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1. Introduction and main result

There have been extensive study of the dynamics of linear Hamiltonian partial dif-
ferential equations. One would like to know the persistency of quasi-periodic solutions
of linear or integrable equations under Hamiltonian perturbation. KAM theory is not
only a collection of specific theorems, but rather a collection of ideas of how to approach
certain problems in perturbation theory connected with small divisors. By now, it is a
full fledged theory and it provides a systematic tool for the analysis of many dynamical
systems.

There have been many remarkable results which reflected some of the main ideas
involved in KAM theory. The main difficulties are the fact that one has to deal with
the resonances and small divisors. There are two main approaches to deal with difficul-
ties. On the one hand, the approach, based on a combination of a Nash-Moser implicit
function iterative scheme and a Lyapunov-Schmidt bifurcation, was greatly developed
by Craig, Wayne, Bourgain [11-17,20,39]. The scheme of Craig-Wayne-Bourgain (CWB
for brevity) was used originally as a substitute of the usual KAM-scheme in situations
involving multiplicities or near-multiplicities of normal frequencies. The key point of
these papers is to resounce to use the cumbersome second Melnikov conditions by solv-
ing angle dependent homological equations. The advantage is less Hamiltonian and more
flexible than the KAM scheme to deal with resonant cases. This approach is particularly
inspiring for PDEs in higher space dimension but to a high cost: the approximate linear
equations are variable (quasi-periodic in time) coefficients. Moreover, it only establishes
persistence of the Invariant tori but no reducibility and no information on linear stabil-
ity. On the other hand, the approach, based on a combination of KAM algorithm and
Birkhoff normal form, has been designed for a variety of models [4,19,21-38,40,42,43,45].
KAM machinery is built up with infinite many KAM iteration steps. Roughly speak-
ing, each KAM step is a change of variables which transforms the Hamiltonian into a
nice normal form plus a smaller perturbation. For this purpose one has to solve some
homological equations which forces us to assume that the tangential frequencies and
normal frequencies (infinitely many) together satisfy some non-resonant relations. In or-
der to satisfy this condition, one must discard some parameters. Thus KAM machinery
includes two parts: analytic part which deals with the iteration and proves convergence
under some small divisor conditions, and geometric part which proves that the parameter
set after infinitely many times iteration has positive Lebesgue measure. The advantage
of the method from the finite dimensional KAM theory is the construction of a local
normal form in a neighborhood of the obtained solutions in addition to the existence of
quasi-periodic solutions. The normal form is helpful to understand the dynamics of the
corresponding equations. For example, one sees the linear stability and zero Lyapunov
exponents. Both approaches are quadratic iteration schemes generalizing Newton’s steep-
est descent method. By now, KAM theory for 1-d PDEs has reached a satisfactory level.
Limited work has been done in multidimensional PDEs, more precisely, when consider-
ing PDEs especially in space dimension larger than one, a significant problem appears



J. Geng, S. Xue / Journal of Functional Analysis 282 (2022) 109430 3

due to the presence of clusters of normal frequencies. A satisfactory future is under
construction.

There are plenty of works along this line. The first breakthrough result in this di-
rection is made by Bourgain [13,16], extending the Craig-Wayne approach. Bourgain’s
technique is a multiscale inductive analysis based on the repeated use of the resolvent
identity, which proved quasi-periodic solutions in arbitrary dimensions. Another stream
of remarkable result for multidimensional PDEs is made by Eliasson—Kuksin [22]. The
authors developed a modified KAM method to construct quasi-periodic solutions for
a more interesting higher dimensional Schrédinger equation with a convolution poten-
tial on T?, which proved linear stability. Eliasson-Kuksin introduced the concept of
Toplitz-Lipschitz matrices in order to extract asymptotic information on the eigenval-
ues, and so verify the second Melnikov non-resonance conditions. An essential ingredient
in [22] is that finitely many Lipschitz domains cover a neighborhood of co. Other results
have been proved for the higher dimensional nonlinear beam equations with a constant
mass potential and nonlocal Schrédinger equations by Geng—You [26,27]. Geng—You [28]
proved that the higher dimensional nonlinear Schrédinger equations with the multi-
plier M, admit small-amplitude linearly stable quasi-periodic solutions. Chen-Geng [18]
proved that the higher dimensional nonlocal wave equations with the multiplier M¢ admit
small-amplitude linearly stable quasi-periodic solutions. We also mention that Pdschel
[36] described the construction of almost-periodic solutions for a particular Schrédinger
equation on a finite z-interval, depending on some potential V.

All the above results are, however, for nonresonant, typically using the convolution
operator V' (z) or the multiplier M, as external parameters. One usually studies simpli-
fied modes, namely parameter PDEs with the parameters chosen in some way as to avoid
resonances. Despite under these simplifying conditions the problems are in general com-
plicated. When the equations do not have external parameters, one must deal with the
resonances. In order to overcome this problem Bourgain proposed the idea of choosing an
appropriate set of tangential sites S wisely, such that the Birkhoff normal form Hamilto-
nian admits quasi-periodic solutions for the bifurcation equation where only the Fourier
indexes of the tangential sites are excited. This strategy was used by Geng-Xu—You in
[29] to prove that two dimensional cubic Schréodinger equation

iu; — Au+ |u|*u =0, reT? teR,

with periodic boundary conditions admits a family of small-amplitude quasi-periodic
solutions (see also [37,38]). This strategy was generalized by Wang in [39] to study
the NLS on T? and prove that the energy supercritical nonlinear Schrédinger equations
admit small-amplitude quasi—periodic solutions. The proof used a bifurcation analysis to
prove the invertibility of appropriate linearized operators. We also mention the existence
results of large families of stable and unstable quasi-periodic solutions of Procesi and
Procesi in [37,38] to arbitrary dimensions for the translationally invariant cubic NLS (H
has no explicit z-dependence) by a systematic study of the Birkhoff normal form.
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In [29], the authors carefully chose tangential sites {iy,--- i} C Z? in order to make
the normal form as simple as possible. This strategy was generalized in [37,38], the
authors give the concept of generic on the tangential sites. In [39], a essential ingredient
is that the genericity condition stem from bounding the sizes of these block diagonal
matrix with finite types of blocks. The concept of generic in [37,38] seems to bear a
certain resemblance to the conditions in [39]. The proof of these above conditions is
rather complex and takes finer combinatorial analysis.

We are concerned in this paper with the NLS,

of (x,u,w)

=0, teR T? 1.1
5o , teR,ze (1.1)

iug — A+ |ul?u +

with periodic boundary conditions, where the nonlinearity f(z,u, @) = Z ajl(x)uj @,

Jib,j+126
aj; = a; is a real analytic function in a neighborhood of the origin.

Since there are no external parameters and the only freedom is in choice of the initial
data, a subtle problem is that we must deal with the resonances. Note that the results
by Geng—Xu—You in [29] on the NLS imply existence of quasi-periodic solutions. When
the Hamiltonian nonlinearity does not depend on the space variable x, the equation is
translation invariant and Geng-Xu—You [29] (see also [37,38]) were able to exploit the
corresponding “Special form” conservation, which is preserved along the KAM iteration,
to fulfill the nonresonance conditions. A key issue for the [29] study is that such symmetry
enables to prove that many monomials are never present along the KAM iteration. Note
that the reducibility result for Eq. (1.1) is not a simple transposition of the method
developed in [29,37-39]. There are two main motivations for the study of the Eq. (1.1).
The first one is that Eq. (1.1) is explicit dependent on the spatial variable and the
eigenvalues appear in clusters of unbounded size. In such a case the reducibility result
that one could look for is to block-diagonalize the linearized operators (with blocks of
increasing dimensions) (see also [22]). We emphasize that in [22] the convolution potential
V plays the role of “external parameters”. In the case of Eq. (1.1) which is parameter
independent, we must use a Birkhoff normal form analysis. The other is that Wang’s [39]
technique is a bifurcation analysis, by the Nash-Moser method, and [39] does not prove
the reducibility.

We encounter two major problems:

e Eq. (1.1) is explicit dependent on the spatial variable and the eigenvalues appear
in clusters of unbounded size. Thanks to the results of “Block Decomposition” of
[22], the normal frequency clusters are separated into clusters which are sufficiently
distant from one another.

e The goal of the “Toplitz-Lipschitz” property is to extract asymptotic information
on the eigenvalues, and to verify the second Melnikov non-resonance conditions. In
this paper, we use the elementary repeated limit to substitute Lipschitz domain by
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Eliasson—Kuksin [22], thus our measure estimates are easier and the whole proof is
more KAM-like.

In all steps we need to combine the concept of “Admissible Set” S of [29] with the
structure of “Block Decomposition” of [22]. Very recently, M. Berti et al. [7] used “clus-
terization properties” of the eigenvalues and suitable separation properties of the singular
sites to prove long time dynamics of Schrédinger and wave equations on flat tori, which
extend [9,10] abstract Nash-Moser theorem to construct quasi-periodic solutions (see
also [5,6] for growth of Sobolev norms for quasi-periodic solutions on 7% and [8] on
compact Lie groups and homogeneous spaces; see [1-3] for quasi-linear equations).

Before ending this introduction, we define the concept of “Admissible Set” and the
structure of “Block Decomposition”.

Definition 1.1. A finite set S = {i1, -+ ,ip} C Z? is called admissible if

1. Any three of them are not vertices of a rectangle.

2. For any n € Z?\ S, there exists at most one triplet {i, j,m} withi,7 € S, m € Z2\ S
such that n —m+i—j = 0 and |n|> — |m|? +|i|?> — |7|? = 0. If such triplet exists, we
say that n,m are resonant of the first type, denoted n,m € L;. By definition, n,m
are mutually uniquely determined. We say that (n, m) is a resonant pair of first type.
Geometrically, (n,m, 1, j) forms a rectangle with n, m being two adjacent vertices.

3. For any n € Z?\ S, there exists at most one triplet {4, 7, m} withi,j € S, m € Z?\ S
such that n+m—i—j = 0 and |n|?>+|m|?—i|> —|j|> = 0. If such triplet exists, we say
that n, m are resonant of the second type, denoted n,m € Lo. By definition, n, m are
mutually uniquely determined. We say that (n,m) is a resonant pair of second type.
Geometrically, (n,m, 1, j) forms a rectangle with n, m being two diagonal vertices.

4. Any n € Z?\ S is not resonant of both the first type and the second type, i.e., there
exist no 7,7, f,g € S and m,m’ € Z?\ S, such that

n—-—m+1—35=0
nf? = |m|* + i — |j]* =0
n+m' —f—g=0
nf? +[m']> = [f]* = |g]* = 0

Geometrically, any two of the above defined rectangles cannot share vertex in Z?2\ S.

In Appendix A of [29], a concrete way of constructing the admissible set is given. It
is plausible that any randomly chosen set S is almost surely admissible.

For given b vectors in Z?2, say {iy, - ,ip}, we denote Z? = Z?\{iy,--- ,ip}. In order to
have a compact formulation when solving homological equations, we need to decompose
Z2\L>.
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Decomposition of Z?\ Ly: For a nonnegative integer A we define an equivalence relation
on Z?2\ L, generated by the pre-equivalence relation
a~b<={la* = b |a—bl <A}

Let [a]a denote the equivalence class (block) and let (Z2\L2)a be the set of equivalence
classes. It is trivial that each block [a]a is finite (we will write [-] for [-]a).

o Case 1: |a| < A, we know #{b: |a| = |b],b € Z?} < erEtoEn & AS;
« Case 2: |a| > A, we have #{b: |a| = |b],|a — b| < A3,b e Z?} < 2.

Now we state the main theorem as follows.

Theorem 1. Let S = {iy,--- ,ip} C Z2, (b > 2) be an admissible set. For any 0 < v < 1,
there exists a Cantor set O, C O with meas(O \ Oy) = O(~3) such that for any & =
(&1, ,&) € O, the nonlinear Schrodinger equation (1.1) admits a small-amplitude,
quasi—periodic solution of the form

b
u(t,z) =Y /G g, + O(I€]7),w; = iz + O(l¢]).
j=1

This paper is organized as follows: In section 2 we give an infinite dimensional KAM
theorem; in section 3, we give its application to two-dimensional Schrédinger equations.
The proof of the KAM theorem is given in section 4, 5, 6. Some technical lemmas are
given in the Appendix.

2. An infinite dimensional KAM theorem for Hamiltonian partial differential equations

In this section, we will formulate an infinite dimensional KAM theorem that can be
applied to two-dimensional Schrédinger equations under periodic boundary conditions.

We start by introducing some notations. Let w = (- -+ ,wy, - - - )neZ%a and its complex
conjugate w = (--- , Wy, - )nEZ%' We introduce the weighted norm
lwll, = > lwalel™?,
neZ?

where |n| = \/n? + n3,n = (n1,n2) € Z? and p > 0. Denote a neighborhood of T®x {I =
0} x {w =0} x {w =0} by

Dy(r,s) = {(0,1,w, @) : [Imf| <, |1 < 8% |lwl|,, < s, @], < s},

where |-| denotes the sup-norm of complex vectors. Moreover, we denote by O a positive—
measure parameter set in R®.
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Let @ = (--+ ,an, - Jpezz, B= (-, Bns - Jnez2s @ and B, € N with finitely many
non-zero components of positive integers. The product w®w? denotes [L, wor wPn . For
any given function

F(0,1,w,w) =Y Fap(0, uw*w’, (2.1)
o,
where F,3 = Z Fklag(ﬁ)llei<k’9>. We define its finite weighted norm
keZb,leNb
IFlp, 0= suwp > [Fuaslo '™ [we|ja”], (22)
Do(1:5) o k1

where |Fyiap]o is short for'

|Fhiaplo = sup Z |0¢ Friag- (2.3)
0<d<4

To a function F', we associate a Hamiltonian vector field defined by
Xp = (F1,—Fy, {iFwn}n€Z§7 {_iFﬁ)n}nGZf)'

Its weighted norm is defined by

1XF o, 00,0 = 1EllD, 00,0 + 511 F0l D, (0,0

1 1
+ sup [ D [1Fu, loe™? + = > ||Fa, oel]. (2:4)
Dy(r,s) S nezZ? S neZ?

Suppose that S is an admissible set. We now describe a family of Hamiltonians studied
in this paper. Let

H():N—FB—FB,

N = <w(§),[> =+ Z Qn(ownwn"" Z (Qn’(f) _wi’(f))wn’wn“

ne€Z3I\Lo n'e€Lly

Recall that (i, j') is uniquely determined by the corresponding resonant pair (n',m’) in
EQ, and

B Y an(©unn.

n’'€Lo

! The derivatives with respect to £ are in the sense of Whitney. In other words, Fus is Ciy, function. (2.3)
is CéV(O)—norrn of Friag.-

2 The norm ||- D, (r.s),0 for scalar functions is defined in (2.2). The vector function G : D, (r, s)xO — C™,
(m < oo) is similarly defined as ||G||p,(r,s),0 = 2_i~ |GillD,(rs),0-
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B= Z A (§) Wy Wiy

n'€Lo
where £ € O is a parameter, the phase space is endowed with the symplectic structure
dI NdO+1 " dw, A di,.
nez?
For each £ € O, the Hamiltonian equation for Hy admits special solutions (6,0, 0,0) —
(0 + wt,0,0,0) that corresponds to an invariant torus on the phase space.

Consider now the perturbed Hamiltonian
H=Hy+P=N+B+B+Pl,Iwwk). (2.5)

Our goal is to prove that, for most values of parameter £ € O (in Lebesgue measure
sense), the Hamiltonians H = N + B 4 B + P still admit invariant tori provided that
[ XPllp, .0 is sufficiently small.

In order to have a compact formulation when solving homological equations, we rewrite
H into matrix form. Let z(,) = (wi)icin], Zn] = (Wi)iem]; else zn = Wn, Zn = Wp.

H= (&, D)+ > Q@uwatin+ Y () —wi(&)wpin +B+B+P

n€Z3\ Lo n'€Lo
= (W(©), 1) + > (A2 Z)) + >, (€)= wir (§)) 2 Zns + B+ B+ P
[n] n’'€Loy

where Ay, is f[n] x f[n] matrix.
We consider Hamiltonian H satisfying the following hypotheses:

(A1) Nondegeneracy: The map & — w(€) is a Cpi, (O) diffeomorphism between O and its
image.

(A2) Asymptotics of normal frequencies:
Qn = P+ Qn,a>0,n € Z2\Lo, (2.6)

where ,,’s are Cf,(O) functions of & with Cf,(O)-norm bounded by some positive
constant L.

(A3) Melnikov’s non-resonance conditions: For n € Z3\ Lo, let

Ay = Qpup + (PY D iein jeim) = Qs + P e sem)

where if i # j then Q;; = 0; if i = j then Q;; = Q;. When |i — j| > K, P = 0.
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A[n]’s are Cyy, functions of £ with Cjj,-norm bounded by some positive constant L,
that is to say

%Al < L.
sup max, 0 Apy | <

We assume that w(€), Apy(€) € Cy (O) and there exist v, 7 > 0 such that, for [k < K,

\<k,w>\zi,k¢o,
(k) £ 351 = 20 € [,

[{k,w) :l:)\ij:)\j| > Fyi € [m],j € [n],

where Xi, Xj are Ap,) and Ap,,)’s eigenvalues respectively.
Let

2ﬂ—2 \V4 §Z§ _(Q - w])

where (n,m) are resonant pairs, (4,j) are uniquely determined by (n,m) in L.

.An=< Qn*Wi 2W2\/£1£J>’n€£2’

We assume that w(¢), A, () € Cf,(O) and there exist v,7 > 0 such that® (here I is
2 x 2 identity matrix)

(k) £ X | > <L k£ 0,0 € [n),j € {1,2),

(ko) £ g5 > Lk #0,5 € {1,2),

where Xl is A, eigenvalue and 1, pg are A, eigenvalues.

\det({k, )] + Ap ® Ip £+ I © Ans)| > %,k £0,n,n € Lo

(A4) Regularity of B+ B+ P: B+ B+ P is real analytic in 1,0, w,w and Cg;, Whitney
smooth in ¢; in addition

1X5llp,rs.0 <L I1XplD,@rs).0 <é-

3 The tensor product (or direct product) of two m x n, k X | matrices A = (ai;), B is a (mk) x (nl) matrix
defined by
a1B -+ ainB
ami1B -+ amnB

| - || for matrix denotes the operator norm, i.e., [[M| = sup, -y |[My|. Recall that w and A, Al depend
on &.
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(A5) Téplitz-Lipschitz property: For any fixed n,m € Z2, ¢ € Z*\ {0}, the limits

2
lim OB+ P) , lim

p—o0 awn-{—pcawm—pc p—0o0 awn—i—pcawm—&-pc

62(27162% annwn + P) . 82(3 + P)
lim ——m—M—

)

p—0o0 8@n+pcaﬂ)m_pc

exist. Moreover, there exists K > 0, such that when [p| > K, N + B+ B + P satisfies

O*(B+ P 2(B+ P
||# — lim #”D e < ie—|n+m\p’
awnercawm*PC p—0o0 8wn+Pcawm7Pc P |p|
82 annmn +P 82 ann@n + P
| Pt L) gy Tt B L) e S e,
Otn4pcOWnm-+pe P00 OWn 4 peOWy 4 pe P Ip|
P(B+P 2B+ P
gD gy POLE) < ey
8wn+pc3wm_pc p—o0 a’wn+pc8wm_pc p(r:8), |p|

Now we are ready to state an infinite dimensional KAM Theorem.

Theorem 2. Assume that the Hamiltonian Hy+ P in (2.5) satisfies (A1)—(A5). Let v > 0
be small enough, there exists a positive constant e = (b, K,7,v,7,8,p). Such that if
1XPllp, 0.0 <€ then the following holds true: There exist a Cantor set O C O with

meas(O\ O,) = O(~1) and two maps (analytic in 6 and Ch in &)
U:Tx O, = D,(r,s), @&:0,—R"

where W is -close to the trivial embedding Wy : Tb x O — T x {0,0,0} and & is
e-close to the unperturbed frequency w. Then for any £ € O, and 0 € T?, the curve

t— U0+ w(é)t, &) is a quasi-periodic solution of the Hamiltonian equations governed
by H= H() + P.

Remark. As far as we know Theorem 2 seems to bear a certain similarity to the abstract
KAM theorems existing in the literature. Some of the key ideas follow closely to the
ones of [22,29,38]. However, in order to prove the Theorem 2 which we can apply to
study small-amplitude quasi-periodic solutions of the (1.1), we need to remove all the
cubic terms that do not commute with the linear part. We have underlined that in (1.1)
there is no external parameters to modulate in order to fulfill non-degeneracy. We have
to modify that strategy in various non-trivial ways, which we shall watch in the section
4, 5, 6. This is the source of the specific problems and complexity for the NLS (1.1).

3. Application to the two-dimensional Schrodinger equations

We now turn to the mathematical formulation of the equation

Of (z,u,w)

=0 eT? teR 3.1
6'[] b x ( )

iy — Au A+ |ul*u +
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with periodic boundary conditions
u(t,xq + 2m, x2) = u(t, x1, v2 + 27) = u(t, 1, T2),

where f(z,u,u) = E ajl(a:)ujﬂl, a;; = az; is a real analytic function in a neighbor-
J,l,j+1>6
hood of the origin.

The operator A = —A with periodic boundary conditions has eigenvalues {\,,} satis-
fying
Ao = [nf? = [na? + [naf*,n = (1, n0) € 27
and the corresponding eigenfunctions ¢, (x) = ﬁe“"m form a basis in the domain of
the operator.
Equation (3.1) can be rewritten as a Hamiltonian equation

u—ia—H
LT ou

and the corresponding Hamiltonian is
= (Au,u) + /\u|4 d:r+/f x,u,u) d, (3.3)
T2

where (-,-) denotes the inner product in L2
Let

= Z Qn(bn(x)

n€ez?

System (3.2) is then equivalent to the lattice Hamiltonian equations

o 1 o )
Gn = 1(Angn + G = 32 Z qiqiqnqm + / f(w,u,u) dz, (3.4)

1—j+n—m=0 T2

90,

with corresponding Hamiltonian function

_ 1
H = Z )\nQnQn + @ . Z quJQan + /f Z Qn¢n Z Qn¢n
neZ? i—j+n—m=0 T2 nez? nezZ?
= Z >‘n|qn|2 +G, (3.5)
nezZ?

then G = # Zi—j-‘rn—m:O 4iqj9nGm + f’]l“2 f(z, ZneZ2 anPn (), ZneZ2 (jn(,gn(l')) dz.
As in [25,33,34], the perturbation G in (3.4) has the following regularity property.
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Lemma 3.1. For any fized p > 0, the gradient Gz is real analytic as a map in a neigh-
borhood of the origin with

IGall, < cllqlly- (3.6)

Proof. By definition (2.4),

I1Gall, = Y 1Ga,le!™”

neZ?

ST S
n,a,B—cn,lal+|f—en|=3

<c Z |qa(jﬂie"
a,B—en,|a|+|B—en|=3

< cllall;-

lalp |B—enlp
e'*Pe

The proof is completed. O

For an admissible set of tangential site S = {i1,--- iy} C Z2, using Proposition 1,
we first show that we have a nice normal form for H. In order to prove the proposition,
we need introduce standard action-angle variables in the tangential space

;= VI +&%, 4= I+ &e %, j €5,

and
- . 2
gn = Wn,qn = Wn, N € Zlv

after a symplectic transformation.

Proposition 1. Let S be admissible. For Hamiltonian function (3.5), there is a symplectic
transformation ¥, such that

HoW = (w,I)+ (Qu,w) + A+B+B+P (3.7)
with
wil© =P - e+ Y g
¢ 472" = o277

. 1
Q=3+ 535
j€eS

1 0. —if,
A= W Z gigjwnwmezez 20]’

neLly

1 N
B= W E gi’gj’wn’wm’e 10,1 zﬁj/’

n’'€Lsy
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_ S
822_2 z : fi’gj’wn’wm’elei/+zej/7
v
n'€Loy

Pl = O+ |[[wl]} + &2 ||w][§ + > [lw]|} + e¢®
5 3
+e2 €2 [|wll, + 8% lwl} + *¢2 Jwl)). (3.8)

Proof. The proof consists of several symplectic change of variables. Firstly, let

)
he iQjGnqm 3.9
i*j;m:() 812(Ni — Aj + A — Am) 993 nq (3.9)

1§12 =142 +|n|2 —|m|2#0
45N {i,5,n,m}>2

and X+ be the time one map of the flow of the associated Hamiltonian systems. The
change of variables X sends H to

HoXp=H+ {HF}+ [ (1= 0{{HF).F}oopdt

0
= S udaP + 3 Ml + 3 gl (3.10)

i€S i€Z? i€S

1 1
+ Z ﬁ|%|2|qj|2+ Z ﬁ\%\zmﬂg (3.11)
1,J€S,i#] i€S,jELT

1 B B 1 o o
+ Z 272 qiq; WnWm + Z o2 (qi/qj/wn/wm/ —+ qi’qj’wn/wm’> (312)
neLl, n'€Ls

+O(alllwly + llwli; + 1al® + lalPllwll, + la*lwll} + la* [w]5)-

We remind that (n,m) are resonant pairs and (7, 7) is uniquely determined by (n,m);
(n',m’) are resonant pairs and (i’, j’) is uniquely determined by (n’,m’) in (3.12).

The next thing to do in the proof is introduce standard action-angle variables in the
tangential space

;= VI +&e%, 45 =T+ &e %, j €5,
and
Gn = Wn, @n = Wn,N € Z%,

then

1
HoXph= > N(Li+&)+ > Ailwi? +Zs?(li +£&)?

i€S i€Z3? i€s

1 1
tom 2, LHEL+E) T5s > (Gi+&)ll

©,JES i) i€S,j€Z?
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Z \/(Iz + &) + gj)wn@mewi_wj

neLl,

=Y \/(Iz" + &) (I + &5 wnrwpe” 00—

n'€ly

T e i@i/-‘y-iei/
+ ﬁ Z \/(Iz/ + 61/)(1—]/ +£j/)w'n/wm’e g

n’'€Lo

1 5 3
+O0(&2 |wlly + lwlly + &% + &2 [lwll, + [lwll} + &2 |wl]3)

= Z/\i-[i+z)\i|wi|2+z41?£iji+ Z #fi-’j

i€S i€L? i€S i,jES,iA]
1
2
+ g 7558 W;
271_2€7f| J|
i€S,jE€Z?

1  i0.—i0,
t53 > V&GEwn el
nel

1 ) )
—10.,—10 ;s
+ - E Eir&jrwp wyre” TV T
272

n'€Llo

1 L ) )
g O VEE B
v
n'€Ly

1 5 3
+ O + [Tlllwll? + &2 lwl + llwll, + € + €2 wll, + € [lwl; + &2 [|w]]})

= N+A+B+B+P,
where
N:Z)\ifi+ Z )\j|wj|2—2m€ili+ Z 2—7T_2§Z‘Ij—‘,— Z 2—7.r2£i|wj|27
€S JEZ? €S i,j€S ieS.jez?

1 0 —if.
A: 2—71'2 Z éié-jwnwmelal 1017

nely

1 L
2 : —i0.,—10..
B == ﬁ gi/gj’wn’wm’e wWir—1 J/’

n’'€Loy

o1 o
B=om > & e T
T

n’'€Loy

Finally, by the scaling in time

5 _ 5 _
E—=e36 T -’10 5 0,w—e2w,w— 2w,



J. Geng, S. Xue / Journal of Functional Analysis 282 (2022) 109430 15

we finally arrive at the rescaled Hamiltonian
H = 5_8H(53§,55[,9,5%w75%w) = (w,I) + (Qw,w) + A+ B+ B+ P,
where
() = N — T+ Y 5gbs
4m2 = or2>0

B 1
Q= 3n* + E ﬁfj,
jeS

1  i0i—if.
A: ﬁ Z gigjwnwmelel “9]3

nely

1 o
B= 2—2 z : gi’fj’wn’wm’e W 10]4’
m
n’'€Loy

_ 1 oo
B=y 3 VEG et
n'eLly
1
P = ORI + I w]]2 + & [lwll3 + e[lw]l} + e€?
5 3
+e26 8 [wll, + 3¢ w2 + € [wll3). (3.13)

This completes the proof of Proposition 1. O

We will show that, by a nonlinear symplectic coordinates transformation, the normal
form in Proposition 1 can be transformed into the more elegant form. For this purpose,
we need the following lemma from [41].

Lemma 3.2. For any ki, kg, , km € Z°, non-singular m x m matriz S with STS =1,
the map ®g : (0,1, w,w) = (04,11, 2, 2) defined by

9+:6
Iy =1—- 37wk
z=SFEw
z = SEw

is symplectic with diagonal matrix

E = E(k1, ko, k) = diag(eF10) ¢ik20) .. gilkm 0}y

The proof of the above lemma refers to [41]. Although the proof is trivial, the conse-
quences of this result are of importance.
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By a nonlinear symplectic coordinates transformation ®:

6+:9

I,=1- Z (wpWpe; + W Wme;) + Z (Wi Wy €57+ Wiy Wiyr €57)
neLly n'€Lo

Zn \ g ik 0) 0 W,
Zm | 0 et (k3,0) W |’
Zn o[ e ka0 0 Wy,
(Zm> :S< 0 e~k 0) Wiy e

2t = Wpre” 0 20 = W e 2 = e 0 2 = wei n € Lo

Zn = Wy, Zn = Wn,n € 22\ (L1 U La),

we get Hamiltonian systems with the Hamiltonian

HoWo® = (w(),I})+ Z Qn(§)znzn

nGZ%\(ﬁlUﬁz)
+ > [E 3 (nl + 1P +Z & t+g)
neLl, jGS

+ 81? 52 + 14&;&5 + § )ZnZn
T mP ) 43 s — g (6 +&5) — g€ 1 G T )zl

JjES
+ Z n! — Wi’ anzn/ + (le — on/)Zm/Zm/]
n'€Lo
1 1 o
+ ﬁ Z wxgi/fj/zn/zm/—i—ﬁ Z \/gilgjlznlzm/
n'€Lo n'€Lo
+P(9+aj+72327§)
= N+B+B+P (3.14)

where
N= (@, I)+ Y D)2z
neZ3\Lo

+ E Qp — wyr Zn’zn’ + (Qm’ - wj’>z7rz/5m’]
n Gﬁz
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1 1
_ 31,12
wi(§) = e °li —mfﬂ'Zﬁ@y
1 jeS
Qn = 573|n\2 + Z ﬁfj,’/l S Z% \El,
jeSs
|n|2+| | +Z §Z+§j) \/€2+14§Z§] ’7n€£17
jES
Q= e72(Im* +151*) + 2, #fj -z (&+E) - 8%2\/51-2 + 146,65 + &5 n € Ly,

= QL Z V E’L fJ'Zn’Zm’

n’'€Loy
1 _
o992 Z V gi’gj’zn’zm“
n'€Lo
For the notational simplicity, I,6, H refer to I;,0,,H o W o ®. Where P is just G
with the (¢i,, -+, Giy» iy > Tiys dn» Gn)-variables expressed in terms of the (0, I, z,, Zy,)
variables.
H= (1) + Y {Apzp) Zn) (3.15)
[n]
-+ Z O, — wyr Zn’gn’ + (Qm’ — wj/)meim']
n'€Lo
1 1 o
—|— ﬁ Z 1/€7;/§j/2jn/zm/ —|— ﬁ Z 1/€i/£j/2,’n/2m/
n’'€Ly n'€Loy
+P(05[72a27§)
= N+4+B+B+P,
where Ay, is [n] x f[n] matrix in (3.15)

Ay =y + (PG Diepet = (U + P el jepm
where if ¢ # j then Q;; = 0; if ¢ = j then Q;; = Q;. When |i — j| > K, PZ%H =0.

Next let us verify that H = N 4 B + B + P satisfies the assumptions (A1)-(A5).
Verification of (Al):

2
& " me | o | T
2 2 1

It is easy to check that det A # 0. Thus (A1) is verified.
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Verification of (A2): Take a = 3, the proof is obvious.
Verification of (A3): The ideas follow the ones of [29]. In the following, we only give the
proof for the most complicated case. Let

o Qn_wi _#\/gigj r
A”‘(#m- —mm—wj))’”e >

where (m, 1, 7) is uniquely determined by n. We only verify (A3) for det({k,w)I £ A, ®
Io + 1, ® A,,/) which is the most complicated. Let A, B be 2 x 2 matrices, we know that
M+ARI-IT®B=(AM+A)®I—I® B. Moreover, we have

Lemma 3.3.

AT +1® B| = (|Al - [B|)* + |A|(tr(B))” + |Bl(tr(A))” + (|A| + |B|)tr(A)tr(B)
where | - | denotes the determinant of the corresponding matrices.

The proof of this lemma may be found in standard matrix theory textbooks.

Case 1. n,n’ € L. For ease of notations, we define o = e73(|i1|?, |i2|?, -+, |in]?),
6 = <£i17£i27 e 7£ib)7 ﬁ = #(2’27 e 72)7 and notice that |7’l|2+|7/‘2 = ‘m‘2+|]|27 |’I’L/|2+
li'|? = |m'|? 4+ |j'|?. The eigenvalues of (k,w) & Q,, + Q, are

(k,0) £ e73(|nf” + [if*) £ e (In']* + [¢'*) + (Ak + 28 £ 28, €)
1

£ (-6~ & £ 67 1466 +67) £ (<& — & 46 + 1460 +6°)]

o If 7 £ 4, all the eigenvalues are not identically zero due to the presence of the square
root terms.

e If i =4, consequently 7 = j’, hence
1. if the eigenvalue is

(B, ) +e73(Inf” + [if*) — e (In']* + [if*) + (Ak + 28 — 28,€)

1
+gal& =&+ \/§i2 +1&E +&7) — (&~ & + \/&2 + 14685 + &57)]

= (k,a) + e (Inf* = [n/[*) + (4K, €),

then for k # 0, we have Ak # 0;
2. if the eigenvalue is

(k) +e73(Inf” + [if*) + e (In']* + [if*) + (Ak + 28 + 28, €)
1

+ @[(—&' -&+ \/512 + 1468 +67) + (6 — & - \/&2 + 148,85 + &°)]
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= (k,a) + e (|nf* + [i*) + 72 (In']? + |i*) + (Ak + 28 + 25,€) + ﬁ(—& = &)
= () (nf + i)+ (P [i?) + (A + 28+ 25 + 5 (e — ;). €),

then when Ak+23+25+ #(—ei —e;) = 0, all components of k+e;+e; are equal
and (2b —1)(k +e; +€;); +8 = 0(b > 2), this equation has no integer solutions.

Thus all eigenvalues are not identically zero.
Case 2. n € L1,n' € L. In this case, the eigenvalues are

(ko) £ e (Inf? + [if*) £ e73(In']? = [¢'[) + (Ak £ 28,€)

£ 16— & £ /67 + 166 +67) = (€0 — & £ /67 — 146y + 6]

1
2

o If the presence of the square root terms, all the eigenvalues are not identically zero.
o If i =14, =& — 14&y, the square root terms non-existent, hence if the eigenvalue

1S

(k, ) +e73(Inf* +[if*) +e73(In'[* = [¢']*) + (Ak + 28, )

1
(-6 — &+ 62 1466+ 67) + (60 — & — &7 — 14608y +57)

: _ , 1
= (k,a) +e72(In* + [i") + 72 (In'* = [i']%) + (Ak + 28 + 5 (=Tei = ¢)), &),

then when Ak + 28 + ﬁ(—?ei —e;j) = 0, this equation has no integer solutions.
Thus all eigenvalues are not identically zero. In other cases, the proof is similar, so

we omit it.
Case 3. n,n’ € Lo. In this case, the eigenvalues of (k,w)I + A, ® I £ I, ® A, are
(kyo) £ e73(Inf? = [i*) £ e72(In']? = |I'*) + (4K, €)
£ ol - 6+ 8 166 +60) £ (6 - & £ /67 — 1466y + 67
]2 i J % iSj 7 % 7 % ' Sj J .

o If i #£4, all the eigenvalues are not identically zero due to the presence of the square

root terms.
o If i =14, consequently j = 5, hence
1. if the eigenvalue is

(k,a) +e3(Inl* = [i]*) — 2 (In'|> = [i]*) + (4K, €)
+ #[(& &+ \/5i2 — 468+ &) — (G- &+ \/&2 — 14&¢& + &)
= (k,a) + e 3(In|* — [n'1) + (AF, ),
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then for k # 0, we have Ak # 0;
2. if the eigenvalue is

(k,a) + 72 (Inl* = [if*) + e 72 (1/|* = |i*) + (Ak, )

1
+ 6 — &+ &7 — 16 + &) + (6 - & — 6 - 146 + )]

= (k,0) + e (Inl? — i?) + (' i) + (Ak,€) + 5 (6~ &)
= (k) + 73l i) + &7 ~ i) + (A + 5 (ex — e5).),

then when Ak + #(ei —e;j) = 0, all components of k — e; + ¢; are equal and
(20—1)(k —e; +¢;5); = 0(b > 2), integer solutions to this equation are k = e; —e;.
While at this time, when |n| # |m/|,

(i = ejya) + e (Inf* = [if*) + e (In']* 1)
=il =[5 + Inf? = [i* + (=1 * + |3[*))
=7 (In|* — Im/]*) # 0.

To summarize what we have proved, all the eigenvalues are not identically zero. In other
cases, the proof is similar, so we omit it. Due to Lemma 3.3, det((k,w)I + A, @ I + [ ®
Ay/) is polynomial function in & of order at most four. Thus

08 (det ()T = Ay © I = I ® A))| > %|k| 20,
By excluding some parameter set with measure O(’y%), we have
\det((k,w)] £ A, @ I £ I @ Ayr)| > % k#0,n,n' € L.
Thus (A3) is verified.

Verification of (A4): For a given 0 < r < 1 and s = s%, according to Lemma 3.1,

1Gall, < cllqll}, then

Y 1Pulloe™”+ > " |1Pa,

nez? neZ?

n 3
o™ = ||Pyll, + [ Pally < cllall} < e(l1]% + Jwl}).

In addition,

sup [|Gllo <e¢ sup |lgll, < es,
llall,<2s llqllp<2s
thus

IP|lp,@r2s),0 = sup |[Pllo <es’.
D,(2r,2s)
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According to Cauchy estimates,

IPrll D, (rs),0 < ¢ 1Pallp,rs),0 < cs?,

then

1
||XP||Dp(r,s),(9 = ||PI||Dp(r,s),(9 + 8_2||P9||Dp(r,s),(9

1 1
+ sup [~ > 1P, lloe™? + - > 1IPa, lloe™"]
Dp(rs) nez? nez?

cst 1
<est+ = +e sup —(I]° +|2]3)
S p(T,S) o

< es? < ce.

Thus (A4) is verified.

21

Verification of (A5): We only need to check P satisfies (A5). Recall that (3.9), F is given

as

1
F= Qi q; WnW
2 L i _ 14] nm:-
iﬁj;%:o ST2(N\ — A + A — Am)
1812 =112 +|n|2 = |m|2 0
gSn{i,j,n,m}>2

Then for p large enough and Ve € Z?2 \ {0}, we have

2 _ _
Z 2(). ] 4iqj Wn+pcWm+pc
gy ST (A = Aj + Anpe = Ampe)

7 _ _
= 2 8r2([i[2 — [j]2 + [n]2 — [m]? + 2p(n — m, ¢)) 119 ntpetimtpe:

4,5,m,m,p
Hence, when (n —m,c) =0,

OPF  OF
8wn+p63u_1m+pc - 8wn3u_1m7

when (n —m,c) # 0,

2F
”8—7 g e
O 4 pcOWin 4 pe |p|
Similarly,
0’F ) 0*F 0*F ) 0*F
|=———— — lim Il, I - — lim

b — — —
OWntpcOWm—pe  P=0 OWntpcOWm—pe OWntpcOWm—pe  P=00 OWn4pcO0Wim—pe
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That is to say, I satisfies Toplitz-Lipschitz property. Recalling the construction of Hamil-
tonian (3.5), we only need to check that {G, F} also satisfies the T6plitz-Lipschitz
property. Lemma 4.9 in the next section shows that Poisson bracket preserves Toplitz-
Lipschitz property. Thus N + B + B + P satisfies (A5). Thus (A5) is verified.

So we have verified all the assumptions of Theorem 2 for (3.14). By applying Theorem
2, we get Theorem 1.

4. KAM step

Theorem 2 will be proved by a KAM iteration which involves an infinite sequence of
change of variables. Each step of KAM iteration makes the perturbation smaller than
that of the previous step at the cost of excluding a small set of parameters and contraction
of weight. We have to prove the convergence of the iteration and estimate the measure
of the excluded set after infinite KAM steps.

At the v—step of the KAM iteration, we consider Hamiltonian function

HV:NV+BU+BV+PV7

where N, is an “integrable normal form”, B, + B, + P, defined in D, (r,,s,) x O, with
satisfying (A1)—(A5).

Our goal is to construct a map
®, : Dy, (Ty41,5041) X Oy = D, (14, 5,) X O,

and

HV+1 = Hu o (I)u = IVp+1 + Bu+1 + By—i—l + Pu+1 (41)

satisfies all the above iterative assumptions (A1) — (A5) on D, . (Ty41,5041) X O,.
Moreover,

||‘XPV+1 HDpu+1 (rvt1,8041),00 = ||XH,,0‘1>1, - XNv+1+3u+1+gV+1 ||Dpu+1 (rv41,8041),00 < Ev41-

To simplify notations, in what follows, the quantities without subscripts and super-
scripts refer to quantities at the v*® step, while the quantities with subscript + or
superscript + denote the corresponding quantities at the (v + 1) step. Let us then
consider the Hamiltonian

H= N+B+B+P
= (w,I) —|—Z Z[n] (4.2)
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+ Z n’ — Wy’ Zn’gn’ + (Qm’ - wj/)zm/im/]

n'€Lo
1 1 _
+ ﬁ Z wfi/gj/znzzm/ —+ ﬁ Z 1/57;/6]'12’”/2;7”/
n'€Lo n'€Lo
+ P(0,1,2,2,¢)

defined in D,(r,s) x O. We assume that |k| < K,
(k)| = 5.k £ 0.
v
WHJ>+/\|> 7 J € [,
[k, w) £ X £ Xy > Klz € [ml,j € [n,
where Xi, Xj are eigenvalues.

(kyw) £ N + 5] > %,k;ﬁo,z’ €n),j€{1,2},

[, w) & 5] > =2 K £0,5 € {1,2),

\det((k,w)T £ A, @ Ir £ I ® Ay)| > % k#0,n,n € Lo,

where

Qp — w; 2\/515
A, = 27 T L.
<2ﬂz\/@sj ~(Qm —w») e

Recall that (n,m) are resonant pairs, (,7) are uniquely determined by (n,m) in Lo.
Moreover, N + B + B + P satisfies (44), (A5).

Remark. The assumption (A5) makes the measure estimate available at each KAM step.

We now let 0 < 4 < r and define

se3, ey = ey P KO ( r+)*cs%. (4.3)

N

Sy =

Here and later, the letter ¢ denotes suitable (possibly different) constants that do not
depend on the iteration steps.

We now describe how to construct a set Oy C O and a change of variables ¢ :
Dy xOp = Dy(ry,s4) x Op — D,(r,s) x O such that the transformed Hamiltonian
H, = N, + By + B, + P, = H o ® satisfies all the above iterative assumptions with
new parameters s;, 4,74 and with € € O4.
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4.1. Solving the linearized equations

Expand P into the Fourier-Taylor series

P= Z Pklagei<k’6> Ilwa’LZ)B,
a,B

where k € Z°,1 € N? and the multi-indices o and 3 run over the set of all infinite
dimensional vectors a = (- ,an, " )pez2, 8 = -+, Bn,*+* Jneze With finitely many
nonzero components of positive integers.

Let R be the truncation of P given by

R(ijaZVE) :RO+R1+R2’

where
Ry = Z Prigoe &9 1!
|k|<K,|l|<1
R, = Z (PMIO,, 1+ PFLO, 4 pROLz 4 phOlz i(k,0)
|k|<Kn'€Lo
k k,0
+ Z R 10 > <R[n] >Z[n]>) ) s
|k|<K,[n]
Ry = Z (P*Y 2 Zpr + PR 2 20 + PR o 2+ PR 2

|k|<K,n€Lo,n'€Lo

—&-Pk Zn Zn + P Y it Zn P et Zm P szém)ei<k"9>

+ E (P20 2 znr + PR oz + PE2 2 s + P20 220 )€l R0)
|k|<K,n€Lan'€Ls
+ > (PEO2Z 2 + PRO2 2 20 + PRO2 2 20 4+ P02, 2 20 ) el R0

|k|<K,n€Lan'€Ly

D (B ) + (B Zpns Zm D)

[k|<K,[n],[m]
D (R Em)e
[k| <K, [n],[m]
n Z (Prlle 22y + Prif2 ) 2 2m )€ i(k,0)
|k|<K,n€EZI\Lan'ELS
+ Z (PEO2Z 2 + PFO2 2 20 )el(R0)
|k|<K,nEZ3\Lon/€Lo
+ Z (Pk T Zn 20 —|—P ,znzm —|—P, zn/zn—l-P ’ zmrz )€.<k’0> )

|k| <K,nELI\La,n/ €L
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where Pk10 = Pyiop with o = e,, 8 = 0, here e,, denotes the vector with the nth
component being 1 and the other components belng zero; PROL = Priap witha =0,8 =
en; szo Priap with oo = e, + e, 8 = 0; P,]fill = Priap with a = €,,8 = en;
PkO2 — Priap with o = 0,8 = e, + ep,.

Rklo wal Rk O[n], R[m“n] and R[m][n} are, respectively, #[n] x 1,8[n] x 1,4[m] x
ﬁ[nlvﬁ[m} x f[nl, ﬁ[ | % §[n] matrices

anl]o = (P‘klo)ie[n]vRﬁ?]l = (sz01)z€ ]l < K,

k20 k20
R = (B35 )iepm) jeln)
where if i + j| < K, RF0 = PE20:if i + j| > K, R¥0 =0
k02 k02
Riplin) = (R )iem) e
where if |i + j| < K, RE? = PEO2:if |i + j| > K, Rf9? = 0;
k11 k11
R = (Bij iepm],jem)s

where if |i — j| < K, Rk11 Pk11 if |t — j| > K, Rk11 =0.
Rewrite H as H = N +B + B+ R+ (P-R). By the choice of s; in (4.3) and the
definition of the norms, it follows immediately that

HXRHD (r,s),0 < HXP”D (r,8),0 <eg (4.4)
L P
for any 3 < p <. In the next, we prove that for 2 < p <r,

IHp—r) D, (rs,s),0 < CE4-

In fact, P — R = P* + h.o.t., where

P = 3" [PFO(O)w, + P (0)w,]

In|>K
+ Z szo wnmerPfgf(@)wnwm]Jr Z Pk11 0)wy, Wy,
In+m|>K |[n—m|>K

be the linear and quadratic terms in the perturbation. By virtue of (4.3), the decay
property of P, | Xp|[p,(rs),0 < €, and Cauchy estimates, one has that for p <r,

||XP*||DP(7"+,S),O

<o) (Y eerlirelnle ST el lntmlo
In|>K In+m|>K

+ Z ge” I g, el IRy
[n—m|>K



26 J. Geng, S. Xue / Journal of Functional Analysis 282 (2022) 109430

<(r—ry)” E geIMrelnle 1 E ce ‘"|’|w |e|"|”emp)
|n|>K In|>K,m

(r—r)t Y ee )

|n|>K

<(r-— T+)_1€€_K(T—p)

Moreover, we take s; < s such that in a domain D,(r, sy ),

1 Xp—r)llD,(rs0) < CEt- (4.5)

In the following, we will look for an F', defined in a domain D, = D,(r4, s1), such that
the time one map ¢k of the Hamiltonian vector field X defines a map from D, — D
and transforms H into H. More precisely, by second order Taylor formula, we have

Ho¢p=(N+B+B+R)o¢p+ (P—R)odp
=N+B+B+{N+B+B,F}+R

+ /(1 —~t){{N +B+B,F},F} o ¢kdt

+ /{R, F}o¢hdt+ (P — R) o ¢3 (4.6)
0

=Ny +B+By +P, +{N+B+B,F}+R
— PQOOO — <(2),I> — Z<P[(')nl][1n]z[n]’2[n]> — Z (Po}l,zn/z ’ +P /Zm/Zm )

[n] n’'€Lo
~B-B,
where
. oP
W = ald9|z z=0,1=0;
B= Z PO 2t 2ot
n’'€Lo
B= 3 PY2Zuz.,
n’'€Lo
N+ = N+P0000+ <(:], I> Z<P[n][ ] Z[n]> Z (PS/I,,}/Zn/Zn/ +P /Zm/zm/) (47)
[n] n'€La



J. Geng, S. Xue / Journal of Functional Analysis 282 (2022) 109430 27

B.=B+B=B+8, (4.9)
1
P+:/(1—t){{N+B+z§,F},F}o¢%dt+/{R7F}o¢;dt+(P—R)o¢;. (4.10)
0

We shall find a function F':
F(9,17Z72) :FO+F1+F23

where

i(k,0) 71
Fy = E Fripoe &9 1)
0< k| <K, JI|<1

Fr= Y (P + Fi % + PP 2 + Fp0 2 )e 50
|k|<K,n'€Lo

T R ) + (R 2
|k|<K,[n]

Z k11 i(k,0
F2 = (Fn n Zn/Zn + an/ ann ) i(k,0)
|k|<K,n€ELa,n' €L, |K|+|n—n'|F#0

k1 i(k,0
+ E (FFL i Zn + FFM 2 Z00) el 00
|k|<K,n€La,n' €L, | K|+|n—m'|#£0

+ E (Fk Znt Zm + an,zmzn e iKk,0)
|k|<K,n€La,n' €L, | K|+|m—n'|#£0

+ g (Fk1 Zm! Zm + me/zmzm/) iKk,0)
|k|<K,nELsy,n' €Ly, |k|+|m—m'|#0

+ E (FF20 22 + F¥022,. 2, )e i(k,0)
|k|<K,n€ELa,n' €L, |K|+|n—m|#£0(or) |k|+|n/ —m|#0

+ E (Fk2 Zmt Zn + F zm/ En)ei<k’9>
|k|<K,n€ELa,n' €L, |K|+]|m—m'|#0(or)|k|+|n' —n|#0

+ E (Fk2 Zn' Zm —|—F zn/z )ei<k’9>
|k|<K,n€ELa,n' €L, |K|+|m—m'|#0(or)|k|+|n' —n|#£0

+ E (FF20 i zm + FRO02 2,02, )e iKk,0)
|k|<K,n€ELa,n' €L, |K|+|n—m|#£0(or) |k|+|n’ —m|#0

+ Z (<F[]:r%]0[n]z[n]7z[m]> + <F[l§r(z)]2[n]2[n]a E[m]>)ei<k’0>
|k|<K,[n],[m]

+ Z <F[lfﬁ]1[n]z[n] ) 5[m]>€i<k’9>
|k|< K, [n],[m],|k|+|In|—|m]||#0
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+ E (FF20 2 20 + FF20 2, 2,0 ) €60
|k|<K,neZ3\Lon' €L
+ > (FFO2z Z + FFO2 7 7,)el (R0

|k|<K,n€Z3\Lo,n' ELS
+ E (FR 2 + FRY 2 2 + FRM 2 4+ FRLL 20 2,) €000

|k|<K,n€Z3\Lon/€Lo

Fﬁo, F[’fl(])l, F[’jg]o[n], F[’;S]z[n] and F[];hl[n] are, respectively, #[n] x 1, §[n] x 1, §[m] x #[n], #[m] x

#[n], §{m] x #[n] matrices

Fi® = (FF et Fllt = () iep. )] < K,

3 3

Fioin) = (F7)ietm.ger,
where if i + j| < K, i’“j?O = Fi’§20; if i + j| > K, 520 — 0

F[]:r?]z[n] = (fik'OQ)iE[m],je[n]a

where if |i + j| < K, 2_13_02 — Fil§02§ if i+ 4] > K, 1_13_02 —0;

K11 _ ¢ pkll
Fom = (f55 ) )iem) jem)»
where if [i — j| < K, fi'' = FiMif i — j| > K, fi1 = 0, satisfying the equation

N A

{N +B+B,F}+ R— Poooo — (@&, 1) = > (P02} Zm)) —B—B

[n]
_ E : 011 , = 011 oy (4.11)
(Pn’n/zn’zn’ + Pm’m/zm’zm’) = 0.

n'€Ly

To find the function F', we need several lemmas.

Lemma 4.1. F satisfies (4.11) if the Fourier coefficients of Fy, Fy are defined by the
following equations

((k,w)) Frioo = iPuoo, |I] <1,0< |k| <K,

((ky )T — Apy) FE = iPE0, [kl < K,neZ3\ Lo,

((ky )T + Apy) = iR, |k < K,neZi\ L, (4.12)
((k,w)T — A ) (FRIO FRONT = 4(PRIO PRONT k| < K, n' € Lo,

((kyw)T + Ay ) (FEOY FEIONT — (PO PRINT k| < K, n' € Lo.

The Fourier coefficients of Fy are defined by the following Lemmas:

Case 1: n,m € Z3 \ Lo
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Lemma 4.2. F satisfies (4.11) if the Fourier coefficients of Fy are defined by the following
equations

k20 _ k20
(ks )T = Ap)) Pt = Fiiin Am) = 1R
((k,w)I — A[m])F[m][n] + F[m][n]A[n] = iRﬁ;j[n], |kl + [[n| = Im]| # 0, (4.13)
k02 k02 _ :pk02
((k, ) + Apn)) Fpjtng + Fpnfin At = 18]l

Case 2: n € Z2\ Lo,n' € Lo

Lemma 4.3. F satisfies (4.11) if the Fourier coefficients of Fy are defined by the following
equations

{L® [k, = Ap) = Aw ® DHEFGE, Fri )T = (P, Pri )T
{12 © [(k, ) + Apyy] + A @ THEER, FRI DT = i(PE PR (4.14)
{L® [(k,w)] — Apy] + Ap @ THERL FR30 )T = Z(P[I:jrlz”P[]:ﬁS% 7
{I ® [(k, )] + Apy] — Aw @ T}(EEL, Fﬁgﬁl )T = Py Pt

where I is §[n] x §[n] identity matriz.
Case 3: n,n’ € Lo

Lemma 4.4. F satisfies (4.11) if the Fourier coefficients of Fy are defined by the following
equations

(k)] = Ay @ T+ 1@ A )(ERN Fard, Fpd% Foly )T = a(Poyt, PR, PR, PRIT,
(<k,w>[+ A @I -1® A, ,)(F51£7F§10i7F£%%7F£%/)T = Z(Pvlflnlaprljzogwpr]fzrgvpglwlﬂ)Tv
(<k’w>1_~’4n ®1I-— I®A /)(FrlchQ’Frlf#”FrlflnlekOZ )T = Z(Prlfr%Q’Pv]f}nl”Prlflr#Pkog )T’
(kyw) I+ Ay @ T+ 1 ® Ay ) (FFO2 pEIL pRIL ph20 AT — (02 phil pklL = phk20 4T

In the following, we only give the proof for the most complicated case.

Proof. Inserting F into (4.11). By comparing the Fourier coefficients, more precisely, if
(n',m’) is a resonant pair in Lo, it can easily be shown that

Z [<kaw> - (Qn/ _ Wi/)]FSIIOZn i(k,0) + - /é-z 5] FkOllZ el(k 0)

[k|<K,n'€Ls
— Z Prlfllozn/ei(k,e) :
|k|<K,n'€Loy
kow) + (R — wir Fk/ B0 /€, F/ 0 2 mr e k0
j Vi

|k|<K,n' €L
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=9 Z Pk, PANTSALIN
|k|<K,n'€Ls
It is easy to rewrite in matrix form
(kW) — A ) (Fit®, BT = i(Pyl0, PIYT [k < K n' € Lo,
similarly, form
((ky )T + A ) (ERY FRINT — (PFOL PEIOYT k| < K0’ € Lo.

n’ n

The proofs are almost identical, the major change being the substitution of the Fourier
coefficients for equations. If (n,m) and (n’, m’) are resonant pairs in Ly, it can be checked
that (FFLE k20 pk02 " pRLLAT gatisfy

[k, w) — (Qn — w;) + (s — wyr )| FFEIL el R0 \/gl 1€ FF20 ¢1(k:0)
1
+ 55 V& P ™Y

= (PRl1ik0)

)

similarly,
[<k7w> - (Qn_wi) — (Q =Wy )]FkQO i(k,0) _|__ka11 i(k,0)
2 — /gzéijll

— ;1 Pk20 i(k.0)
[(k,w) + (= wj) + (o — wir) | F7 e 0 — \/& & Flhme
@Fkll i(k,0)

— iPkO%61<k79>
[<k7w> + (Qm - W]‘) — (Qm’ — wj’)]FJfllll i(k,0) + _kaOQ i(k,0)
\/éTFIQO i(k,0)
157

_ spkll _i(k,0)
= sz,me .
We rewrite them into matrix form

() = Ay @ T+ T @ Ay)(FKY, FI20 FRO2 pRIL)T _ Pkl pk2o phoz pitt )7
k| < K,n,n’ € Ly,
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similarly, form

(k)T + Ap @ T =T @ A ) (Eiy s i Fi s Fovn )T = i(Pai s P P P )
k| < K,n,n’ € Lo,

(k) — Ay @ T = 1@ Ay )(Ed Frn, Fils Fyin )T = i(Pai?, Prinrs P P )
|k| < K,n,n' € Ly,

(k)] + Ay ® T+ 1@ Ay)(FF02, FEIL kLl pk20 1T pho2 pkil phkil phk20 )7

nn' -t m/n nn' m/n>+ mn’s
|k| < K,n,n’ € L,.
In other cases, the proof is similar, so we omit it. Thus these Lemmas are obtained. O

We are now in a position to consider the equations
Qfy (k)T — A F® = iQp R K| < K.
Matrix Q1) is the Ap,)’s orthogonal matrix. It is easy to see that
T T k10 _ AT pkl0
(b, w)I = QA Q) Qg Iy~ = 1Qp By s k] < K,
that is

((k,w)I = A FSJ0 = iREY, [ < K.

Similarly, form

(<k w>I+A[n]) kOl = ZRkOla |k| <K,
k20 k2
) I = Ay, ])F[m][n] = i A —ZR [n] |k < K,

k
((k,w)I — A[m])F[m][n] + F[lfi]l[n]f\[ = lR [n] |kl < K, k| + [[n] — |m|| # 0,
((ky )T A+ Ap) ) Eo0f )+ Flovftn Ay = iR, K] < K.

[m [n]
App) can be diagonalized by orthogonal matrix Q) that is Ap) = Qf, Al Qpn)-
pkx _ AT pkz .
Ryt = QL RES, = 10,01,
S, 3
RE = Qb RE 1 Qs @ = 20,11,02.
F[’sz = Q%;L]F[’fff?x =10, 01,
Eftey = Qb FE 1 Q@ = 20,11,02.

Now our problem reduces to focus on the following equations:
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((k,w) — X\ RO = iREY. k| < K, j € [n],

((k,w) + \; )F’f‘”. = iR k| < K, j € [n],
((k,w) — X = X)) Ep2 o= iRE2 k| < K i € [m], j € [n],
(ks w) = X+ X)) Efinin i = 1R g0 1] < I k| [In] = [ml] # 0, € [m], j € [n],
((Byw) + X + X)) EROR o = iR k| < K i € [m],j € [n).

Jij?

The second part of equations follows in a similar manner, then

(I2 ® Qpuy) "{I2 @ [(k,w)I — Apy] — Aw @ T}HI2 ® Q)
(I ® Qpuy) " (K0, FER DT = i(12 @ Q)T (P30, Phima )T || < K.

[r]n> & [n]m/ [n]n’> £ njm’

Matrix Q) is the Ap,;’s orthogonal matrix. It is easy to show that

(Iz@Q[n]) (Fgnrs Flln )T—Z(b@@ DT (Pt Pagm) T 1] < K,

[n]n> & [n]m/ [n]n’> £ njm’
that is

{12 & [<k7w>1 - A[n]] n/ 02y I}(Fk20 F[n]m’) = Z(ﬁ[km) P[kll ’) 7|k| < K.

nln’r* [n]m

App) can be diagonalized by orthogonal matrix Q,, that is Ap,) = Q%;L]A[n}Q[n]. Thus

(FkQO Fkll ) (12®Q[n]) ( k20 Fkll ) ,

[n]n’> + [n]m/ [n]n’> + [n]m’

(PE3S, Plir) T = (I ® Qu) " (PR35, PRILT

[n]n/> < [n]m/ [n]m’

We are considering the equations

(Qu @ D) H{I ® [(k, )T = Ap] = Ap @ THQu ® 1)
(Qn’ ®I) (Fk20 F[kll )T — 'L(Qn’ ®I) (Pk20 P[l;ll ) ,|]€| < K

[n]n/» £ [n]m/ [n]n'> m’

there exists a invertible matrix ,,» such that Q;,lAn/Qn/ = J, is a Jordan normal form,
that is

{L & [(k,w) I = Ap] = Jo @ THEFY, k2° JFFIL T :z(P[’“QO,,P’“”) |k < K.

We define
(F/;:lZO Fk:ll )T — (in ® ]) (Fk‘QO F[I:lll )T7

In’» 4 [n]m/ [n]n'» Im/

(L3 BT = (@u 1) (B3R, BT

[n]m’ [n]n’>
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Similarly, form

2 (ko) + ] + T © THEER, FE8L )T = (B2, P )T,
{IQ & [<I€ wyl — A[n]] + J ® I}(Fﬁli,7Fi20 )T _ (Pkll P20 )T7

Im’ [n]n'>+ [n]m’

m

{I2 @ [(k, )T + Ap] — Jo @ THERL FEZ )T = i(PEL, PROZ T,

where
(F[]:L(])VQL'aFrIZHn )T =@, ®Q[n])( Zoi/vamlf[ln])T7
(P[]:':L(])Z/’Pkll ) =@} ®Q[n])( kOZ Pk'[n])Tv
(Flofnrs Fpim) " = (@ @ QU (Fiin s Fid) ™

(P[Ifj}w P[I:ﬁgv)T (@ @ QL) (Pl BT
(Fk/l[:b]’FkOQ ) (Qn/ ® Q[”])(Fkn FvlfL’[n]) s
(Pkfl[il]aprlflof ) =(Q; ®Q[n])(Pkl[1] Pk’[n]) .

e When Jordan normal form is

Jn/—<'u1 0),71’6[:2.
0 pe

Now we focus on the following equations
((ksw) = X — ) (Fpinn )5 = i(PE30);50

((kyw) = Ag = o) Finr)s = iP5 )50

¢ When Jordan normal form

We focus on the following equations

<<k,w>xjﬂ -1 )((Fﬁﬁ) )_Z<(P{:32,> )
0 (kow) =X —p ) \ (FEIL ), (Pein)i )

In the other cases, the proof is similar, so we omit it. In order to solve the last three
equations, we need the following elementary algebraic result from matrix theory.
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Lemma 4.5. Let A, B, C be, respectively, n X n,m X m,n X m matrices, and let X be an

n X m unknown matriz. The matrix equation
AX —XB=2C,
is solvable if and only if I, ® A — B ® I, is nonsingular.
For a detailed proof, we refer the reader to the Appendix in [44].

Remark. Taking the transpose of the fourth equation in Lemma 4.2, one sees that

(Fppan,)" satisfies the same equation as (F}j30 ). Then (by the uniqueness of the solu-
k
tion) it follows that (F[’jl(])[2 )= (F[’fgﬁ"}) (F[n][,lnl}) (F[k ][n])T-

4.2. Estimate for coefficients of F

Let us consider F[ In] and (F’fﬁg,, F[’:j# )T for instance, and the other terms can be

treated in an analogous way. By the construction above, one sees that

EE R Q[m]’mlR[m]["lvml,m@[n]mu
m][n],ij > — )\Z — )\j

ma1,n1

Fk20 Pk20 1
[n]n’ . n)n’
=1 n’® n _—
<F ) 2, (@ Q) <P )(k,w>—>\j—u

[n]m/ 0<j<2t[n] [n]m/

- , P 1
Ho<jz<:a[nJ (@ & Qi) (P['fﬁhf ) (k,w) = X; —
Then

k20/ KT 143 .
|< [f”") ISC676K PemPli=mle=IkIT 4in] < 5 < 24[n],

k20 2 )
L s e L P )
72

K143

We use the factor e “? to recover the exponential decay under the assumption

K1+3€p - 1.
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Observe that

5(t+1) )

. 1
IES |l < CKSE€V+1V,Y—5KS€ <ejqrs
F20 g5y,
| (FE:K | < CKSEEVHV,Y—S <epis

[n]m’

under the assumption
o5l —cpeh(r+1) 3
Evy1 =y 2(ry —ryy1) °K) ed.
4.8. Estimate for the coordinate transformation
We proceed to estimate X and ¢k. We start with the following

Lemma 4.6. Let D; = D(ry + 4(r —ry), %s), 0 <i < 4, then

[

| XElps.0 < ey KT (1 — 1y )4, (4.15)

The proof of this lemma is not particularly difficult but will not be reproduced here.
In the next lemma, we give some estimates for ¢%. The formula (4.16) will be used to
prove our coordinate transformation is well defined. Inequality (4.17) will be used to
check the convergence of the iteration.

Lemma 4.7. Let n = e%,Din = D(ry + 2(r —ry),4ms),0 < i < 4. Ife <
WP RE=Z0H0(r — )¢, we then have

¢% : Doy — Ds,y, —1<t<1. (4.16)
Moreover,
ID¢% — Id|p,, < ey PK5THD (r —ry)~Ce. (4.17)

Proof. Let
Hlil+1t+lel+8]

ID™Fli.o = max{ll 5575715578

Flp,o, i + || + |a| +|8] = m > 2}.

Notice that F' is a polynomial of degree 1 in I and degree 2 in z, z. From (2.4), (4.15)
and the Cauchy inequality, it follows that

ID™Flip,0 < ey PKX 0 (r — )=, (4.18)

for any m > 2.
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To get the estimates for ¢}, we start from the integral equation,
oh :z‘d+/XFo¢§,ds
so that ¢f. : Dy, — D3y, —1 <t <1, which follows directly from (4.18). Since

t t
Dot = Id + / (DXp)D¢% ds = Id + / J(D*F)D¢% ds,
0 0

—1I
where J denotes the standard symplectic matrix (?_ 0 ), it follows that

| D¢t — Id|| < 2| D*F|| < ey KT+ (r —r ) ~C. (4.19)
Consequently Lemma 4.7 follows. 0O
4.4. Estimate for the new normal form

The map ¢k defined above transforms H into Hy = Ny + By + By + Py (see (4.6)
and (4.11)) with the normal form N,

N+ —N+P0000+ +Z n][n Z[n]a n]> Z (PT?},,}/Z”/E ’ +Pm m’Zm’Zm’)
[n] n'€Lo
(Wi, I) + Z n)?ln]s | )+ Z [(Q:’ — Wi )z 2 + (Q;/ — Wi ) 2 Zmy )]
[n] n'€La
where
W4 :w+P0100(|l| = 1), (420)

+ _ 011 _ 011 . 011 _ 011 011
QF = Q4+ PO Ot = Q4+ PO o e Ly,
Now we prove that Ny shares the same properties as N. By the regularity of Xp and
by Cauchy estimates, then we have

wy —w| <e, |[PY—PM|<ee il (4.21)

It follows that for |k| < K,

7y

|<k w+P0100>| ‘<k w>‘*€K>Kif€K Kj_r,
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Y Y 2 B

Similarly, we have
‘<k w +P010()> + )\Jr + )\Jr‘ > — KT .
In other cases, the proof is similar, so we omit it. This means that in the next KAM
step, small denominator conditions are automatically satisfied for |k| < K. The following

bounds will be used for the measure estimates:

sup max ||0, A+ — A < ce,
sup ma 19247, — A

sup max|8§( - Q)| <e,
cco d<4

sup max |8€ (wy —w)| <e,
ceo d
and

P = Pio < eem e,
4.5. Estimate for the new perturbation
Since

1

1
/1—t {{N+B+B,F},F}o ¢k dt+/{R,F}o¢tht+(P—R)o¢},
0

0
= / (R(t). F} o gl + (P~ R) o 6,
0
where R(t) = (1 — t)(N4 + By + By — N — B— B) + tR, hence

1
Xp, = / (%) X gy rydt + (05) X (o).
0

According to Lemma 4.7,
| D¢l — Id||p,, < ey KT (r —r )7, —1<t<1,
thus

ID¢% Dy, <1+ [|Dgf —Id|p,, <2, —-1<t<1.

Due to Lemma 7.3,

I X (r(t),Fy | Doy < Y KT (r — )T 2E2,
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and

1 Xp-r)llDs, < e,
we have

IXP D,y sy < cne+ ey KT (r — ) 70726 < ey
4.6. Verification of (A5) after one step of KAM iteration
Recall that
P, =P—-R+{PF}+ %{{N+B+B,F},F} + %{{P,F},F}

1 = 1
+...+_{...{N+B+B7F}...7F}+_{...{P7F}...7F}+...

n n

Then for a fixed ¢ € Z2\ {0}, and |n —m| > K with K > — In(=), we have

P—P+

PP-R) . OP-R)

i . | < £ omIn—mlp < E£ ~In—mlpy
azn+pcazm+pc p—oo aZn—&—pcazm—‘,—pc

= Ipl Ip|

That is to say, P — R satisfies (A5) with K1,e4, p4 in place of K, ¢, p. The proof of the
remaining terms satisfying (A5) is composed by the following two lemmas.

Lemma 4.8. F' satisfies (Ab) with 3 in place of €.
For the proof see [29].

Lemma 4.9. Assume that P satisfies (A5), F satisfies (A5) with €3 in place of ¢ and

0%F 0*F 0*F
02,0z O(|n +m| > K), 02,07, O(n —m| > K), 02,07,

= 0(jn +m| > K),
then {P, F'} satisfies (A6) with 4 in place of €.

For the proof see [29].

A KAM-step cycle is now completed.
5. Iteration lemma and convergence

For any given s,e,r,v and for all v > 1, we define the following sequences

v+2

ryp1 =711 — Z 279,

=2
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4
Epr1 = c'y_5(rl, - 7‘,,+1)_CKS(T+1)53, (5.1)

1
Nv+1 = 53+17Lu+1 =L, +é&,,

Syp1=2"2n,s, = 2_2(”+1)(H gi)%so,
i=0

1+3¢ _
KV+1 Pr+1 = ]-a

KVJrl =3K, = 3V+1K07

A1/—‘,—1 = K3

v

1

where c is a constant, v = £3° > ¢p, and the parameters 7, €9, so and K are defined to

1
be r,e,s and KZe Ko(ro=m1) = £ yespectively.
5.1. Iteration lemma

The preceding analysis can be summarized as follows.

Lemma 5.1. Let € be small enough and v > 0. Suppose that
(1). N, + B, + B, is a normal form with parameters & satisfying

Y
kiwy)| =2 ==,k #0,
[ )] = L e

v

(kw3 > 2L € [,

v v 2 ; y
[k, on) £ X £ X > o= € [m], j € [n],

(k) X7 £ | > -k 0, € [n],j € {1,2},

v v
|<k,wl/> :l:,u‘j| 2 Fa] € {1,2}7

|det({(k,w ) I £ AY @ Is + I, @ AY,)| > %,k #£0,n,n € Lo,

174

(5.2)

on a closed set O, of R® for all 0 < |k| < K,. Moreover, suppose that w,(€), P%ll}(f),
At’n] (&) are Cyy; smooth and satisfy

d v v—1
Sup max |9 (Afyy = Apy )l < cevms,
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- <ep
S rggXlag( w ) S ev-t,
sup max|8£( —wy—1)| < ept,
¢co, d<4
and
P = P-lo, < evre™=0,

in the sense of Whitney.
(2). N, + B, + B, + P, satisfies (A5) with K,,¢,,p, and

| Xp, HD(TWSVLOV <éw.

Then there is a subset O,11 C O,,

Ol/+1 =0, \ (RZ-H)a

e @ URE URG e URE o Ue 0

K, <|k|<K,41,[n],[m],n,n’

where
RZH ={£€0,: {kw,11)| < KT Jk # 0},
v+1
Jr+1 ok
RZ—H = {f €0, : ‘<k7wu+1> i)\ 1| < Z+1 }
! (ks 1) iuﬁ | < 7L
. v v Y . .
Rk[tll[m] {€€ 0, [(hwyp) AT £ X v < T € [m],j € [n]},
v+1
Ryt =46 € Oyt |(kywypn) £ X M| < —— KT k#0,i€n],je{1,2}},
v+1
Cimy =16 €0y« |det((k,w, )+ AT @ L+ LA < KT Jk#£0,n,n" € Lo},
v+1

with wy41 = wy + Plge, and a symplectic transformation of variables
®,: D, (Ty41,8041) X Oy = D, (1, 5,), (5.3)
such that on D, (ry41,5041) X Opg1, Hyy1 = H, 0 @, has the form

HV+1 = Cy+1 + wu+17 + Z Z[n]>

1 = 1 = 2]
+ Z Qy+ - Wy Zn/zn’ + (Q;j/_ - wj/)zm’zm’] +Boy1+ By + Py,
n'€Lo
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with

d v+1 v
Sup max 19 (Ap)” = Afll < e,

sup max|8d(QZ7"l - <ey,
€0, d<4

sup max |8€ (Wpt1 —wy)| < epy

¢€o, d<4
poLl poil —li—jlp
| ij(v+1) ijl/ |OV <eve )

||XP +1||D (To4+1,5041),00 41 < v,

in the sense of Whitney.
2. Convergence

Suppose that the assumptions of Theorem 2 are satisfied to apply the iteration Lemma
with v = 0, recall that

O ol

go=¢r9=r,8=58Lo=L,Ng=N,By=D8,P :P,’yzeﬁ,ng*K“(”’*”) =c

S
| > Z,i€[m],j € [n]
HJJ'| > Kla'vi € [n}v.] € {172}

|(k,w) £+ pj| > Ig,,j e {1,2}
|det((k,w)I £ A, @ Iy £ Io @ Ayr)| >

Oy=4¢c0:

/
Kﬂn,n €Ly

the assumptions of the iteration lemma are satisfied when v = 0 if £y and ~ are sufficiently
small. Inductively, we obtain the following sequences:

OVJrl C OV?
U =®go®i0---0®, : D, (rug1,8041) X Oy = Dy, (10, 50), v > 0,
HoWw” = v+1 :Nu+1+Bu+1+Bu+1+PV+1~

Let O = N%2,0,. As in [34,35], thanks to Lemma 4.7, it concludes that N,,, ¥”, D,
w,, converge uniformly on D%T(2 ,0) x O with

Noo + Boo + Boo = €00 + (woor 1) + (AT (6) 200 Zpn)
(]

+ Z — Wit )2n Zns + (o — W) Zmy Zmy | + Boo + By
n'€Lo
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Since
4
—5 15(r+1 —c_3
Evy1 = CY K,,(TJr )(rl, —ry_1) ‘e,

it follows that €, 11 — 0 provided that ¢ is sufficiently small. And we also have ZZOZO g, <
2e.
Let ¢%; be the flow of Xp. Since H o ¥ = H,, 1, we have

QoW =V ooy ... (5.4)

The uniform convergence of ¥, DU” w, and X, implies that the limits can be taken
on both sides of (5.4). Hence, on D%T.(%r, 0) x O we get

Py 0 U™ = V> ol (5.5)
and
1 ~
e D%T(ar, 0) x O = D,(r,s) x O.

It follows from (5.5) that

Pr(U=(T x {€})) = U=k (T’ x {¢}) = ¥=(T" x {¢})

for ¢ € O. This means that U>°(T? x {¢}) is an embedded torus which is invariant for the
original perturbed Hamiltonian system at & € O. We remark here that the frequencies
Weo (€) associated to U (T? x {¢}) are slightly different from w(¢). The normal behavior
of the invariant torus is governed by normal frequencies A‘[’T‘L’],Q%?. O

6. Measure estimates

This section is the essential part for this paper. For notational convenience, let O_; =
O, K_; = 0. Then at v*" step of KAM iteration, we have to exclude the following
resonant set

RVJrl _ U Ru+1 U Ry+1 U RZ[Z} U Rl/ n]n/ U C]:»:T}

K, <|k|<Ky41,[n],[m],n,n’

where
Ry ={¢€ Oyt [(kowps1)| < 77—,k # 0},
Ku+1
Jv+1 v
RZ:I = {§ S Ou : ‘<k wy+1> - )\u+1| ) K:'/—y+1 }7
) £ 14 <
Ry = HE€ 00t () £ N4 X4 < =L i€ [m],j € )},

v+1
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Ryt = 1€ € Oy i |lkywpan) £ 0 M| < = k£ 0,i € [n],j € {1,2}},
v+1

crtl, ={¢c0,: |det((k,w )+ AT @ L+ LA <

knn

p- k;zéOnn E,CQ}
KV+1

recall that w,1(¢) = w(€) + E;’:o Pyigo(€) with | Z;ZO Ploo(©)]o, < e, and

IAFEH(E) — Ay (€ |b‘<2]m%m

251 (€) = Qw (©)lo, < ZIROH]

Remark. From the section 4.4, one has that at (v+ 1) step, small divisor conditions are
automatically satisfied for |k| < K,. Hence, we only need to excise the above resonant
set RVTL.

In the following, we only give the proof for the most complicated case {{ € O,
|(kywyi1) + AL — }and {€ € O, : |det({k,w,+1)] + AL @
Iy — LA < K:’H,n,n/ € L2}. In other cases, the proof is similar, so we omit it.
For simplicity, set M¥*1 = [(k,w,q1) + A — A and Y74 = (b w,q) + A ©
IL— LA YY = (k,w )]+ A @I, — I, ® A%, then for k| < K,

I D7 = + (v =y )
=+ @) Y =y ) T )T

KT KT
<2(Yn) Y| < 2= <
y Y

Lemma 6.1. For any given n,n’ € Z3 with |n —n'| < K, 41, either |(k,w,11) + X"H —
)\”+1| > 1 or there are ng,ny, ¢ € Z* with |nol, |nf|, |c| < 3K2,, and p € Z, such that
n=mng+pc, n —no + pc.

Proof. Since |n —n/| < K, 41, with an elementary calculation
Inf2 = |n'|? = |n—n'|* +2(n—n',n).

If (n—n/,n)| > K2, |, we have |(k,w,4+1) + vl XT”L,H| > 1, there will be no small
divisor.

In the case that [(n —n/,n')| < K24, clearly n—n/ = 0 is trivial. Assume n—n’ # 0,
without loss of generality, we assume that the first component (n —n’); of n —n’ is not
zero. Let

c=(—(n—=n")2, (n—n")),



44 J. Geng, S. Xue / Journal of Functional Analysis 282 (2022) 109430

then
cl(n—n')

and ¢ € Z2\ {0} with || < |n —n/| < K, 1. Clearly, ¢,n —n’ are linearly independent,
hence there exist x1, 2 € R such that

n' =zic+ xa(n —n').
Set (here [] denotes the integer part of -)
p = [z1],

then p € Z and |n' — pc| < 2K2,,. Take njy =n' — pc € Z* and ng =n{, +n —n' € Z>.
We have |ny| < 2K2,, and

Inol < Inp| + |n —n'| < 3KZ,,. O
Lemma 6.2.

v+1 v+1
Unv"/e‘cle[n][n/] C U"O7”6706Zz7P€ZRk,ng+pc,n6+pc
where |ngl, [ng|, |c| < 3K2
0l 171> = v+1-

Proof. If [(n—n/,n")| > K2, Ry = 0.1f |(n—n/,n)| < K2, ,, there exist ng, nj, c €

k[n][n’]

Z?,p € Z with |ng|, |ngl, |c| < 3KZ,; such that n =ng + pc, n’ = nf, + pc. Hence

v+1 v+1
Unm’éﬂl Rk[n] [n’] C U"O ng,cEL? 7PEZRk,n0+pc,n6 +pc?

where |nol, [ng|, |c| < 3KZ,,. O

Lemma 6.3. For fized k,ng,n(,c, one has

v+1 Y
meas(Upez Ry, gt pe,n+pe) < K
v+1

Proof. Due to Toplitz-Lipschitz property of N, + B, + B, + P, then

MY (p) — lim M"*1(p)| < 2.
M) — T M) <
We define resonant set
v+1 _ . . v+1 B
Riinonpeos = 16 € Op 2 | lim M"™(p))] < ——}. (6.1)

v+1

For fixed k,ng,ng, ¢,

v+1 ) < Y

knon{coo

meas(R

2
KVJrl
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Then for ¢ € O,\RV 1!, we have

knongcoo?

. y vy
[ lim M (p))] > —

p—00 KV+1
Case 1: When [p| > KEH, for £ € O, \Rzzoln eoo» We have
[M" (p)]
5

> | lim MY (p)| — =
P00 Ip|

> 7 _fo
KE—{-I KE—&-I

> L
2K,

Case 2: When |p| < Kf 1, we define resonant set

RUFL, ={6€ O, : M (p)] < —L—}.

knongcp

For fixed k,ng, ng, ¢, p,

v+1 /7
meas(R,mOn o) < T
v+1

then

1 Y ’Y
meas{U P RVPL OV oz T <
{ |P|§KV2+1 knonocp} v+1 V+1 K2+1
v

As a consequence,

2
meas(Upez Ry ! mg-pe, n0+pc) < cKT
v+1

45

(6.2)

For K, < |k| < K,+1, we consider n,n’ € L5 as an example, the other cases can be

proved analogously. Assume that (n,m) and (n’,m’) are resonant pairs in Lo, then

Lemma 6.4. For any given n,n’ € Z2 with |n —n'| < K,41, either |det({k,w,+1)I +
AL @ I — I, ® AZFY)| > 1 or there are ng,nfy, ¢ € Z? with |nol, |ny, |c| < 3K2,, and

p € Z, such that n = ng + pc, n' = nj + pe.
Lemma 6.5.

v+1 v+1
Un,n’ EZ%Cknn’ C Up, \ng,cEL? ,pEZCk,no +pc,nf+pc

where |ngl, |ngl, lc] < 3Kl,+1



46 J. Geng, S. Xue / Journal of Functional Analysis 282 (2022) 109430

The proof of this result is quite similar to that given earlier and so is omitted.

Lemma 6.6. For fized k,ng,n(,c, one has

1
v+1 s
meaS(Upezckﬂﬁpc’anc) < CK%
v+1

Proof. Due to the analysis above and T6plitz-Lipschitz property of N 4+ B + B+ P, the
coefficient matrix Y”*1(p) has a limit as p — oo,

v : v €o
Y+ (p) — lim V" (p)[| < —.

p—00

We define resonant set

v+1
knon{coo

= {f €0, : |det lim Y (p)| < ’Z}
p—o0 K5

v+1

Then for ¢ € 0O, \C/ !

kngnicoor We have

RPIRNETS ¢
I lim v+ )t < 2

2

Since

v : v 2
Y+ (p) = lim Y (p)l| < =,

p—00

for |p| > Ki_l, we have

K, K
(Y7 H (p)) 1| < 2=t < DL

ol 0
For |p| < KV%H, we define resonant set
1 B
£y = €2 OV )] < 22, o
1%
In addition
1 1
inf addtyl/Jrl > |kl >
S22, R (e ] 2 5 = 5
For fixed k,ng,ng, ¢, p,
v+1 v I
meas(CknOn()cp) (K;.+1)47
then
1
v+1 % 2l I 72
meas{U‘p‘SKilenonbcp} < KV+1(KZ+1)4 < Pz
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As a consequence,

Al

v
K

<c

. v+1
meas(upezck,no +pc,n6+pc)

S g

+ 3

1

The following lemma is now a direct consequence of what we have proved.

Lemma 6.7.

meas( U Ry <K}
K, <|k|<K,11

meas( U RY) < cK2th
K, <|k|<K,11,[n],n v+l

v+1 2
meas( U Ripmyim)) < CW
K, <|k|<Kyt1,[n],[m)] v+l

\ v v
meas( U knjnt) < € P
Ky <|k|<Kys1,[n]n/ Ky

. vi
meas( U Chonm') < c—=—15—%
Ky <Ib|< Ky s1,m,00 vt

Lemma 6.8. Let 7 > 20(12 + b + 1), then the total measure need to exclude along the
KAM iteration is

meas( U RV
v>0

— meas|| U Ry R U R U RS 0 U et ()]

v20 K, <|k|<Ky41,[n],[m],n,n’
1
'yZ
K
V>0 v+1

<c §C")/%.

7. Appendix

Lemma 7.1.

IFGlIp,rs).0 < I1Flp,ws).0lGlD,rs).0-

Proof. Since (FG)MQB = Zk’,l’,a’,ﬁ’ szfk’,lfl’,afa’,ﬂf,@’Gk’l’a’ﬁ’7 we have

IFGlp,rs.0 = sup Y [(FG)riaplol|T'||z||z° |1t
D, (r,s) ko8
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< sup Y Y |Fewivia-anspGrraplolT']|2%]]20 M)

Dp(rs8) k10,8 k' 1/ o B!

< |IFlIp,rs),0llGlD,rs),0

and the proof is finished. O
Lemma 7.2. (Generalized Cauchy inequalities)

C
||F9||Dp(r—{7,s),(9 S ;HFHDP(T,S),O?

C
||FIHDP(7"715),O < 2||FHDP(T,5),(’)5
2 S

and

C
||FZ||D (r,1s),0 < 7||F||Dp(7‘,s),(93
p\T53 s

Cc

1E2 b, (300 < SIF D, r.5),0-

Proof. We only prove the third inequality, the others can be proved similarly. Let w # 0,

then f(t) = F(z + tw) is an analytic map from the complex disc |t| < Tols
P

D,(r,s). Hence

c
1" O)llp, 18,0 = I1F:0lp, 10,0 < gHF”DP(T,s),O lwllp,
by the usual Cauchy inequality. Since w # 0, so

HFZwHDP(T‘,%S),O

C
< -|F
full, =l I
thus

||sz||Dp(r,%s),O < C

1F: 1D, (r,16),0 = sup < g||FHD,,(r,s),o- O

w0 [wll,
Let {-,-} denote the Poisson bracket of smooth functions, i.e.,

oF 0G oF 0G ., OF 0G oF 0G
{FyG}*<W;%>*<@75>+1(<Ea5>*<£a5>),

then we have the following lemma:

Lemma 7.3. If

HXFHDP(T',S),O < 5,7 ||XG||Dp(r,s),(9 < 5H7
then

—2 11

||X{F,G}||Dp(r,g’ns)7@ <coinT%E", n< 1.

in C into



J. Geng, S. Xue / Journal of Functional Analysis 282 (2022) 109430 49

) . 1 4
In particular, if n ~ ¢35, &',e" ~ &, we have | X(r.a}llD,(r—oms),0 ~ €3

Proof. By Lemma 7.1 and Lemma 7.2,

O°F oG _1 o OF oG

15757 96 15040 < @572 1 D) 15
82F oG 1 oF oG

"W%”DP(’"‘U%S) <co HW”Dp(r,s) ) ||W||Dp(r,s),
O°F oG 1 -1, OF oG

15797 36 1pstr—o) < 057 57 D0t - 55 1,09
O°F oG 1 -1 OF oG

15785 g 1osr—03s) < o™ s N g7 D,y - 155 1D, r0);
PF G 1 2 OF oG

| 5207 37 12str—ote) < 057215 000 - 157 Iy
82F oG 1 oF oG
”W%”DP(T—”’%S) <co H%”m(ns) : ||g||Dp(r,s),
0°F 0G . OF aG

| 527 37 12str—ote) <057 g 0,00 - 12 Iy

9°F 0G L _LLOF oG
H%%”Dp(r—o,%s) <co s ||£HDP(T,S) . ||£”Dp(r,s)-

The other cases can be obtained analogously, hence

—2 11

1X(r.ay D, (r—oms)0 < con~2'e". O
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