig + Fimjim Al = 1R

Case2: n eZ%\ﬁz,n’eﬁz

Lemma 4.3. F satisfies (4.11) if the Fourier coefficients of F, are defined by the following equa-
tions

(L@ [k, )] = Apyl = Ay @ IN(Fpi FAD DT = i3 PELDT,
(L ® [k, @) + Apl + Ay @ DN Fa DT = iRl Prid DT, “@.14)
(L@ [k, )] = Apl + Ay ® DR Find)T = i PR
(L@ [k, )] + Ayl = Ay ® DNEy i Fap)T = Py P
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where I is §[n] x f[n] identity matrix.
Case3:n,n' € L5

Lemma 4.4. F satisfies (4.11) if the Fourier coefficients of F» are defined by the following equa-
tions

(k, )] — Ay @ I +1® Ay)(FEIL FR20 RS FHINT = i(PELL, PR prOZ PRI,
(ko) + Ay @1 — 1 @ Ay)(FRI FRO2 pROpRINT (kT pk02 " pka0 pkl1\T
(k, )] — Ay @ I — 1 ® Ay)(FK20 FHIL pRIL phO2)T— (ph20 pkIL pKIL pko2yT
(k, )] + Ay @ I +1® Ay)(FKO2 FHI R pRONT —  j(phO2 pkIL pkIL pha0yT,

Ly
A (sz 0 w)  —Cakst )n .
CULa)ET™™  —(Qp — (I~ o)

In the following, we only give the proof for the most complicated case.

Proof. Inserting F' into (4.11). By comparing the Fourier coefficients, more precisely, if (n, m)
is a resonant pair in £, we have

. 1 .
Yo ko) =+ (T oDIF 2,600 1 Ol g T 2, 00
|k|<K.,neLl;

. k10 i(k,0
=t Z Pn Znel( ) ’
lk|<K.neLly

> ko) + (@ — (T oDIF 250 — € @) THF 07,6100
|k|<K,neLly

- kO1 (k.6
=i Z PrOL elh0)
|k|<K,neLly

We rewrite in matrix form

((k, )T — Ap)(FKIO KON — j(pk10 pkOWT j) < K n e L5,
similarly, form

((k, )T + A,)(FKO FRINT — j(pkOL pKIOYT "1p ) < K ne £,.

If (n,m) and (n’, m’) are resonant pairs in £, comparing the Fourier coefficients, we have that
(FELL FR20 pRO2 Pk Gy

nm'’ " mn'’

[k, ©) — (R + (T, 0)) + (R + ', oD FEL 6 _ (1! a7+ FR20,i0)

+Cd, Ot)i:%—'—a Frlrcl(’)l%ei(k,e) — iPkllei(k,G) ,

nn'
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similarly,

ko) — (2 + (T, 0) — (Qw — ('™, @) FFeih0) +C(l/,a)§'l7+“Fkl,lei<k~9>
[( ) ! nm nn
+C(l’a)§%+aFrlrcl}’Lei(k,9) _ ipﬁgeuk,e) ’

K0+ (2 — (17, 0) + (@ + (T, DI FR2ED — @, ) T+ L0
[k, @) + (S — ( )+ (Qy +( NIFX: kil
_C(La)sngﬁ/lei(k,e) _ ipjl(r)lgeuk,e) 7

_ B _ P _
[k, @) + (R — (7 @) — (R — (7L ODIFEL O 1 O, 0y TH R 1K)

I ) )
—-C(, a)%‘i-i-aFr]l(ri(/)el(kﬂ) — iplfl/lr}iewk,@} )

We rewrite them into matrix form

((ky @) — Ay @ I +1® Ay)(FEIY FR0 pkO2 pkINT — j(pKIL pk20 pk02 pkll )T

mn'> mn’
k| < K,n,n" € Lo,
similarly, form

(k)] + Ay @ 1 — 1 ® Ay)(FEN FRO2 pR20 pRUNT — j(pIT pkO2 pk20 pkILyT
k| <K,n,n" € Lo,

(ky )] — Ay @ 1 — 1 @ Ay)(FF20 FFUIpRIL pRO2NT — j(pk20 pklL pkll pk02yT
k| <K,n,n" € Lo,

((k,w>I+An®]+I®An/)(Fk02 Fk]] Fkl] Fr]:l%’(’)l)Tzl(PkOZ Pkl] Pkll PkZO)T,

nn' > " m'n’ " mn'> nn' > S m'n’ T mn' T m'm

k| <K,n,n €L,.
In other cases, the proof is similar, so we omit it. Thus these Lemmas are obtained. O

Remark. In the case that (n,m) and (n’, m’) are resonant pairs in £, we have that k, (n, m),
(n’, m’) satisfy

Z (Fr]zc’lnlzn’zn + Fr{(n]’1 Znzn)e )
|k|<K.,neLy,n’eLy,|k|+|n—n’|#£0
+ > (Fimzwzn + Flmzwzn)e 0
|k|<K,neLy,n’ €Ly, |k|+|n—m'|#£0(or) |k|+|n’ —m|£0

Consider the equations
Ol (k. )T — A FE\ =i 0f | RED. 1k < K,
matrix Qj, is the A(,’s orthogonal matrix,
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(k) — O A Q) Of Fit’ =i O REW. 1kl < K.,
that is,
(k. ) — A FE =i RE k| < K.
Similarly, form
(ko) + A FRS =i REY [k < K,
k20 k20 - pk20

((k, w) I — A[m])F[m][n] - F[m][n]A[n] = lR[m][,,], k| < K,

(k&) — Apu) Fi + Foig A = i REaN s k| < KL k| 4 [In] — [m]] #0,

(k. )T + M) FR L + FEOR Ay =i REO 0 1K < K.

Instead, where A[,) can be diagonalized by orthogonal matrix Qy,, thatis A, = Q[Tn]A[n] On]-

REL = OF RES. x = 10,01,

[n] — nl>
pk T k
Rimnin) = Qimi Rignia) Cras x =20, 11, 02.
rkx _ AT kx _
Ble = oF Bkt x 10,01,

ok T pk
F[W)lC“Vl] = Q[m]F[n)zC][n]Q["]’ X = 20, 11, 02.
Now we focus on the following equations:

((k, ) = A FLY = iR kI < K, j €[nl,
k,w

((k, @) +3) Fp!; = iRGY 1L Ik < K, j € [n],
(ks @) = & = %) Fjalin i = i R+ 1| < K. i € [m1, j € [n],
(W @) = X 30 Flo 1 = E Rimipay 0 K1 < K KT+ ln] = ml| 0, € [m], j € [n],
(k. @) + % + ) Fyitn i = i Righi iy K1 < K i € [m], j € [n].

Consider the equations

(I ® Q) {12 ® [k, ) — Ayl — Ay @ I}(I2 ® Qpy)

(o ® Q)" (Fi30, Fia) T =i ® Qup)" (PL3, P Ik < K,

matrix Qj, is the A(,)’s orthogonal matrix,

(L& [k, )] — Ol A Q] — Aw & 1}
(L ® Q)" (i3, Fia) T =i ® Qup) " (PL3 PN Ik < K,
that is
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(L ®[(k, )] — Ap] — Ay ® INESS . Fin )T =il PEU DT Ikl < K.
Where A[,] can be diagonalized by orthogonal matrix Qj,j, thatis A, = Q[Tn]A[n] Oln]-

k20  Tkll \T T (k20 k11 \T
(F[n]n” F[n]m’) =L Q[n]) (F[n]n” F[n ),

Im’
pk20  pkll \T T ( pk20 k11 \T
(PR30, BRI DT = (1 ® Q)T (PR, PEIL )T

nln’* * [nlm

Consider the equations

(Qw @D L ®[(k, )] = Ap] — Ay @ ITNQw ® 1)
(Qw® D) (FL DT =i(Qw ® TP, PEV DT Ik < K.

nln’* * [nlm

There exists a invertible matrix Q,, such that Q;/lAn/ 0, = J, is a Jordan normal form, that is

(L @k, ) = Ayl = Ty ® INF0 F AT =i (P PR DT Ik < K.

We define
k20 k1l \T —1,7k20 k11 \T
(F[n]n” F[n]m/) =Qnw®I (F[n]nm F[n]m’) s
pk20  pkll \T —1,pk20 pkll \T
(P[n]”/, P[n]m’) =(Qw®I) (P[,,]n/’ P[,,]m/) .

Similarly, form

(L ® [tk )] + Al + Jw @ INELE  FOL DT =i(PER. PRI DT

[n]n’? nln’? * m'[n

{12 ® [(k,(,())] _ A[n]] + Jn’ ® I}(Fkll ﬁkzo /)T — i(F[kll ’PB'kZO /)T’

[nln’? * [nlm nln’> * [nlm

(L @[k )] + Ap] — Jy ® INFEL FE2 )T =i (PG P2 )T

n’[n]’ n’[n]>

where
k02 Tkll \T —1 T k02 k11 \T
Fugws Frin)” = (@7 ® Qi) Fgrs Forpny) ™
pk02 pkll \T —1 T k02 k11 \T
Pl L)’ = (@ ® Q) (Pyyys Py

k11l Tk20 \T —1 T k11 k20 \T
Fgs Fipn?)™ = (@, ® Q) (Fyyys Flyp) ™

nlm’
pkll  pk20 \T —1 T k11 k20 \T
(P[n]n/’ P[n]m/) = (Qn/ ® Q[n])(P[n]n/v P[n]m/) )
k1l Tk02 \T -1 T k11 k02 \T
(Fn’[n]’ Fm’[n]) = (Qn’ ® Q[n])(Fn/[n]’ Fm/[n]) ’
pkll  pk02 \T -1 T k11 k02 \T
Poray Prrn))” = (@ ® Q) Py L) -

Case 1. When Jordan normal form
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Now we focus on the following equations

(k@) =% — p) (FE0) =i (PEAN 1,
((k, @) = Rj = ) (o) j =i (P -

Case 2. When Jordan normal form

We focus on the following equations
~ 2 2
((k,@-x,-u ~1 )((F’;]S,)j) l((Pk 0,),)
. — k11 Bkl1 :
0 (k. @) k'l ® (F[n]m’)j (P[n]m’)j
In the other cases, the proof is similar, so we omit it. In order to solve the last three equations,

we need the following elementary algebraic result from matrix theory.

Lemma 4.5. Let A, B, C be, respectively, n X n,m x m,n X m matrices, and let X be ann x m
unknown matrix. The matrix equation

AX -XB=C,
is solvable if and only if I, ® A — B ® I, is nonsingular.
For a detailed proof, we refer the reader to the Appendix in [45].

Remark. Taking the transpose of the fourth equation in Lemma 4.2, one sees that (F] k20 )T

[m][n]
Fk20

satisfies the same equation as ( ]) Then (by the uniqueness of the solution) it follows that

(i) = FEED T s Fitin) = Fpongo)”

[n][m]

4.2. Estimate for coefficients of F

Let us consider F; n%?[n and (F[’jlz]g,, F[’; l]rln,)T for instance, and the other terms can be treated in

an analogous way. By the construction above, one sees that

5k20 T
LI Qim) ”"IR mitn)mym Qi '
o w) — A — A
Fk20 ) ﬁkZO 1
[n]n . Z 4
=1 (O ® Qn)j ——
k11 n J kll .
(F[n]m’ 0<j<24[n] P[n]m’ (ko) —Aj—n
’p’k20 |
[n]n’
P Y (0w ® 0w ( [ R
0<]Sﬁ[n] P[”]m/ (ka (1)) - )"] — MK
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Then

T

K
|Fk20 | <ce—-e
v

K130 —pli+j| ,—Iklr
[mllnl,ij e €

Fk20/ KT . o,
| ( o) s e mel e ek i < j < 250,

k20 K?T 143
’ +3e _ ; oo .
|< i ) | < ce—5-eK PPl TN 0 < j < gn),
Y
J

143 . .
where we used the factor e’ ? to recover the exponential decay under the assumption

K1+3€p =1.
And
Ap+1D(t+1)
k20 3 v 3 3
I || < cKJ 01 WKVE <€
Fk20 K(4p+1)(f+1) 1
[nln’ 3 v 3
” k11 ” SCKVSSU—FIT §€5+17
[n]m/ y

under the assumption
evpr=cy D@, — ru+1)7cK54p+1)(rH)8§-
4.3. Estimate on the coordinate transformation
We proceed to estimate X r and ¢ 117 We start with the following
Lemma 4.6. Let D; = D(ry + L(r —r4), £5), 0 <i <4. Then

IXFllpy,0 < ey @PHIKEPHDEHD G — ) =ce,

(4.15)

In the next lemma, we give some estimates for ¢.. The formula (4.16) will be used to prove
our coordinate transformation is well defined. Inequality (4.17) will be used to check the conver-

gence of the iteration.

Lemma 4.7. Let n = 5%, Diy = D(ry + %(r —ry), ﬁns),O <i<4 Ifek %ymgﬂ) X
_ 3¢@p+hH(E+D X
2 (r —ry)¢, we then have
¢p Dy — D3y, —1=<t<1 (4.16)

Moreover,
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||D¢§; _ Id”Dm < Cy—(4p+l)K(4p+l)(r+l)(r — ) Ce. (4.17)

Proof. Let
glil+ll+Hel+IB]

D"F =max{| —————
10" Fllp.0 = max{ | g

Flip,o, lil + ]+ le| + |l =m = 2}.

Notice that F is a polynomial of degree 1 in / and degree 2 in z, z. From (2.4), (4.15) and the
Cauchy inequality, it follows that

ID™Flp, o <cy WD g@PHDED Gy y=ce, (4.18)

for any m > 2.
To get the estimates for qb}, we start from the integral equation,

t
0

so that ¢} : D2y — D3y, —1 <t <1, which follows directly from (4.18). Since

t t
Dqs;=1d+/(DXF)D¢;ds=1d+/1(D2F)D¢;ds,
0 0

where J denotes the standard symplectic matrix (0 -1

I 0 ),1t follows that

I D@ — 1d|| <2||D*F|| < cy " “WPTD g@PEDEHTD Gy y=Ce, (4.19)
Consequently Lemma 4.7 follows. O

4.4. Estimate for the new normal form

The map ¢}; defined above transforms H into Hy = Ny + By + By + P, (see (4.6) and
(4.11)) with the normal form N

N4 =N + Poooo + (@, I) + Z(P[?,l]%n]Z[n], Zny) + Z (PO 20z + Pt ZmZm)

[n] nels
= {0s 1)+ D (Afz 2 + DR+ U, 0)zaZa + (R — (17, 0)zmZm)]
[n] nels
where
oy =w+ Pyl =1), (4.20)

AE;] = A[n]"’R?n]]l[n] = A[n]+(R?j”)ie[n],je[n], li—jl > K, R?j” =0;]i—j| <K, R?j” = Pl.(}“,
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Qf =, + P @t =q, + Pl ner,.

nn > mm?

Now we prove that N shares the same properties as N. By the regularity of X p and by Cauchy
estimates, then we have

oy —ol<e, PO — PO <ee” P, 4.21)

It follows that for |k| < K,

14 Y
[{k, @+ Pojoo)| > |{k, w)| —eK > ra —eK > K—J,r
~ ~ y 14
|k, @+ Poioo) + 471 = [(k, ) +4j] —eK = 2= —eK = 2=
+

Similarly, we have

R

[{k, @ + Poroo) +X;rix}—| > KT

In other cases, the proof is similar, so we omit it.
This means that in the next KAM step, small denominator conditions are automatically satis-
fied for |k| < K. The following bounds will be used for the measure estimates:

sup max [|[9¢(AT, — A <ce,
gegd54l7 I g( [n] [n])” =

sup max |9¢ Qb — Q) <e,
sup ma 2 (2 — Q)| <

sup max |8g(a)+ —w)| <e,
gcOd=4p

and
011 _ pOl1 —li—jlp
|Pl-jJr Pij lo < e¢e .

4.5. Estimate for the new perturbation

Since

1 1
P+=/(1 —~D{{N+B+B, F},F}o¢;dz+/{R,F}o¢;dt+(P—R)oqs‘F
0 0

1
= /{R(t), F}o¢hdt + (P —R) o p},
0

where R(t) = (1 —t)(Ny + By + B, — N — B — B) +tR. Hence

39



S. Xue Journal of Differential Equations 364 (2023) 1-52

1
Xp, :/(¢%)*X{R<r>.,F}df+(¢’119)*X(P—R>'
0

According to Lemma 4.7,

ID§}: — 1dl|p,, < cy VKT G —p)=ee, —1<1<1,

thus

ID¢E D, <1+ D¢y —Idlp, <2, —1=<t<l.
Due to Lemma 7.3 in [44],

—@pHD) g @pEDEAD (o _p ymep=22

1 X{r). FyllDy, <cv n

3

and

I XP—r)llD,, <cme,
we have

1X P, 1Dy (ry.50) < cme 4 ey "PFDREPEDED G — )72 < ce
4.6. Verification of (AS) after one step of KAM iteration

Since
1 _ 1
P+=P—R+{P,F}+5{{N+B+B,F},F}+5{{P,F},F}

1 = 1
+--+—{--{N+B+B,F}--- ,F}+—{--{P,F}--- ,F} +---
n! —_——— n! —_——

n n

then for a fixed ¢ € Z2\ {0}, and |n — m| > K with K > ——In(<),
P—P+ &+

2 2
d“°(P — R) ~ lim a°(P—R) I < ie—|n—m|p < 8_+e—|n—m|p+'

0Zn41c0Zmrre 1% 0Zn41c0Zmrc |7] e

That is to say, P — R satisfies (A5) with K, ¢4, p4+ in place of K, ¢, p. The proof of the re-
maining terms satisfying (A5) is composed by the following two lemmas.

Lemma 4.8. F satisfies (AS) with e% in place of ¢.
For the proof see [25].
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Lemma 4.9. Assume that P satisfies (AS), F satisfies (AS) with 8% in place of ¢ and

92 2 2

0°F 0°F
=0(n+m| > K), — =0(ln —m| > K), ———— =0(n + m| > K),
0207 (I | ) 9207 ( | ) 0705 (I | )

then {P, F} satisfies (A6) with ¢ in place of ¢.

For the proof see [25].
A KAM-step cycle is now completed.

5. Iteration lemma and convergence

For any given s, €, r, y and for all v > 1, we define the following sequences

V42

P =rl=Y 27,
(=2

4
Ev+l1 = 07/7(4p+])(rv - ru+l)7CK54p+])(t+l)83 )

1
3
M+1=¢€,41» Lyyi=Ly+e

v
Sur1 =2 28, =27 200D ([ 1) 550,
i=0
K v =1
Kv+l =3K, = 3V+1KO
Avp1=K;

1

5.1

where ¢ is a constant, y = 58_0 > &9, and the parameters r, &g, So and K are defined tobe r, ¢, s

1
and KZe KoU0=r1) = &5 respectively.
5.1. Iteration lemma
The preceding analysis can be summarized as follows.

Lemma 5.1. Let ¢ be small enough and v > 0. Suppose that
(1) Ny + By + B, is a normal form with parameters & satisfying

|k, wv)| =
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(k@) 250 £ 1 =k £0,i € [nl, j e {1,2},
. K?
Yy .
|<k7 a)l)> i“;' 2 Fv ] € {11 2}7

|det (k, o)l £ AL @ L+ L ® A)| > F k£0,n,1 € L, (5.2)

on a closed set O, of]Rb for all 0 < |k| < K,. Moreover, suppose that w,(§), Pi(])-lv1 &), AE’n](S)

4p .
are Cy, smooth and satisfy

d;Av v—1
sup max ||dc (A, — A <cey_1,
ge(’l; d=4p ” g( [n] [n] )” = v—1

d Vv v—1
sup max |97 (), — QY7 )| <ey_1,
g0, d=4p s "

sup max |8§ (wy —wy—1)| < &y—1,
£cO, d=4p

and

011 011 i—J
|Pl/|) P](v 1)|(’) <é&y-1e —li=jle

in the sense of Whitney.
(2) Ny, + B, + B, + P, satisfies (AS5) with K, €, p, and
1XP, | Dry.s50),00 < Ev-

Then there is a subset O,4+1 C O,,

Ovi1 =0\ (R,
RV = U R R U R U Ri e O UG ),

Ky <|k|<Ky41,[n],[m],n,n’

where

R = €Oy |k, wpp1)] < —— K ,k #0}
v+1

1tk @1) ii“+1| <

R =0, Koy,
o |<k @v+1) iMUJr]' < K\}{+1
T 0y Yoo, .
RZE;}[m] ={€O0y: [(k,wp41) i)»l‘-)H ﬂ:)»;+1| < Ko, i €[m], j €[nl},
v

Ry =& €0y : [k, wv+1>ix“+1ﬂ:u”+1|<K k#£0,ieln],je{l,2}},

v+1
CtHl={te0,: |det(kop) [ AT @ L+ LA <

knn’

k#£0,n,n" € Lo},
v+1
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with w, 11 = wy, + Py, and a symplectic transformation of variables
Dy, Dy, (rugt, Svg1) X Oy = Dy (1, 50), 5.3)

such that on Dy, (ryq1, Sv41) X Ovy1, Hyp1 = H, o @, has the form

Hyy1 = vt + (@vp1, 1 +Z (AP E) 2, Z)

+ Y L@ 1T o)z + (@ = (7, @) zmZm)] + Bogt + Bogt + Pog,

nely
with
Eseu(g) max ||85 deartt ARl < cey,
Ss.eu(})) max |8€ d@it -l <e,
Eseu(g m%x |8§ (wy+1 — )| < &y,
and
)~ P, = 10

in the sense of Whitney. And
” XPv+l ” D(ry41:5v+1).Ov1 = Ev+1-
5.2. Convergence

Suppose that the assumptions of Theorem 2 are satisfied to apply the iteration Lemma with
v =0, recall that

1 1
go=¢,ro=r,s0=s,Lo=L,Ngo=N,Byp=B,Py=P,y =¢%, ng_KO(rO_rl)ZSS

[k, @)| > & k#0
~0
|k, @) £ 2j] = £, j € [n]
[(k, @) £ 5 £ 4| > Lr,i €[m], j € [n]
O(): .’;:EO: ~l ! KO ’
|(k,w):|:)»,':t/tj|ZKL6,l€[n Jje{l,2}
(ko) £ u)l = . j e (1.2)
|det ((k, w)I £ An®12ilz®An/)lzKL5,n,n/€£z

the assumptions of the iteration lemma are satisfied when v = 0 if ¢g and y are sufficiently small.
Inductively, we obtain the following sequences:

43



S. Xue Journal of Differential Equations 364 (2023) 1-52

Ov4+1 C Oy,
W ==qgoPio--0®,:D, (rys1,8041) X O, = Dy, (ro, 50), v >0,
HoW =Hy1 =Nyi1 +Boi1 + Bop1 + Pogr.
Let O = ﬂ‘f:OOU. As in [35,36], thanks to Lemma 4.7, it concludes that N,,, V¥, DV w, con-

verge uniformly on D%r(%r, 0) x O with

Noo + Boo + Boo = €00 + (w00 I) + Y _ (AR (E)2(n1- )
[n]

+ Z (2 + (I, @) znZn + (= (17, ©))zmZm)] + Boo + Boo-

nel,

Since

4
vt = cy DRI gy )]

it follows that &,41 — 0 provided that ¢ is sufficiently small. And we also have Y o2, &, < 2e.
Let ¢}, be the flow of X . Since H o W’ = H, |, we have

Py oV =W ooy

V1T

5.4

The uniform convergence of W”, DW”, w, and X g, implies that the limits can be taken on both
sides of (5.4). Hence, on D%r(%r, 0) x O we get

Py o WX =W o0l (5.5)
and
N D%r(%r, 0) x O — D,(r,5) x O.
It follows from (5.5) that
Pl (W°(T? x &) = W) (T? x {£}) = ¥™(T" x {&})

for& e O. This means that > (T? x {£}) is an embedded torus which is invariant for the original
perturbed Hamiltonian system at & O. We remark here that the frequencies wso (&) associated
to W°(T? x {£}) are slightly different from w(£). The normal behavior of the invariant torus is
governed by normal frequencies AF;’], QY. O
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6. Measure estimates

This section is the essential part for this paper. For notational convenience, let O_; = O,
K_1 =0. Then at v™ step of KAM iteration, we have to exclude the following resonant set

1 1 1 1 1 1
R = U Ry U R U R U R O U G 00,

Ky <|k|<Ky41,[n],[m],n,n’

where
Ry = (6 € Ot Ik, 1)l < o— k0,

7zu+4 {é C) . |<k CUU+J) j:}W44|‘< z;l }
ko TEEE g wv+1>iu”+l|<

+1

7€U+1

k[n][m]

=(£€0y: ko) =X 2T < =i eml.j € nlh

v+1

R;;}n,_{geOv:|<k,wv+1>i,\“+1iM“+l|<K Jk#£0,i €[n],je{l,2}},

v+1

Gl =€, |det(kop) [ AT @LE LA <

knn’

k#£0,n,n" € Lo},
v+1

recall that @, 41(8) = w(&) + 3o Pooo (&) with | 3 _g Poo(®)lo, < &, and

AL ) = Am®)llo, < Z IRl <

j=0

127E) - W©)lo, < DRO” /| <e.

=0

Remark. From the section 4.4, one has that at (v + l)th step, small divisor conditions are auto-
matically satisfied for k| < K,,. Hence, we only need to excise the above resonant set RV,

In the following, we only give the proof for the most complicated case {§ € O,, : [(k, wy+1) +
Aol v < KZH ,n,n' € L1} and {& € O, : |det (k, wp41)] + AT @ L — L ® AVTH| <

K#, n,n’ € L5}. In other cases, the proof is similar, so we omit it. For simplicity, set M"*! =
v+l

[(k, wyr1) + 20 =50 Land Y = (k, oy ) T+ AT @ L — L@ AL, YY = (k, )] +
AL —-hL®A),, then for k| < K,

I =1 + @ =y
=+ @) vt -yt

Kl K]
<2(¥") 7| < 2= < L
YV Y

45



S. Xue Journal of Differential Equations 364 (2023) 1-52

Lemma 6.1. For any givenn,n’ € Z% with |n —n'| < Ky 41, either |{k, a),,+1>+3:z+1 —AZ,'H| >1

or there are no, n, c € 72 with |ny), Ingl, lc| < 3K3+1 and t € Z, such that n = ny +tc, n' =
/

ng +tc.

Proof. Since |[n —n’| < K11, with an elementary calculation

|2 /|2=|n—n’|2+2(n—n’,n/).

In|” —In

If |(n —n',n)| > Ku+1’ we have [(k, wy+1) —i—Xfﬁl —XZ,Hl > 1, there will be no small divisor.

In the case that |(n —n’/, n')| < Kv+1’ clearly n —n’ = 0 is trivial. Assume n —n’ # 0, without
loss of generality, we assume that the first component (n —n’); of n — n’ is not zero. Let

c=(=n—n"), (n—=n")).
Then
cl(n—n),

and ¢ € Z? \ {0} with |c| < |n —n| < K,41. Clearly, ¢, n — n’ are linearly independent, hence
there exist x, xo € R such that

n =xic+ x2(n —n').
Set (here [-] denotes the integer part of -)

t=[x1],

thenr € Z and |n’ — tc| < 2K?>
Ingl < 2KV+1 and

Sl Takené:n’—tceZ2 andn():n()—i—n—n’eZz.Wehave

Inol <Inbl +In—n'| 3K, O
Lemma 6.2.
v v+1
Un,n eEle[n][n/] C Uno,n6,ceZZ,teZRkyno_;_,Cyné_;_,C
2
where |no|, |ng|, lc] <3K;, |

Proof. If [(n — 1/, n>|>Kv+1,R,z[;}[n,] @.If [(n — ', n)|<K+1,

Z2,t € Z with |no|, |n0|, lc] < 3Kv+1 such that n = ng + tc, n’ =”0 + tc. Hence

there exist no, ny, c €

+1

v+1 v
n n EE]R Uno,n(’),CEZZ,IGZ,R’k,no+tc,n6+tc’

k[n][n’]
2
where |no|, [ng, [c| <3K7, . O
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Lemma 6.3. For fixed k, no, nj, ¢, one has

1
v+1 vr
meas(UteZRk’noﬂc’anC) <c —.
K p(p+1)
v+1

Proof. Due to Toplitz-Lipschitz property of N, + B, + B, + P,, then

. £
ML) — lim ML) < 2.
t—00 |t|
We define resonant set
R (g0, ;] lim M (1) < ——)
knongcoo 1— 00 #
KV—H
For fixed k, ng, ny,, c,
1
P
meas(RZ'H, ) < )/7{
1N 00 sy
K
v+1
Then for & € (9,,\72"Jrl , _,we have
knongcoo
| lim M (1)) = L.
t—00 Kﬁ
v+1
. pﬁ v+1
Case 1: When [f| > K/, for § € OV\Rknongcoo’ we have
MY @)
. £
> lim M"*' (1)~
t—00 |t|
14 €0
2 oo
s T
KU+1 Kv+l
> v -
I
2Kv+1
T
Case 2: When || < K V"j_'l' , we define resonant set
v+1 _ . v+1 14
Rknonéct ={£cO,:IM"" (1) < KT+1 }.
v
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For fixed k, no, nj, ¢, t,

v+1 4 L
iz
meaS(Rkn()ngct) < (KT )7,
v+1
then
1
T
1, VoL yr
meas{U LRZ+]’>}<KVP-:1( )P S
ltISKTil nongct Sl Kp(erl)
v v+1
Asa consequence,
1
v+1 ye
meas(Urez R, noten! +tc) <c —. 0O
’ 0 Kp(p+l>
v+1

For K, < |k| < K41, we consider n,n’ € L, as an example, the other cases can be proved
analogously. Assume that (n, m) and (n’, m’) are resonant pairs in £;, then

Lemma 6.4. For any given n,n’ € Z% with |n — n'| < K41, either |det ((k, wy41)1 + A;'H ®
I — 12®AZ,+1)| > 1 or there are no, njy, ¢ € Z* with |no|, |nj|, |c| < 3K3+1 and t € 7, such that
n=ng+tc,n' =ny+tc.

Lemma 6.5.

v+ 1

1 v+
U Z%Cknn’ - Uno,n{),ceZz,teZCk,nOthc,néthc

n,n’'e
where |nol, |nyl, lc] <3K2, ;.

Lemma 6.6. For fixed k, no, ng, c, one has

1

ap
+1 Y
meas(U;czC} ;) <c———o.
k,no+tc,n0+tc Km
v+1

Proof. Due to the analysis above and Toplitz-Lipschitz property of N + B + B + P, the coeffi-
cient matrix Y *1(¢) has a limit as r — oo,

&€
1Y) — Lim YY) < 22
t—00 t

We define resonant set

ctl = ee0,:|det lim Y ()| < —5
nomcoo 1—00 K T
v+1
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Then for £ € O,\C’"!, _ we have

kn()n coo’

sy
ICtim ¥ )~ < = vl

Since

£
1Y) — Lim y* o) < 2,
—>00 t

for |7] > 1(4”+1 we have

v+l 2
Wi gt
laran~h s 2= < =2
4 4

T
4p+1
For |t| < KP*' we define resonant set

v+1
4
CE;ZL G ={E€0,: ldetY" ™ (1) < ——1}. (6.3)
v+1
In addition
inf max |9 (detY* (1) > k| > K
£€0 0<d<dp 2(p+ 1)(2w)?p 2(p + 1)(2m)?P

For fixed k, no, nj, ¢, t,

v+1 i
meas(Ckn n, L) < ( )4r
v+1
then
1
1 4p
1 4 = = Y
meas{U - ::;n/ct} K7 ( Yir < —.
ltl<K, 7] 0 v+1 K @D
v+1
As a consequence,
1
4p
v+1 14
meas(U,eZCk mo-ee. +tc) <c————. 0O
K @D
v+1
Lemma 6.7.
1 1
v?e )’ i
meas( U RZH) < ch — = ,
P+ POID
Ky <Ikl<Kys1 KW K\
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1 1
v 246 V? vy
meas( U Rin) =cKifi———=c—~——.
(p+1) (p+D)
Ky <lk|<Kyq1,[n).n KA KV
1
v+1 Ve
meas( U Ritmiim) < ¢———=>
+T
Ky<lk|<Kys1.[n).[m] K
1
RY <c ye
meas( U k[n]n,)_ —
1
Ky <lKI<K 1, Inl’ K
L
y®
meas( U Cow) =€ ——— 5"
4pGp+D)
Ky <|k|<Kyy1.n,n K

v+1

Lemma 6.8. Let 7 > 4p(4p + 1)(12 + b + 1), then the total measure need to exclude along the
KAM iteration is

meas(U RV
v=>0
= meas((_J U Ry U R U R U Rioe 0O U G )]

v=0 Ky <|k|<Kyi1,[n],[m],n,n’

L
y 4 1
<c§ <(;y417_

v>0
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